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QUANTUM THEORY OF DAMPED HARMONIC OSCILLATOR
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ABSTRACT

The exact solutions of the Schrodinger equation for damped harmonic oscillator with pulsating mass and
modified Caldirola-Kanai Hamiltonian are evaluated. We also investigated the case of under-damped for the two
models constructed and the results obtained in both cases do not violate Heisenberg uncertainty principle.

KEY WORDS: Damped oscillator, Harmonic oscillator with pulsating mass, modified Caldirola-Kanai Oscillator,

uncertainty relation, wave function.

I INTRODUCTION

The aim of this paper is to evaluate the damped
harmonic oscillator. The damping is here considered in
the frame of Caldirola-Kanai model (Caldirola, 1941 and
Kanai, 1948) and the recently developed model (Ikot et
al, 2008). However, the problem of quantum oscillator
with time-varying frequency had been solved (Um et al,
1987). The Hamiltonian of this model is usually
quadratic in co-ordinates and momentum operators (Ikot
et al, 2008).

The quantum calculation is applied because it
will give the information about the particle at

Il REVIEW OF CALDIROLA-KANAI OSCILLATOR

intermediate levels (discrete energy and wave function
can be determined at a particular point in time) unlike
the mechanic or statistical mechanic that will give a
continuum result (say from - to o« without telling us
what happen to the particle in between the two
boundaries). Our main goals will be to construct two
Lagrangians for this simple damped system and use the
constructed Lagrangians to evaluate the equation of
motion for the damped Harmonic oscillators, and also
evaluate the minimum uncertainty relation for under
damped regime in each case of Lagrangian.

The Caldirola-Kanai oscillator with a variable mass 9 has Hamiltonian of the form (Caldirola, 1941, Kanai,

1948 and Kim et al, 2003).

n
i 1, male”

ck = Pt q
k2me4’ 2

M

or in the form (Caldirola, 1941, Kanai, 1948, and Um and Yeon, 2002).
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where m is the mass of the oscillator, y is the damping coefficient, é and f) are the co-ordinate and momentum

operators and w(t) is time-dependent frequency of the oscillator. The Lagrangian associated with equation (1) and
equation (2) are given as:

M%¢ﬁ=ﬁ§—@2+lq+w%n4 3)
m

) me' 1., .
44%%0=—3—b + 20+ 0 (1)q) 4)

respectively. The equation of motion for the classical co-ordinate g and momentum p of Equation (3) and Equation (4)
are of the forms

GO+ 4+ (g =0, (5)
G(t)+21G + @’ (t)g =0, (6)
The time-dependent Schrédinger Wave Equation (SWE) describing this system is given as:
Hl//n (q’t): Enl//n (q’t) (7)

The wave function and energy eigen value of equation (1) can be obtained as:

w, (y,1) = M H {e(m_wj/ q}

772" n! h
NE 1 (me) 2,
x Exp| —iot|l n+—le™ ——| — le™ 8
p{ ( 2) 2( hj q ®)
1) =
E, zha)[n+5je " ©)

respectively.
And for equation (2), the corresponding wave function and energy eigen value is given as:

(ma, )
J) ; 1 -2p
1) =| ——— |Exp| —i| n+— |wte
Wn(q ) 7[42””! p|: ( 2j
l(mw) ,, ma)%
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2( P j q } . ( . ) q (10)
1) 5,
and E =ho n+5 e 8]

respectively.

11 Harmonic Oscillator With Pulsating Mass An Dmodified Caldirola-Kanai Oscillator
In this section we are going to construct two Lagrangians and use in evaluating the equation of motion for the
damped Harmonic Oscillators and the uncertainty relation for the two models will be obtained.



QUANTUM THEORY OF DAMPED HARMONIC OSCILLATOR

463

A. HARMONIC OSCILLATOR WITH PULSATING MASS
We write the time-dependent Hamiltonian with time varying frequency as:

~2
H =Cosh™ (%)217_17104_(% mOCOShz[%Da)Z (g’ (12)

using equations (7) and (12) we have the wave function of this oscillator as
1

1\

h 2

V, = T
722"n!
exp _icosh 2 [ pil a)t—meqcosh“ﬁ (13)
2 2 h 2
The lagrangian of equation (12) becomes:
L= %mOCoshz(%j[q'z — 0’ (0)q"] (14)
and its equation of motion for the classical co-ordinate g and momentum p takes the form
(1) + [}/tanh(%ﬂc}(t) + @ (1)g=0 (15)
The solution of Equation (12) is
—[ﬁtanhﬁ) 0 Q
gity=e'* °* [Ae’ '+ Be™ [l (16)

2
where Q(f) = \/ (1) —%tanhz %

We summarized the general solution of Equation (15) for the over damped (OD), critically damped (CD) and under-

damped (UD) as:

q(t) = e*(%”“‘“%)[AcOsth + BSinhQxt], a7
g = e a1 B (18)
and q(t) = e_(%mnh%)[ACOSth + BSinhQu], (19)

respectively.

B. Modified Caldirola-Kanai Oscillator
We write the modified Caldirola-Kanai mode as:

R e—(Si117t+}¢) 1 )
H=" p? 4=y 0*(1)§? (20)
2m, 2

and the Lagrangian of this modified oscillator is:

Lg,4.1)= e“"""*”)%(qz — 0 (0q?) 1)
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and its equation of motion takes the form:

q(1) + (fCosyt + y)g(1) + &’ (1)g = 0 (22)
The solution of equation (22) is
—(nCosy-+)

g=e > [de™ +Be™™] (23)

2
+
where Q(7) = \/a)z - (%j
and approximating Cos# =1 for small damping yields:

S OENNORSS (24)

Substituting equation (22) into equation (21) results:

W iot, lr —iot 1—
q(t)=e ( : Ae “ + Be o (25)

substituting equation (20) into equation (7) we have the wave function as
1

my@ \2 1
h H (moa))z sin yt+yt
n )

v, =" qe

1 My@ | ssinp+n) 2 1 —(sin yr+1)
xexp| ——| — —iln+— wt 26
p[ 2( 5 je q —iln 2 e (26)

We can now summarized the general solution of Equation (22) for the over damped (OD), critically damped (CD) and
under-damped (UD) as

—Z(I+Cns7t)
g(tH)=e > [4CoshQt + BSinhQ| (27)
n
—~(1+Cosyt)
g(H)=e 2 [4+ Bt (28)
and
—K(HCosyt) .
qt)=e ? [ACoth + BSmQZ] (29) respectively.
Iv. Investigation Of The Under-Damped (Ud) Oscillator For The Two Models Constructed
A. The Under Damped Oscillation Of Harmonic Oscillator With Pulsating Mass.

We consider the quantum damped oscillator with time-dependent varying frequency given by equation (16).
Subjecting Equation (16) to continuity condition (Man’ko, unpublished), g(0)=1 and ¢(0) =iC), we obtain the arbitrary
constant A and B as:

A=1 30
B=i (30)

and the classical trajectory becomes:

i
gty =¢2 "2 [CosQu +iSinCu) 31)
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where

2
Q’ =0’ (1) ~7_tanh? z
4 2

An invariant operator for the general time-dependent oscillator whose eigen function is an exact quantum
state up to a time-dependent phase factor had been introduced by Lewis and Risendeld (Lewis and Riesendeld,
1969).

Following Lewis and Risendeld, we can now introduce a pair of operators first order in both position and momentum
operators (Kim et al , 2003 and Kim and Page, 2001).

i =ile"p-£ 0] (32)
a'(t) = ile(t) p - (t)q]

And they are require to satisfy the quantum Liouville-Von Neumann equation defined as:

ih%d(z) + [d(t),I:[(t)]: 0

ih%d*(m [ (0, 1 ()]=0 (33)

where £(¢)in equation (32) must satisfies the classical damped equation of equation (15).
The operator in equation (32) and its Hermitian conjugate satisfy at any time t the boson commutation relation,
and &(¢) must also satisfy the Wronskian condition (Kim, 2004)

d 2,1
Eln&)sh ﬁz . . . n .
e " et - 2eg) = (34)
The number operator defined by (lkot et al, 2008)
N@y=a"0a() (35)
also satisfies equation (28), such that each number state
N(@)|n,ty =n|n,t) (36)
is also an exact quantum state of the time dependent Schrédinger equation
o .
ihaw(x,t) =H(Oy(x,1) (37)
The quantum dispersion coordination is obtained as (lkot et al, unpublished).
n h " h —;mamhK
@) = & ()e(t) = e (38)

- 2m,Q 2m,Q
And the uncertainty in momentum is given as
;/ttanhz

i 9 ex h
") EDER) =—m,Q 2
mon() )é@) 5 Mtle

<p>=2

P 2
x| 14— ~Z tanh 2 L secn? 2. (39)
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where m'(t) is the reduced mass of the oscillator, which is defined as (lkot et al, unpublished).

% In Cosh® /}%

m'(t) = mye (40)
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and £ is a variable parameter that takes values 1,2,3,...;n. By setting £ = 1 equation (39) is obtained.

The generalized uncertainty relation has the value:

B Y Y oot A an)
(AqAp) = 2 {H-(ZQJ tanh 2 + 2 Sech 5 (41

Equation (41) is a generalized uncertainty relation and it satisfies the Heisenberg uncertainty relation. The product of
equations (38) and (39) gives a generalized Heisenberg relation which reduces to the exact when the damping
coefficient y is set to zero.

B. Under Damped Oscillation of Modified Caldirol-Kanai Oscillator
Considering the quantum damped oscillator equation of equation (30) and imposing the boundary conditions
we obtain the arbitrary constants A and B as:

A=[1-2) ang B=1L (42)
20 20

Substituting equation (42) into equation (29) we obtain the classical trajectory of the form:
"
—7(1 Cosyt)
gty=e? ~ 2V \cosart + 27 Sinut (43)
ZQ 2Q

The quantity £(¢) must satisfy the Wronskian condition

d Sm Lri+ ﬁ)/t

¥ 6" et - 20" )] =; (44)
By using the same procedure as in part A, we have the uncertainty in the co-ordinate as:
2
(@) =Tl 14 X gintoy 1+ 7 sinagu (45)
2m, Q2 Q Q

and the dispersion of momentum by setting the variable parameter £ to unity takes the form:

<152>=Em e (1+Cosr) 1+iSiant+ o) 2
2" Q? Q

2
7 Cos20t— L Sim20r — L[ L] _4
20 Q 20
G(t)( Sin2Q¢ — ZCOSZQtj + é Sin2Qt } (46)

where o(t) = %[— (l + Cosyt)+ }/tSiny/t]

and the reduced mass in this case is defined as:

2 (sinpyr+pn)
m'(t) = me” = moe”(w””) (47)

The uncertainty relation has the value

(aqp) =" 1+ g0} 48)

where

2

7 y y
g(6) = | 1+ 2= Sin*Qt + L Sin2Q || 1+2—Sin*Q
0 0 0
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+(@j {l(lj Cos2Qt —
Q 210

2
7 simai- L[]
19 2\ 0

17OV Y oo~ 2Cos20at |+ L-Sin20u (49)
QLo Q

Equation (48) obeys basic quantum principle and when the damping term is set to zero it will return to the exact
solution of time independent harmonic oscillator which is already known.

V. CONCLUSION

We have evaluated within the frame of
Caldirola-Kanai model the damped harmonic oscillator in
the under-damped regime. Here, we obtained the
uncertainty relation for the under damped oscillator for
the two models constructed and the results obtained
satisfy the basic quantum principle (Heisenberg
uncertainty principle). In this work, we restricted
ourselves to the investigation of under damped
oscillation. However, there is need for further
investigation of the oscillation of over damped and
critically damped oscillators.
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