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ABSTRACT

In this research work, we employed cramer’s rule to develop a fifth order composite integrator scheme capable of solving
initial value problems in ordinary differential equation of the form:

y(l)zf(x:)’): J’(xo)zJ’O v anSb

We examined the convergence and consistency nature of our integrator and it is found to be consistent. We equally
implemented our composite integrator formula on an initial value problem in ordinary differential equations. Our results
compared favorably with the existing method. We therefore recommend the method for use by ODE solvers and for
researchers currently working in this area.
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INTRODUCTION

This research work is centered on the solution of initial — valued problem in ordinary differential equation of the form:
y(1)=f(x'}’) ’ Y(x0)=J’0 ’ aSXSb (11)

Initial-valued problems in ordinary differential equations (ODES) can be seen in such diverse and fascinating problems

from physical situations, chemical kinetics, (Abhulimen and Otunta, 2007), biological simulations (Ademiluyi and Kayode,

2001), engineering construction works, nuclear reactors (Elakhe, 2010), the diagnosis of diabetes, the spread of gonorrhea

(Braun, 1993) and practical realities.

Euler’s rule is the simplest among all numerical methods in ordinary differential equations because of its explicit and one-
step nature. It requires no additional starting values and readily permits a change of step length during computation.

In an attempt to extend the approximation method of Euler, Runge in 1895 worked on Euler method to give a more
elaborate scheme which was capable of greater accuracy. According to Agbeboh (2006), the Runge —Kutta method which
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is one of the methods of solving numerical problems, represents an important family of implicit and explicit iterative
methods for approximation of ordinary differential equations in numerical analysis. The general explicit one-step method is
of the form:

Yn+1 = Yn = hm(xnv Yns h) (12)

Exponential integrators have become active area of research, according to Fatunla (1982), exponential integrators form the
class of numerical methods for solutions of stiff differential equations and also partial differential equations which include
hyperbolic as well as parabolic problems such as heat. This class of integrators can be constructed to be explicit or implicit
for numerical ordinary differential equations or serve as the time integrator for numerical partial differential equations.
Examples of published works in this area include the works of Fatunla (1978, 1980).

Various scholars have worked extensively on the area of rational integrators, providing encouraging results in the solution
of problems arising from mathematical formulation of physical solutions in population models, mechanical oscillations,
process control and electrical circuit theory which often lead to initial valued problems (IVPs) in ordinary differential
equation.

Among these scholars include, the work of Aashikpelokhai (1991), who developed a class of rational integrator that
handles singular, stiff and oscillatory initial valued problems in ordinary differential equations.

Following closely the work of Aashikpelokhai (1991), Otunta and Ikhile (1997), developed a new class of rational
integrator for stiff and singular initial valued problem in ODEs based on the rational interpolants of Fatunla (1980) and
Lambert (1973).

Aashikpelokhai and Momodu (2008) designed a quadratic base integration scheme for the solution of singulo — stiff
differential equation.

Elakhe (2011) developed a cubic base (polynomial of degree 3) singulo oscillatory — stiff rational integrator.

Still on rational integrator, Ukpebor (2016), analyze the Region of Absolute Stability of an order 19 Rational Integrator.
The list is endless.

The modification of old composite formulae have been made to suite modern trend, for example, Agbeboh (2006),
Momodu (2006) and Elakhe (2011), Abhulimen (2014), were extension of Lambert and Shaw (1965).

However, Fatunla (1982) developed a class of k-steps method; this class is hot composite as it is the case with Lambert and
Shaw (1965), Momodu (2006) and Elakhe (2011). The k-step methods at each stage consist of solving Simultaneous Linear
Algebraic Equations (SLAE).

Aashikpelokhai (1991) followed the steps of Fatunla (1982) by developing a class of one-step rational integrator of order
2k — 1, where k is any arbitrary positive integer.

It is easy to find the composite function for k = 1 from Aashikpelokhai (1991), however for composite formula withk = 2
and above, in as much as composite function may be desired in algebraic approach, derivation in this class of integrators
involved solving Linear Algebraic Equations (LAE) at each stage from another transformation of the initial valued problem
(IVP) into matrix of coefficients.

The composite integrator formula for k = 1 from Aashikpelokhai (1991) is given by:

yn*
Y1 == (1.4)
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\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ (1.3.1)
| Which is the same as Lambert and Shaw (1965) with s = 0 and Fatunla (1982) with
k =1. Aashikpelokhai (1991) also obtained result for k = 2 given as follows:
6ayn+2(byn+3ayn,P)n
Yn+1 = - 6a(+Zl:lh+ch2n . (15)

Where: a = ynyn(z) - Zyn(l)yn(z)b = 3yn(1)yn(2) - ynyn(3)c = Zyn(l)Yn(g) - 3yn(2)3/n(2)

Our concern here is to choose k = 3, derive the composite integrator formula using Cramer’s rule and compare our results
with the existing method. We shall also examine the convergence and consistency of the new integrator.

It should be noted here that earlier formulae in computational ODE were mainly in composite forms as exemplified by
Euler rule, Modified Euler rule, Trapezoidal rule, Runge — kutta method and linear multi — step method. This is as a result
of its simplicity in implementation of initial valued problems.

2.0 EXISTENCE AND UNIQUENESS OF A SOLUTION

From a practical point of view of scientific modeling, it is very important to examine whether there exists a solution to an
initial value problem and if it exist, whether it is unique.

Theorem 2.1: Aashikpelokhai et al (2011)

Consider the initial value first — order linear differential equation:
dy
al(x)a + ap(x)y = h(x), a;(x) #0y(xp) =y0, a<x<b
It has a unique solution in the interval [a, b] in which it is defined on the real line.
Proof:

By the method of integrating factor, the general solution is given as;

y= [exp (— J ngg dx)] [A + j {CZ((xx)) exp <J Z:gg dx)} dx] (2.1)

where A is the integration constant.

Existence:

Select any point x = x,in [a, b] and any value y = y, along the Y — axis. Substitute the pair (x,,y,) into (2.1), solve for
the constant A.

This value of A vyields a particular solution y = y(x) obtained from (2.1). For every choice of arbitrary x = x,, in the
interval [a, b] and any y = y, values chosen along the Y — axis, when the pair (x,,y,) is substituted into the result (2.1)
we obtain a new particular A which in turn yields a corresponding new solution. Hence every initial value problem above
has at least one solution in the interval[a, b].
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Uniqueness:

To prove uniqueness, we wish to prove that if any two solutions are given, then they must be identical. Let y,,y, be such
solutions of the given initial value problem. In this case we have for each i = 1,2

dy;
al(x)d—xl + ag(x)y; = h(x), a;(x) #0
Implying, by linearity of the differential operator

d _
al(x)%+ ag(x)(y, —y1)=0, a;(x)#0

and (y; — ¥1)(x0) = ¥2(x0) — ¥1(x0) =0
Hence y, — y;is a solution of the homogenous initial value problem (ivp)

d
L) o+ 00Oy = h(), @0 # 0y(0) = Yo

However, the solution to the homogenous ivp is given by:

ay(x) )
= Aexp | — f dx 2.2
y p ( ) (2.2)

Where A is our arbitrary constant of integration.

Hence,

_ ao(x)
v, v, = Aexp < J 2, (0) dx)
ie Y=Y = 0N (2.3)

Substituting y(x,) = 0 into equation (2.2), we obtain
ay(x) )
A ex —] dx =0
p( a,(x)

Aexp (— J ng; dx) 0

for every value of x on the real line.

but then

Hence, 4 = 0, meaning that equation (2.2) we now have y = 0 as the solution to the ivp. But by equation (2.3), ¥ =y, —
vy, hencey, — y; = 0andsoy, = y;.

3.0 DERIVATION OF OUR METHOD
Preliminaries

The theoretical basis on which rational integrators work is the operator transform. Consider the general rational operator
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U:R->R (3.1)
Defined by the identity

Ux)Qn(x) = pim(x) 3.2)
Where @, (x) and B, (x) are real polynomials defined by

Pp(x) = Yoo prx” 3.3)

Qn(x) = Xrooqrx” 34)

The definition U(x) is by Pade’ and it is used by Pade’Approximants which then give rise to Pade’Integrators. Lambert
(1973)

The approximation using the infinite series of the function U is given by

- hy, ™

Uxns1) = 2720 6 X ny1 Cr = 3:,—, (3.9)
We can therefore write

Y0tne1) = oy =222 0, (0) =1 (3.6)

n\itn+1
Main derivation
Employing the rational interpolating function (3.6) where m = k — 1 and n = k, we have
_ Pr—1(*n41)
Y1 = Qre(Xn+1) @7

Pi—1(Xns1) = Z?:_ol Pix'niy and  Qu(xnys) =1+ Z£(=1 qix'ni1

Following the work of Aashikpelokhai (1991), we obtain the parametersq;, i = 1(1)3, by solving Sq = b where:

i i iy, 2k=D)
h2k=i=jy, (2k=i=j) _p2k—iyn( o
Sij =g and by=——————, ,j=1(1)3 and k=3
(2k—i—lxn41 (2k=1)!xn41
Therefore;
5. = Rty S = h3yn(® S . = h2y, @
7 ity 127 33y, 137 2124,
_ n3y, 3 _ n2y,® _ hy,@®
S21 = 33 S22 =53 S23 = T
31X n41 21x%n41 xp4q
- h2y, @ G = Ry W S33 = Y,
31 = o2, 32 = T 33 n
b _ _hsyn(s) b _ _h4y_n(4) b _ _h3yn(3)
17 5ix5 27 qixt 37 313
X n+1 X n+1 X n+1
e
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h43’n(4) h33’n(3) Yn(z)
|4!x4n+1 313541 2'x2n+1
[ R39,®  r2y, @ Ry, ®
313041 2%p4 1'xn+1
h2y, (2 hyn (D
lz!752n+1 Uxn41

We move now to find solutions to g;,
From equation (3.8), we let;

h43’n(4) h33’n(3) J’n(z) [_hSJ’n(S)
|4'x4n+1 313541 2'x2n+1| |5'X5n+1|
h3y, () p2y (2 YD —h4y, (4)
(|) A= | Yn Yn I (”) bzl Yn I
3341 2%p4 1'xn+ 4lxtng
W2yn® - hyn™ | |—hSYn(3)|
lz!x2n+1 UXn41 J l 33 n41 J
Thus
h43’n(4) h33’n(3) hZLVn(Z)
4lxtpir 33p41 2%%p4g
|A| _ h3y,3®)  n2y,® hy,
33p41 2%pyg Llxpgs
h2y, @ yn®
2241 Llapys I
2 2 1
Ry, @ Ry,
4 4 3 3
_h ™ 20 T | Pn® (33,
A x*n i1 | hy, W 31304y [ W2y,
n
1xn4q ; %
3 3 2 2
O L
2 2
_Pn® B, 20,
2!x2n+1 hzyn(z) hyn(l)
o 2% Uy
Simplifying:

Further simplification gives,

h4—

|
|
|
I
n |

[z

| 515041 |
— I _h43’n(4) |
|

4lxtnyg

||

33041

i = 1(1)3 through the use of crammer’s rule.

Wy,

2! x? n+1

(3.8)

(3.9)

Ot

24x%41

thn (2)

2
yn(4) hZYn(Z)yn - 2h2 (yn(l)) _
2X%n41

2hty, Dy, @) — 3h4(yn(2))2

2
2X%541

n n
12x%44

2 2
14| = h® BYnYn(Z)yn(4) - 6(yn(1)) yn(4) - 4yn(yn(3))
1 +24y,Vy, @y, ® - 18(y,®)’

-

ISREF

3
6X°541

(3.10)

h3yn (3)yn - 3h3yn(1)yn (2)>
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Replacing the first column of (3.9) (i) by the column vector (3.9) (ii);

thn(Z)

2
2x n+1

Ot

_h4yn(4) thn(Z)
4!x4n+1 2!xzn+1
—h3y,®  hy,®

3!x3n+1 1!xn+1

24'x4n+1

(3.11)

_hSyn(S) h3yn(3) thn(Z)
5!x5n+1 3!xsn+1 2!xzn+1
_h4yn(4) h2yn(2) hyn(l)
Al =
= T oo
_h3yn(3) hyn(l)
31 Uxpey O
Leading us to:
thn(Z) hyn(l) _h4yn(4) hyn(l)
_ P 202, T RPw® [4xt, 1o
T SIxS | hy,® 31 %3041 [—R3y,®
TG E
Simplifying;
hsyn(s) hzyn(Z)yn _th(yn(l))z hzyn(3) _hzyn(4)yn+4h4yn(l)yn(3)
 120x5,4, 2x% 44 6x3 11
hzyn(z) _hsyn(l)yn(4) + Zhsyn(Z)yn(S)
2x% 041 24x3 044
This leads to:
2 2
|A | _ X 6(}’11(1)) yn(s) - 3ynyn(2)yn(5) - Zoyn(l)(yn(3)) + Synyn(3)yn(4)l
=
720x7 11 +30(yn(2))2yn(3) — 15y, My, @y @

Next, we replace the second column of (3.9) (i) by the column vector (3.9) (ii);

[ h4yn(4) _hsyn(s) hzyn(z) |
4!x4n+1 5!xsn+1 2!xzn+1
IAZI — h3yn(3) _h4yn(4) hyn(l)
3!x3n+1 4'!x4n+1 1!xn+1
hzyn(z) _h3yn(3)
21%2,., 3x3,,, "
—hty, @y, D 3y, hy,® R3y, 3 —pty,®
— hiyn® 4ty 1oy WSy [31x3p4  1lxpgg R2yn@ 13163041 4lxtngg
#xtpyq | -3y, 3 51x5 041 [ A2y, 3 22241 (W29 @ —n3y,®
Froee In 21241 In 2ix%p41 334
Evaluating, we have;
_ h4yn(4) <4h4}7n(1)yn(3) B h4ynyn(4) hsyn(S) (h3yn(3)Yn B 3h3yn(1)yn(2))
24'x4n+1 24'x4n+1 120xsn+1 6xgn+1
hzyn(z) 3h6yn(2)yn(4) - 4h6(yn(3))2
2X%n4q ( 144x%44 >
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This leads to;
gl = 2 20y, My, @y, ™ — Syn(yn(;”)2 - 12yn(1’yn(2’yn“i + 4ynyn(3)yn(5)] (3.12)
n+1 +30(yn(2)) yn(4) — 40yn(2)(yn(3))
To compute for|A5|, we replace the third column of (3.9) (i) by the column vector (3.9)(ii);
h4yn(4) h3yn(3) _hsyn(s)
4'x% 1 3lx3,,, 5!'x%,.4
4,] = Ry, ® Ry, —hty,®
3l pyr 20x%p4, 4lxtyy
h2yn(2) hyn(l) _h3yn(3)
2%,y Uxpyy 313,y
| 2y =k, @) | Py ® =k, @) [RPyn® Ry, @)

_ @ 202 At | R B0, x| P [3Ia3,,, 20a2,,
4'!x4‘1'l+1 hyn(l) _hsyn(S) 3!x3TL+1 hzyn(3) _h3yn(3) 5!x5n+1 hzyn(Z) hyn(l)

Uxpyr 31704 20x%,1 3lx3, 20x%n4y Llxpgy
Leading to;
2
_ h4yn(4) hsyn(l)yn(4) — Zhsyn(z)yn(3) _ h3yn(3) 3h6yn(2)yn(4) — 4h6(yn(3))
24x* 44 24x5,41 6x3 011 144x°;,4q
2
_ hsyn(s) 2h4yn(1)yn(3) - 3h4(yn(2))
120x5,,, 12x%,44
This gives;
2 3 2
14y] = o [15yn(1)(yn(4)) _ 60yn(2)yn(3)yn(4) + 40(yn(3)) + 18(yn(2)) yn(S)] (3.13)
8640x% 41 _12yn(1)yn(3)yn(5)
By crammer’s rule: q; = % i = 1(1)3, hence we employ this relation in results (3.10), (3.11), (3.12) and (3.13) to
obtain;
[ G(J’n(l))ZJ’n(s)—3J/nJ/n(2)Yn(5)—ZOYn(l)(J/n(3))2+53’nYn(3)Yn(4) ]
4= — #3003 @) 7P =15yn Dy @y ® (3.14)

5Xn+1 33’n3’n(Z)J’n(4)—6(Yn(1))ZYn(4) —4yn (Yn(3))2 +24Yn(1)Yn(2)ZYn(3)—18(Yn(2))3

[ ZOYn(l)Yn(3)Yn(4)_SYn(Yn(4))2_1ZYn(l)Yn(Z)Yn(S)+4‘}’nyn(3)}’n(5) ]
2 2
h? +30(y,®) yn(4)_40yn(2)(yn(3))
20x%n41 3YnJ’n(2)J’n ® _G(J’n(l))ZYn(4) _4‘3’n(Yn(3))2 +24‘Yn(1)Yn(2)J7n(3)_18(yn(2))3

Q@ = (3.15)

i -
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2 3 2
15yn(1)(yn(4)) _60yn(2)yn(3)yn(4)+40(yn(3)) +18(yn(2)) yn(S)
— 3 _123’n(1)}’n(3)Yn(5) (3 16)
60x3n41 33’n3’n(2)J’n(4)_B(J’n(l))z}’n(4)_43’n(iVn(3))2+24}’n(1)Yn(2)Yn(3)_1S(J’n(z))3

qs

Suppose:

@ = 37,7 @1 @ = 6(3, V) 7@ — 4y, (1. P)” + 247, Dy, @, ® —18(3,@)* (3.17)
be the common denominator for q; = %,Vi =1,2,3.If at any point a = 0 & |A| = 0 and therefore the test for ill-

conditioning at any stage is when a = 0.

The corresponding numerators are;
b= 6(Yn(1))ZYn(5) - 3YnYn(2)yn(5) - zoyn(l)(yn(s))z + Synyn(s)Yn@)

@)%, 3 D), @), @ (3.18)
+30(yn ) Yn - 15yn Yn""Yn
4 2
¢ =207 9,y =5y (1 ®)" = 125, Dy, Dy, + 43,9, Py, @ (3.19)
+30(yn(2))2yn(4) - 40yn(2) (yn(s))z
2 3 2
d = 159, (5,®)° - 60y, @y, @3, @ + 40(3,®)’ + 18(3,@)"y,® (3.20)
_12yn(1)yn(3)yn(5) '
Hence;
bh ch? dh3 .
q1 = Sar q; = TV qs = o~ Provided a # 0 (3.21)
Computing for p, and p,, we have;
i (+1-Dp(+1-0)
_yJ On h - _ _
p] — 4j=1 (j+1_i)!xn+1(j+1—i) qi-1 + J’nq] ’ Where ] = 1v2 ’ k = 3 and qo = 1
That is:
nDh
="+ s (3.22)
_ yan@hr2  y,Wp
P2 = T, 0t (3.23)
Using equation (3.21), then equation (3.22) and (3.23) becomes;
_ ya®n bh
P1= Xn+1 n [Saxn+1]
This simplifies to:
p1 = 5a; [5ay,® + by,] Provided a # 0 (3.24)
n+1

~-

)
ﬂg'g ”

m
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Similarly;
_ 3, @ p? .\ v, Oh[ bh ] N ch?
P2 szn+1 Xn+1 5a'xn+1 o 20ax2n+1
Leading to;
2
p, = i [10ayn(2) + 4by, ™D + cyn] Provided a # 0 (3.25)
20axn4+1

By equation (3.7), we have:

2
_ PotP1Xn4+1+tP2X " n41
Y‘n+1 - 2 3 (326)

1+q1Xn+1+42X“n41+q3X " n1

Substituting equation (3.21), (3.24), (3.25) and p, = y,, in equation (3.26), we have;

h h?
Y+ o= [5ay,™® + by, | +5—[10ay,® + 4by, D + cy, |

Yn+1 = 2 3
bh ch dh

1+ —+-—+—

5a 20a 60a

Simplifying;

60ay, + 12h(5ay, D + by, ) + 3h2(10ay,® + 4by,® + cy,)

Ynt1 = 60a + 12bh + 30ch? + dh?

Further simplification leads us to our composite integrator formula (k = 3) given hereunder as;

__ 60ayp+12he+3h%f
Yn+1 = Goas12bhe3ch?+an’

(3.27)
. 2 2 3
Where: g = 3ynyn(2)yn(4) - 6(yn(1)) yn(4) - 4yn(yn(3)) + 24yn(1)yn(2)yn(3) - 18(yn(2))

2 2
b= 6(yn(1)) yn(s) - 3ynyn(2)yn(5) - Zoyn(l) (yn(3)) + Synyn(3)yn(4)
2
+30(yn(2)) yn(3) - 15yn(1)yn(2)yn(4)

(4) 2
c= ZOYn(l)ynB)Yn - Syn(Yn(4)) - lzyn(l)yn (Z)yn(S) + 4ynyn(3)yn(5)
2 2
+30(yn(2)) yn(4) - 40yn(2)(yn(3))

2 3 2
d = 15yn(1)(yn(4)) _ 60yn(2)yn(3)yn(4) + 40(yn(3)) + 18(yn(2)) yn(S)

_12y, My, @)y, ©)
e = 5ay, ™V + by, (3.28)
f =10ay,® + 4by,® + cy, . (3.29)
77
A<
e
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4.0 CONVERGENCE AND CONSISTENCY ANALYSIS OF OUR SCHEME

Convergence is a vital property any given numerical formula must attain. Hence, researcher like Lambert (1995) asserts
that convergence is a minimal property to expect of a numerical method and that convergence must take place for all initial
value problems. Lambert (1995) went on to state that one-step method is said to be convergent if, for all initial value
problem satisfying the lipschitz condition then;

lim max [|y(x,) — ¥, =0

h—0 0snsN

However, convergence of one-step method implies the consistency of the method, though the converse is not true Lambert
(1995). Therefore to show our method is convergent and consistent, we need only to show its convergent which then
implies its consistent.

Theorem 3.1: The one-step composite integrator:

_ 60ay, + 12eh + 3fh?
In+1 = 50a + 12bh + 3ch? + dh?

(3.30)

where the functions a, b, ¢, d, e, and f are specified by (3.17), (3.18), (3.19), (3.20), (3.28) and (3.29) respectively is
consistent and convergent.

Proof

We wish to show that: limy, o (2E=2) = y, ™ = £ (xn, yn)

Therefore, from the integrator (3.30), we have:
60ay, + 12eh + 3fh?

60a + 12bh + 3ch? + dh3

Yn+1 = Yn = —Yn

60ay, + 12h(5ay,® + by,) + 3h%(10ay, @ + 4by, D + cy,)
60a + 12bh + 3ch? + dh3 In

Yn+1 = Yn =

_ 60ay, + 12h(5ay,® + by, ) + 3h?(10ay,® + 4by, D + c¥y) — yn(60a + 12bh + 3ch? + dh®)
B 60a + 12bh + 3ch? + dh?

Simplifying;

h(60ay, ™ + 30ay, ®h + 12by, Vh + 30cy, h — 30cy, h — dy, h?)
60a + 12bh + 3ch? + dh3

Yn+1 = Yn =

Yni1 = Yn 60ay, ™ + 30ay, @h + 12by, P h — dy, h?
R 60a + 12bh + 3ch? + dh3

lim
h—-0

[yn+1 - yn] _ 60ay,™ +0+0-0 _ 60ay,™
h 60a+0+0+0 60a

i -

e
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lim
h—-0

Y -V
Poss 0~ e

Hence our integrator is consistent.

5.0 DEMONSTRATION

Here, we implemented of our new integrator in solving an initial value problem in ordinary differential equations given
below: (Problem from Aashikpelokhai, 1991)

] 1
R R AR s R

Theoretical solution:

e | IR )

Table A: Solution for the First Component at H = 0.01. Each Solution is multiplied by 10*

X THEORETICAL AASIKPELOKHAI (1991) | COMPOSITE N
SOLUTION K=3 INTEGRATOR
FORMULA, K=3

0.5 6.1038 6.1046 2.06256 50
1.0 6.9655 6.9961 2.85022 100
15 7.6365 7.6370 3.50510 150
2.0 8.1592 8.1596 4.04258 200
2.5 8.5663 8.5663 4.47905 250
3.0 8.8834 8.8836 4.83045 300
35 9.1303 9.1305 5.11141 350
4.0 9.3226 9.3326 5.33480 400
4.5 9.4724 9.4726 5.51163 450
5.0 9.5891 9.5891 5.65112 500
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Table B: Solution for the Second Component at H = 0.01

Ot

THEORETICAL AASHIKPELOKHAI COMPOSITE
X SOLUTION (1991), k=3 INTEGRATOR N
Error x 10* FORMULA, K =3
0.5 2.2099 2.2100(-4) 1.36683(-7) 50
1.0 3.9327 3.9327(-4) 9.89322(-7) 100
15 5.2745 5.2745(-4) 1.65828(-6) 150
2.0 6.3195 6.3196(-4) 2.18031(-6) 200
2.5 7.1335 7.1335(-4) 2.58724(-6) 250
3.0 7.7674 7.7674(-4) 2.90431(-6) 300
35 8.2612 8.2612(-4) 3.15133(-6) 350
4.0 8.6457 8.6457(-4) 3.34375(-6) 400
45 8.9452 8.9452(-4) 3.49363(-6) 450
5.0 9.1785 9.1785(-4) 3.61038(-6) 500

Index: a(—=b) = a x 1077

Discussion of Results Generated by our method

Whenever a numerical method is used to solve a differential equation, the idea is to produce accurate solution that will
override the theoretical solution with minimum error. For instance, if we denote the exact solution as y(x;) at some
pointx;, then the numerical solution at that point x; is denoted as y;. Therefore we are interested in the error given as:

4= ly(x) — yil Vo<i<20 (5.1)
As a matter of fact, we do not expect to be able to know the error (#;) exactly at given intervals because we do not have the

exact solution in general. Hence, it will be of interest to derive a formula that can approximate the solution of 1\VVPs in
ODEs whose error accumulates within a specific interval.

-
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A close look at the result on table ‘A’ above generated by our method (composite integrator formula at k = 3) reveals that
the method maintain a reasonable steady low error level throughout the steps even with the increase in step length.
However, for the table ‘B’ above, we observed that the difference between the numerical solution and the theoretical
solution was minimal, and the error level varies at different steps due to the inaccuracy inherent in the formula and the
arithmetic operations adopted during the computer implementation.

In totality, it is seen that the composite integrator formula was able to produce results that are as accurate as those of other
existing methods as our integrator compares favourably with Aashikpelokhai (1991).

Conclusion

In this work, we have been able to derive a composite integrator from Aashikpelokhai (1991) at k = 3, analyzed its
consistency nature and implemented our integrator on a selected initial value problem in ODEs. Our method compared
favorably with the existing methods. However, for derivation of composite integrator at k > 3, Cramer’s rule may not be
appropriate, hence researchers in this line could explore other methods.

Recommendation

Having derived and implemented a new composite integrator formula from Aashikpelokhai (1991) at k = 3, capable of
solving problems in initial value problems arising from first order in ODEs, we therefore recommend the method for use by
ODE solvers and for researchers currently working in this area.
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