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Abstract
With the aim of obtaining at least Cordes-Niremy&chauder and Calderon-Zygmund
estimates for solutions of Fully Nonlinear Uniformly Elliptic Equations, we arrive’at W
P Cl a(}, o regularity estimates for those equations, improving the existing estimates.

Introduction
Consider fully nonlinear second order uniformly elliptic equations of the form

F(D, x)= f(x) 1)

wherexe Q andu andf are functions define in a bounded don@iof R, andF(M, x)
is a real valued function defined 8 Q, whereSis the space of realx nsymmetric

matrices Assume- is uniformly elliptic in the sense that there are positive constants)
Asuch that forany M Sandxe Q,

AMN|I[SFM+N,X—FM, X <A|N||[VN>O. 2

WhenNis a symmetric matril>0 means, i.e. is non-negative definidd|||Henotes the

(L% L?)-normof M (i.e. [M|| = supf|_, [IMx|; therefore || is equal to the maximum
eigenvalue oNwhereveiN > 0).

Recalling that anfl € Scan be uniquely decomposed\asN*—N-, whereN*, N-
>0 and\* N=0, it follows thafF is uniformly elliptic if and only if

F(M +N<F (M), x +~ [N =AINH| M, Ne S, xe Q. 3)

It also follows from (3) that i is uniformly elliptic, then
Alel < FIM, x) <+ F(0,X)| Me S, xe Q. (4)

where gl =max{g,, ..., ¢}, thee (1< j <n) being the eigenvalues bf.



10 GHANA JOURNAL OF SCIENCE VOL. 50

In [1], rather detailed regularity estimates were obtained for solutions of (1), Wihae
the unit ball andF(M, x)was convex or concavelh. As is normal, itis natural to ask
whether we can remove the convexity conditions and make&2 a general bounded
domainin] " We show here that we can, without even assumin@tlsae-convex in
the sense of [2].

Our methods are not direct generalization of those of [1]. Rather we use only the
philosophy that the most useful square matrix is a diagonal one, the approach being frontal.
We obtain sharp élder and Sobolev regularity results, and from tkeler esitmates,
show that oncéin (1) is continuous anig(0,-)is locally integrable inl(” (Q), every
solution of (1) is a viscosity solution.

We consider in this paper only those solutionsadf(1) such that the distributional
derivatives u are actual functions @, and we also assume that the bounda€y of

0x0x
has Lebesgue measure zero.

Our results are as follow:

Theoem 1. If KO, -) and are inLP (Q), 1< p < o, thenue W?? (Q) and there is a
constanK independent df such that

M
ez < K IFO ooy *+ 1o ey Q

Theoem 2.If F(O, -) and are inL"*%(Q), O<a < 1, therue C* (Q) and there is
constanK independent df such that

llulls e g < K IF(O, ) [l oigy + [Fllos ey -

Theoem 3If F(0, -) and are inL* (Q), thenue C>*(Q ) for every domaif [ Q
and there is a constait= K(Q_, Q) such that

”u“JZ,u(QO)S K |F(O1 ) Il_‘”(Q) + ””_m(g) .

Theoem 4lf fis continuous anBl(0,-)e L? (Q), then every solution of (1) is a viscosity
solution.

Pr oof of Theorems

1/2
FirstifM = (Mij) is inS,we defindM|:= . Itthen follows, using the fact that

M=0D0, WhereDij = eldu. (e being the eigenvaluesidl) andOis an orthogonal matrix,
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and Cauchy-Schwartz Inequality that

1/2

Mi<n o

Therefore, sinc®?u :(ax%u , we have from (4) and (5) that
i

Du < K (IF(O, )l + If]),

for someK > 0.

Puttingu = 0 outside n and using Poinéamequality (noting that the boundaryf
has Lebesgue measure zero) we get Theorem 1 from (6).
To proveTheorem 2 we use (from [3] p. 123) Lemma 5.Uuel’ (R") and assume that

duelP( "),j=1,... n,wherep>n.Thenuis continuous and with= 1 -n/p,we have

?ﬁ } sup Yl —u )/ x-wW<C  [Bull,
=1 aed
for somec > 0.
Putting againu = 0 outsideQ and noting that the boundary@fhas Lebesgue
measure zero, we geheorem 2 from Lemma $heorem 1 and Poinaainequality
To proveTheorem 3, we note that there is a congtanK(Q_, Q) such that

0*u(x) 0*u(y)

Sup axiaxj axjax]
X Z < ou|.
x,yezzo X —y| = | i Il @

1<i<n,andthen use Theorem 1.
To proveTheorem 4, we note that fromt the hypothesiBaorem 4Theorem 2
holds on any domai2 10 Q.
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