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Abstract
One of mesh free methods, element free Galerkin method, is presented to analyze the finite beam on elastic foundation. The
shape functions are constructed by using the moving least square interpolation based on a set of nodes that are arbitrarily
distributed in specified domain. Discrete system equations are derived from the variation form of system equations. Numerical
examples of finite beam on elastic foundation are given by establishing Matlab code. The results of this paper demonstrate the
effectiveness of the proposed method with small errors compared to analytical solutions.
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1. Introduction
The use of the finite element method (FEM) of analysis is very common nowadays. This technique has been widely used with
great accuracy but as the complexity of the shape domain increases, this accuracy becomes an issue. Since this method requires the
presence of a predefined mesh for proper analysis to be carried, modeling of structures with complicated geometries requires a
very fine mesh arrangement. Some of the major disadvantages of FEM are as follows: FEM mesh construction is very costly as
most of the time used for analysis is consumed by mesh construction; Accuracy of the stress obtained is less. The entire mesh must
be refined from the start when a desired accuracy is not achieved, thus making all the previous works a waste. A lot of research has
been done to develop FEM or an alternative to FEM such as (Hieu et al., 2017), (Ton et al., 2020), (Liu et al., 2007), and so on.
Liu (2002) presented the mesh-free method as a method without the use of any predefined mesh for problem domain. Recently,
this method is extended in the area of computational mechanics. There are different versions of the mesh free methods (MFMs)
developed so far to analyse the stress and displacement in the solid. A mesh free method is a method that represent the problem
domain by set of scattered nodes in its. These nodes do unlike nodes in the other numerical methods. Mesh free method is a new
numerical analysis method having excellent accuracy and rapid convergence. Moving least square (MLS) approximation is given
in Galerkin method which is developed by (Nyroles et al., 1992) for solving partial differential equations.
After them, the method has been modified and refined by (Belytschko et al., 1994) and named as element free Galerkin (EFG)
method. In this method, the MLS interpolants were used to construct the trial and test functions for the variational principle (weak
form) and weight functions. The point interpolation method (PIM) was given by (Liu et al., 1999) to construct shape functions
which possess Kronecker delta property. Direct nodal integration, on the other hand, leads to a numerical instability due to under
integration and vanishing derivatives of shape functions at the nodes. Another new approach is developed in (Chen et al., 2001) as
well as a new mesh free method which is the PIM based on radial basis function (RPIM) is given in (Zhang et al., 2008). The
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analysis of thin plate of complicated shape using a mesh free method is presented in (Liu et al., 2001). Method uses MLS
interpolation to construct shape functions based on a set of nodes arbitrarily distributed in the analysis domain. Penalty method
was employed to enforce the essential boundary conditions for static analysis. Similar type of formulation is used in (Dai et al.,
2004) for the analysis of static deflection and natural frequencies of thin and thick laminated composite plates using high order
shear deformation theory. Enforcing essential boundary conditions in Galerkin based mesh free methods is given in (Fernandez et
al., 2004).
A new method is given in (Xin et al., 2004) of deriving the particular solutions of differential equations by using the Sloan
hyper-interpolation and fast Fourier transform. The special feature of their approach is that a close form of particular solutions can
be easily obtained and the matrix formulation for evaluating particular solution is not required. The mesh free method was
extended for the elastoplastic analysis of reinforced soils as given in (Binesh et al., 2010). The radial point interpolation method
was used to construct the shape functions in the applied mesh free method which has the ability of modeling slippage between the
soil and rein-forcement. Comparison of the computational complexity of the meshless local Petrov Galerkin method (MLPG) with
the finite difference method (FDM) and finite element methods (FEM) is presented in (Trobec et al., 2009) from the user point of
view. According to them, MLPG is the most complex of the three methods. Aspect of consistency, stability, explicit time
integration and efficiency within the context of nodal integration is presented by (Puso et al., 2008). A generalized mesh free
approximation suggested in (Wu et al., 2011) by introducing an enriched basis function in the original Shepard’s method to meet
the linear or higher order reproducing conditions. It is analogous to a special root finding scheme of constraint equations which
enforces improvement in the basis functions and the reproducing conditions with certain orders within a set of nodes.
A few papers with deep mathematical knowledge are also cited as essential basis for programming (Turuna et al., 2020),
(Duressa et al., 2019, 2022). From the reviewed literature it can be seen that there has been a great deal of research into the
application of MFMs in different fields of science. Very few works have been reported on the application to the problems of beams
on elastic foundation. In this study, the behavior of beam on elastic foundation is presented by using element free Galerkin (EFG)
method which is a one type of mesh free method. The EFG method presented employs generalized moving least square
approximation to generate the shape functions and the essential boundary conditions are enforced directly at each constraint
boundary point. A parametric study is performed to investigate the effect of few selected parameters.
The next sections of this paper are as follows. The brief of element free Galerkin (EFG) method, including the MLS
approximation and the Galerkin weak form, is presented in Sect. 2. Two basic types of elastic foundations and the governing
differential equation of the beam on elastic foundation are shown in Sect. 3. Not only point load but also uniformly distributed load
are considered in this section. And the numerical results of this paper are compared with analytical solution to prove the
effectiveness of proposed method. Some concluding remarks are given in the last section.
2. Brief of element free Galerkin (EFG) method
The element free Galerkin (EFG) method is one of the mesh free methods which have been developed in (Belytschko et al., 1994).
In EFG method, the MLS approximation and the Galerkin weak form are used to establish the shape functions as well as to
develop the discretized system equations. The high order polynomials for shape functions are common used but even linear
polynomial based functions give quite accurate results for the curved boundaries which are represented by nodes. For some mesh
free methods such as the EFG method, a background mesh is needed to be used in integration of the system matrices. However, the
shape of the background mesh is not strict, provided that accuracy in integrations is adequate. It should be noted that the moving
least squares approximation is based only on the information of the values of the variables at some scattered points.
The EFG method is presented in this paper which employs the generalized moving least square approximants to approximate the
function and the transformation matrix for imposing the essential boundary conditions. The moving least square (MLS) is widely
used to generate the shape functions for various mesh free methods. Let us consider a displacement function u(x) on the domain Ω
as shown in Fig. 1, the approximated value of u(x) can be represented as

u x   p j x a j x  .

(1)

where a(x) and p(x) represent the coefficient matrix and the polynomial matrix. The Pascal’s triangle is used to choice the
polynomial function. For example, a 1D bar having a linear basis equal 2, the polynomial matrix p(x) = [1, x]. Whereas for a 2D
element having linear basis equal 3, the matrix will be p(x) = [1, x, y]. For cases in which deflection must be found a quadratic
polynomial is used as continuity up to the second derivative of the shape function needs to be established for consistency.
Therefore, author takes basis equal 6 and p(x) = [1, x, y, x2, y2, xy]. The coefficients are determined using the values at the field
nodes represent inside the support domain. The support domain may be defined as the small area neighboring a point inside which
the field nodes exert influence over the point of consideration. Moreover, the approximation is generally weighted to maintain
continuity in the movement of nodes in as well as out of the support domain and to increase the accuracy of the interpolation
function.
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with uI is the value of the nodal displacement and w(x-xi) denotes the weight function. The coefficient matrix a(x) must be chosen
in such a way that the weighted residual is minimum

J
 0.
a

(3)

Hence the following linear equations are obtained
Ax ax   Bx u s ,
In which

Ax  

and

Solving the above equations, author obtain

and the shape function
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Let us consider Ax  x   px  therefore x    T x Bx  . Some of the weight functions are listed as cubic spline weight
function and quartic spline weight function.
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is a radius of influence and dmI is a size of the domain of influence of the Ith node. For example, we consider two
dmI
case of the support domain.
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(a)

(b)

Figure 1. These cases are error or good because of the compact support
In Fig. 1a, the domain of problem did not cover entire domain, because the radius of support domain does not enough large to
overlap the area of problem domain. The solution in this case is singular and we can see the support enough large to overlap entire
domain of problem, the result is good in Fig. 1b. The Galerkin weak form in statics for a domain Ω is given by

  Lu 

T

cLu d  u T bd  u T td  0.









t

The governing relation for the EFG method can be obtained by using the MLS approximation and the Galerkin weak form
Lu   Bu.

(11)

(12)

The shape functions achieved by the MLS approximation do not satisfy the Kronecker delta property, therefore it is impossible for
the shape function to satisfy the essential boundary conditions. Hence author uses Lagrange multipliers λ to satisfy the boundary
conditions. Now the nodal values of the Lagrange function are known, thus by means of Lagrange interpolation, its values are
determined and the final discretized equations for Ω are obtained. The final discretized equations of the EFG method are as follows
Ku  Gλ  F  0,

G u  q  0.
T

(13)
(14)

with
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The EFG method requires a background mesh for the integration purpose. Mesh just subdivides the domain into chosen shape and
there is no influence of this mesh in the formation of the shape function as is the case with FEM. More information and formulas
related to this method can be found in (Belytschko et al., 1996).
3. Beam on elastic foundation
Based on related theory, there are two basic types of elastic foundations. The first type is indicated by the fact that the pressure in
the foundation is proportional at every point to the deflection occurring at that point and is independent of deflections produced
elsewhere in the foundation. The second type is characterized by the elastic solid, which represents the case of complete continuity
in the supporting medium in contrast with the first type. The concept of beam on elastic foundation can be extended in different
engineering fields. The Winkler foundation with an infinite number of linear spring ks is used to describe the elastic support. The
governing differential equation of the beam with constant flexural rigidity EI can be written as follows (Hetenyi, 1958):

EI

d 4u
dx 4

 k s u  q ( x).

(21)

Figure 2. Beam on elastic foundation with central point load
If point load P is acting at centre of beam as shown in Fig. 2 then two notions of boundary condition should be considered as
follows: slope at the location of point load, θ = 0 and shear force at the location of point load, V = -0.5P. The analytical solution of
the above equation can be found in the many articles listed as follows (Dobromir, 2012), (Binesh et al., 2010, 2012). Besides, a
computer program based on the formulation of EFG method with cubic spline weight function and circular supports is developed
in Matlab by author as appendix section.
For a specific problem, a beam of having flexural rigidity of EI = 20000 kN/m2 subjected to central point load P = 100kN is
considered. However, nodes are considered upto distance L of 40m and 60m from centre. Soil modulus ks = 2000 kN/m3 was
considered and the value of q(x) equals to zero for this example. Number of field nodes was varied as 6 for case 1 and 11 for case 2
in the present study to examine their effect on prediction. Results obtained from this study are represented in Table 1 and Table 2
as well as in Fig. 3 and Fig. 4 respectively.
Table 1. Displacements at nodes and analytical solutions with L = 40m from centre
Displacement
6 nodes
-0.02389
0.00211
-0.00069
11 nodes
-0.02749
-0.00409
0.00191 0.00070
-0.00061 0.00040
Analytical
-0.02800
-0.00415
0.00189 0.00070
-0.00060 0.00041
(mm)
-0.00011
-0.00010

-0.00012
-0.00007
-0.00007

-0.00020
-0.00020

-0.00171
-0.00190
-0.00190

-0.00029
-0.00020
-0.00019

19

Lan / International Journal of Engineering, Science and Technology, Vol. 12, No. 4, 2020, pp. 14-22

Table 2. Displacements at nodes and analytical solutions with L = 60m from centre
Displacement
6 nodes
-0.01849
0.00188
-0.00091
-0.00029
11 nodes
-0.01519
-0.00271
0.00119 0.00070
-0.00060 0.00041
-0.00011
Analytical
-0.01500
-0.00265
0.00110 0.00070
-0.00060 0.00041
-0.00010
(mm)
-0.00007
-0.00006

-0.00012
-0.00008
-0.00007

-0.00020
-0.00020

-0.00018
-0.00010
-0.00010

Figure 3. Deformation shape with L = 40 from the center

Figure 4. Deformation shape with L = 60 from the center
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Finally, consider a beam with uniformly distributed load q = 1000 kN/m as shown in Fig. 5. Similar to above example, nodes are
considered upto distance L of 10m from centre. Results obtained from this study are compared with analytical solution as Fig. 6
respectively.

Figure 5. Beam on elastic foundation with uniformly distributed load

Figure 6. Deformation shape with L = 10 from the center
4. Conclusions
In the present work, a Matlab code has been developed to analyse finite beam on elastic foundation with central point load by
EFG method. The accuracy and convergence of the meshless method in predicting the displacement along the length of beams are
examined. From the observed results in can be concluded that the mesh free method can be used efficiently for the analysis of the
finite beam on elastic foundation. Displacements are taken as field variables. Unlike the finite element method, the meshless
method requires no structured mesh, since only a scattered set of nodal points is required in the domain of interest. The proposed
results are good agree with analytical solution.
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Appendix
%
EFG PROGRAM
%
% %%%%%%%%%%%%%%%%
x = [0.0:.1:1.0];
nnodes = length(x);
ncells = nnodes-1;
dmax = …;
E=…; area=…;
dm = dmax*(x(2)-x(1))
*ones(1,nnodes);
gg = zeros(1,ncells);
jac = (x(2)-x(1))/2;
weight = …;
gg = -.05:.1:0.95; gg(1) = 0.0;
k = zeros(nnodes);
f = zeros(nnodes,1);
GG = zeros(nnodes,1);
for j = 1:length(gg)
xg = gg(j);
dif = xg*ones(1,nnodes)-x;
clear w dw
for i=1:nnodes
drdx = sign(dif(i))/dm(i);
r = abs(dif(i))/dm(i);

Main MatLab Code
if r<=0.5
w(i) = (2/3) - 4*r*r + 4*r^3;
dw(i) = (-8*r + 12*r^2)*drdx;
elseif r<=1.0
w(i) = (4/3)-4*r+4*r*r -(4/3)*r^3;
dw(i) = (-4 + 8*r-4*r^2)*drdx;
elseif r>1.0
w(i) = 0.0;
dw(i) = 0.0;
end
end
won = ones(1,nnodes);
p = [won;x];
B = p.*[w;w];
pp = zeros(2);
A = zeros(2);
dA = zeros(2);
for i=1:nnodes
pp = p(1:2,i)*p(1:2,i)';
A = A+w(1,i)*pp;
dA = dA+dw(1,i)*pp;
end
Ainv = inv(A);

pg = [1 xg];
phi = pg*Ainv*B;
db = p.*[dw;dw];
da = -Ainv*(dA*Ainv);
dphi = [0 1]
*Ainv*B+pg*(da*B+Ainv*db);
if j == 1
GG(1:3,1) = -phi(1:3)';
else if j>1
k=
k+(weight*E*area*jac)*(dphi'*dphi);
fbody = area*xg;
f = f+(weight*fbody*jac)*phi';
end
end
end
q = [0];
m = [k GG;GG' zeros(1)];
d = m\[f' q]'
u = d(1:nnodes)
%%%%%%%%%%%%%%%%
%
END
%
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