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Abstract 
 
   Mechanical and elastic behaviors of anisotropic materials are investigated in an innovative way. This is based on generalized 
Hill inequalities. From different type of anisotropic elastic symmetries, numerical examples are given. Constructing bounds on 
effective eigenvalues provides a deeper understanding about mechanical behavior of anisotropic materials. Generalized Hill 
inequalities are adapted to all anisotropic elastic symmetries. The materials selected from the same symmetry type which have 
larger interval between the bounds, are more anisotropic whereas smaller interval between the bounds, are closer to isotropy. 
Besides it is proved that there are relations between bulk and shear modulus and eigenvalues of cubic and isotropic symmetry 
and by these relations, two linear invariants are found out.  
 
Keywords: Generalized Hill Inequalities, Elastic Constants, Anisotropic Elastic Symmetries, Anisotropy, Bounds.. 

 
1. Introduction 
 
   A material is said to be isotropic if its mechanical and elastic properties are the same in all directions. When this is not true, the 
material is said to be anisotropic. Anisotropic materials become the material of choice in a variety of engineering applications in 
the last century. Many materials are anisotropic and inhomogeneous due to the varying composition of their constituents. For 
instance, polycrystalline materials generally show an elastic anisotropy due to texture and the anisotropy of single crystallites. The 
polycrystalline and composite materials which show high anisotropy are used in many applications in industry.  According to Hill 
(1963); the material with triclinic or greater symmetry can be either a polycrystalline material or a composite material or a single 
crystalline material. In polycrystalline materials, the relation between the elastic properties of single crystals and of `quasi-
isotropic' bodies made up of a large number of small single crystallites disposed at all possible orientations has been investigated 
by Reuss and Voigt. Voigt took the averages of stiffness tensor ( ijc ) of the crystallites while Reuss took the averages of 

compliance tensor ( ijs ) of the crystallites. The Voigt bound is based on an assumed uniform strain, in other words, Voigt assumes 
the same deformation in all the grains (uniform deformation) and the Reuss bound is based on an assumed uniform stress which 
means the same stress in all the grains by Mehrabadi and Cowin (1995). 
   In literature, Dinçkal and Akgöz (2010) decomposed elastic constant tensor into orthogonal parts in order to investigate the 
mechanical and elastic behavior of an anisotropic material and determine the anisotropy degree of that material. These processes 
are done by various decomposition methods. But this work presents a different method by developing generalized Hill inequalities 
and adapting them to anisotropic materials from different symmetry types. In this paper, mechanical and elastic behaviour of 
anisotropic materials are investigated based on generalized Hill inequalities. These are adapted to all anisotropic elastic 
symmetries. Kelvin formulation of the anisotropic Hook's law is described. The bounds are constructed numerically in order to 
determine the sets of effective eigenvalues for all material symmetry types. Lastly, we outline significant effects on many 
applications in different fields.  
 
2.  A Tensorial Presentation of the Kelvin Formulation 
 
    The anisotropic form of Hooke's law in linear elasticity is often written in indicial notation as 
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kmijkmij EcT =            (2.1) 

where  ijT   are components of stress tensor,  kmE   are components of infinitesimal strain tensor and  ijkmc   are the components of 

elasticity tensor. In other words,  ijkmc   are the components of a fourth-rank tensor called the elastic constant tensor (stiffness 

tensor) and  .3,2,1,,, =mkji  It is written as a linear transformation in six dimensions, Hooke's law has the representation  
cET =   and in Voigt notation, it is represented as follows 
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                 (2.2) 

The relationships of the components of  ijkmc   to the components of the symmetric matrix  c   are given in Table 2.1. By 

introducing new notation, equation (2.2) can be rewritten in the form  EcT ˆˆˆ =   , where the shearing components of these new six 

dimensional stress and strain vectors which are denoted by  T̂   and  Ê  , respectively. They are multiplied by  2  ,  ĉ   a new 

six- by-six matrix is obtained in work of Mehrabadi and Cowin (1995). The matrix form of  EcT ˆˆˆ =  which is in terms Voigt in 

double index notation is represented as follows: 
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                          (2.3) 

The matrix  ĉ   is called the matrix of elastic constants and its inverse  ŝ  ,    TsE ˆˆˆ =  1ˆˆ −= cs   is called the compliance matrix. 

A table relating these various notations for the specific elastic constants is given in Table 2.1. The symmetric matrices  ĉ   and  ŝ   

can be shown to represent the components of a second-rank tensor in a six dimensional space. In this thesis, these matrices are 

used in the following chapters. Since the components of the matrix  c   appearing in equation (2.2) do not form a tensor 

(Mehrabadi and Cowin (1995)). 

 

Table 2.1: The elasticity and compliance in different notations 

1   2    3    1   2    3   

 1111c    11c    11ĉ    1111s    11s    11ŝ   

 2222c    22c    22ĉ    2222s    22s    22ŝ   

 3333c    33c    33ĉ    3333s    33s    33ŝ   
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 1122c    12c    12ĉ    1122s    12s    12ŝ   

 1133c    13c    13ĉ    1133s    13s    13ŝ   

 2233c    23c    23ĉ    2233s    23s    23ŝ   

 2323c    44c    442
1 ĉ    2323s    444

1 s    442
1 ŝ   

 1313c    55c    552
1 ĉ    1313s    554

1 s    552
1 ŝ   

 1212c    66c    662
1 ĉ    1212s    664

1 s    662
1 ŝ   

 1323c    54c    542
1 ĉ    1323s    544

1 s    542
1 ŝ   

 1312c    56c    562
1 ĉ    1312s    564

1 s    562
1 ŝ   

 1223c    64c    642
1 ĉ    1223s    644

1 s    642
1 ŝ   

 2311c    41c    412
1 ĉ    2311s    412

1 s    4112
1 ŝ   

 1311c    51c    512
1 ĉ    1311s    512

1 s    512
1 ŝ   

 1211c    61c    612
1 ĉ    1211s    612

1 s    612
1 ŝ   

 2322c    42c    422
1 ĉ    2322s    422

1 s    422
1 ŝ   

 1322c    52c    522
1 ĉ    1322s    522

1 s    522
1 ŝ   

 1222c    62c    622
1 ĉ    1222s    622

1 s    622
1 ŝ   

 2333c    43c    432
1 ĉ    2333s    432

1 s    432
1 ŝ   

 1333c    53c    532
1 ĉ    1333s    532

1 s    532
1 ŝ   

 1233c    63c    632
1 ĉ    1233s    632

1 s    632
1 ŝ   

 
 
 
In Table 2.1, column 1 illustrates the Voigt notation of these quantities as fourth rank tensor components in a three dimensional 
Cartesian space. Column 2 represents the same Voigt matrix in double index notation. Column 3 illustrates the Kelvin-inspired 
notation for these quantities as second rank tensor components in a six dimensional Cartesian space. 

The eigenvalues of the matrix  ĉ   ( ŝ  ) are the six numbers  λ   ( 
λ
1

 ) satisfying the following equations: 

0ˆ)ˆ( =− NIc λ                                                                                             (2.4) 

0ˆ))1(ˆ( =− NIs
λ

                                                                              (2.5) 

Where  I   is the identity matrix and same size with matrices  ĉ   and  .ŝ   The vectors  N̂   represent the normalized eigenvectors 

of  ĉ  (or  ŝ  ). The normalized  N̂   are expressed in terms of the six dimensional strain and stress vectors by 

 ,ˆˆˆ ENE =            ,ˆˆˆ TNT =                 ,ˆˆˆ 2
EEE •=            ,ˆˆˆ 2

TTT •=       .1ˆˆ =• NN                             (2.6) 
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       Since  ĉ   (or  ŝ  ) is positive definite (Ting (1996)), it has six positive eigenvalues. These eigenvalues are called the Kelvin 

moduli and are denoted by  iλ  , i=1,2,3,4,5,6. They are ordered (if possible) by the inequalities  .0.... 61 >≥≥ λλ   The 

eigenvalues of ŝ are the inverses of the eigenvalues of ĉ. There exists six eigentensors of stress, denoted by  

6,5,4,3,2,1,ˆ )( =kT k   in the six dimensional space, or by  )(kT   in the three dimensional space and six eigentensors of strain, 

denoted by  )(ˆ kE  and  6,5,4,3,2,1,)( =kE k  , respectively, which are related by the following six equations,           

,ˆˆ )()( k
k

k ET λ=                 ,)()( k
k

k ET λ=          .6,5,4,3,2,1=k        (2.7) 

The strain energy  ,∑   

 TcTEcE ˆˆˆ
2
1ˆˆˆ

2
1

•=•=∑                       (2.8) 

A result based on the stress-strain relation,  EcT ˆˆˆ =   is easily converted to a result based on the strain-stress relation,  TsE ˆˆˆ =   

It is done simply by interchanging  T̂   and  ,Ê    ĉ   and  ,ŝ   respectively. So, while the results presented in this thesis optimize 

with respect to strain states, the results for optimization with respect to stress states are obtained by interchanging the following 

terms;  T̂   and  ,Ê   ĉ and ŝ, and  iλ   and  )./1( iλ   

Such simplicity of notation is possible with Kelvin inspired notation. 

3. Generalized Hill Inequalities 
 
   Hill (1963) notes that the average strain energy in any region can be calculated from the average stress and the average strain. So 

the average strain denoted by  ,ˆ AE   and the average stress denoted by  AT̂   the average strain energy has the dual representation 

A
A

effAAeffA TsTEcE ˆˆˆˆˆˆ2∑ •=•=              (3.1) 

where the definitions of   effĉ   and  effŝ   have been employed, 

 ,ˆˆˆ AeffA EcT =   ,ˆˆˆ AeffA TsE =         (3.2) 

According to the familiar principle of minimum potential energy for an elastic continuum, the actual strain energy in the mixture 

does not exceed the energy of any unequilibrated state of distortion with the same surface displacements. When these are 

compatible with average strain  ,ˆ AE   it can be taken as a comparison fictitious state which has an energy density  .ˆˆˆ AVA EcE ⋅   

So by considering a representative volume under such surface constraints and by using equation (3.1), we get 

AVAAeffA EcEEcE ˆˆˆˆˆ •≤•                                       (3.3) 

Similarly, by considering loading under surface tractions compatible with average stress, and applying the dual principle of 

minimum potential energy, we get 

ARAAeffA TsTTsT ˆˆˆˆˆˆ •≤•         (3.4) 

By using the inequalities (3.3) and (3.4), generalized Hill inequalities can be formed. The argument is simple and it depends upon 

the following theorem; 



Dinçkal / International Journal of Engineering, Science and Technology, Vol. 3, No. 4, 2011, pp. 185-212 

 

189

 

 NN ×   Matrices  A   and  B   are taken. These matrices satisfy the inequality of quadratic forms,  ,BxxAxx ⋅≤⋅   for all 

vectors  x   in the  N  -dimensional space, then the eigenvalues of  A   and  ,B    A
iλ   and  NiB

i ,...,1, =λ    respectively, 

satisfy the inequalities  NiB
i

A
i ,....,1, =≤ λλ   . 

 A   and  B   are real and positive definite matrices. So both of them must satisfy the following conditions (Strang (1976)): 

1.  0>AxxT   and  0>BxxT  . In indicial notation,  0>i
T
i Axx   and  0>i

T
i Bxx   for all nonzero vectors x (where 

superscript  T   indicates transpose). 

2. The eigenvalues of A,  0>Aλ   and  .0>Bλ   

3. In indicial notation  1=i
T
i xx   (it is also satisfied for orthogonality condition). 

The eigenvalues of the matrices A and B should satisfy the following equations: 

, xBxandxAx BA λλ ==                          (3.5) 

where  Aλ   denotes the eigenvalues of A ,  Bλ  denotes eigenvalues of B and x represents all eigenvectors in the  N  -

dimensional space. The indicial form of equation (3.5) is 

.i
B
iii

A
ii xBxandxAx λλ ==            (3.6) 

In order to prove this theorem, the following operations are performed. If  we multiply all terms by  T
ix   in equation (3.6) then we 

obtain 

. i
B
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T
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T
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A
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T
ii

T
i xxBxxandxxAxx λλ ==          (3.7) 

Since the multiplication has commutative property, equation (3.7) takes the form 

. B
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T
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B
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T
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A
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T
i xxxxandxxxx λλλλ ==          (3.8) 

Since,  ,1=i
T
i xx   then equation (3.8) becomes 

. B
ii

B
i

T
i

A
ii

A
i

T
i xxandxx λλλλ ==           (3.9) 

By using equation (3.9), we obtain the inequality 

.B
i

A
i λλ ≤              (3.10) 

The result of inequalities (3.3) and (3.4) must hold for each eigenvalue, so from the theorem above, the following inequalities can 

be obtained 

.6,5,4,3,2,1. 11, =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤≤≤ iforR
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The inequalities (3.11) may be combined in the final result 

.6,5,4,3,2,1, =≤≤ iforV
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R
i λλλ        (3.12) 
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The above inequalities are referred as the generalized Hill inequalities. These inequalities will be used later in section 5 and section 

6 in order to construct the bounds for all anisotropic symmetry types which are isotropic, cubic, transversely isotropic, tetragonal, 

trigonal, orthotropic, monoclinic and triclinic. 

4. Adaptation of Generalized Hill Inequalities to Various Symmetries 
 
    Generalized Hill inequalities can be adapted to any material which shows an anisotropic elastic symmetry. In order to derive the 

inequalities, eigenvalues of each symmetry type should be calculated. These eigenvalues are Voigt eigenvalues and Reuss 

eigenvalues which are denoted by  Vλ   and  Rλ    respectively. Voigt eigenvalues are the upper bounds while Reuss eigenvalues 

are the lower bounds for all symmetries.  Vĉ   (Voigt elastic constant tensor) matrices which represent the Voigt matrices, are used 

to calculate the Voigt eigenvalues.  Vĉ   are formed by averaging the  Tricĉ   (elastic constant tensor) elements of  triclinic 

symmetry.  In similar fashion,  Rŝ   (Reuss elastic compliances) matrices which represent the Reuss matrices, are used to 

calculate the Reuss eigenvalues. 

 
4.1. For Cubic Media 

In cubic symmetry, four three-fold axes arranged like the body diagonals of a cube. Cubic symmetry has three distinct eigenvalues. 

They are of multiplicity one, two, three. For this symmetry type, equation (2.4) takes the following forms 

0ˆ)ˆ( , =− NIc CubV λ                                                  (4.1.1)  
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The elements ( CubVc ,ˆ  ) of matrix can be expressed in terms of the elements ( ,ˆTricc   elastic stiffnesses) of the triclinic symmetry 

by using the following relations:  

).ˆˆˆ(
3
1ˆ ,)ˆˆˆ(

3
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3
1ˆ 665544
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44132312
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12332211

,
11

TricTricTricCubVTricTricTricCubVTricTricTricCubV cccccccccccc ++=++=++=              (4.1.3) 

Then Voigt eigenvalues for cubic symmetry are  
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12

,
11

,
1

CubVCubVCubVCubV Kcc =+=λ         (4.1.4) 

where  
3

ˆ2ˆ ,
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,
11,
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CubV ccK +

=   (bulk modulus of Voigt for cubic symmetry). First invariant ( 1I  ) is found as  .9 , CubVK   

This is trace of elastic constant matrix for cubic symmetry.  Second and third eigenvalues represented by .,
)3,2(

CubVλ and forth, fifth 

and sixth eigenvalues are represented by .,
)6,5,4(

CubVλ are defined as follows 
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For this symmetry type, equation (2.5) takes the following forms   

                                                     (4.1.6) 

  0ˆ))1(ˆ( , =− NIs CubR
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The elements ( CubRs ,ˆ  ) of matrix can be expressed in terms of the elements ( ,ˆTrics   elastic compliances) of the triclinic 

symmetry by using the following terms: 
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The Reuss eigenvalues for cubic symmetry are 
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The generalized Hill inequalities for cubic symmetry are 
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4.2 For Isotropic Media 

    Especially textured and non-crystalline materials show isotropic symmetry. In isotropic symmetry, there are two distinct 

eigenvalues. The first eigenvalue is of multiplicity one and the other has multiplicity of five. For this symmetry type, equation 

(2.4) takes the following forms   

 0ˆ)ˆ( , =− NIc IsoV λ                 (4.2.1) 
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The Voigt eigenvalues for isotropic symmetry are 
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1 9=                         (4.2.5) 

It is also trace of elastic constant matrix for isotropic symmetry. Second invariant is found as 
IsoVGI ,

2 2=                         (4.2.6) 

For this symmetry type, equation (2.5) takes the following forms 
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where 
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The elements ( IsoRs ,ˆ  ) of matrix can be expressed in terms of the elements ( ,ˆTrics   elastic compliances) of the triclinic symmetry 

by using the following terms: 
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The Reuss eigenvalues for isotropic symmetry are 
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The generalized Hill inequalities for isotropic symmetry are 
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4.3 For Tetragonal Media 

   Tetragonal media show tetragonal symmetry. This symmetry type has five distinct eigenvalues which are multiplicity of one, 

one, one, two and one. For this symmetry type, equation (2.4) takes the following forms 

    

 0ˆ)ˆ( , =− NIc TetV λ          (4.3.1) 
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The elements ( TetVc ,ˆ  ) of matrix can be expressed in terms of the elements ( ,ˆTricc   elastic stiffnesses) of the triclinic symmetry 

by using the following terms: 
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The Voigt eigenvalues for tetragonal symmetry are 
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For this symmetry type, equation (2.5) takes the following forms 

 

 0ˆ))1(ˆ( , =− NIs TetR

λ
                                     (4.3.7) 
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The Reuss eigenvalues for tetragonal symmetry are  )(
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The generalized Hill inequalities for tetragonal symmetry are 
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4.4 For Transversely Isotropic Media 

    Most textured and non-crystalline materials exhibit transversely isotropic symmetry. Transversely isotropic medium is a special 

case of hexagonal symmetry. The elastic constant tensor of transversely isotropic symmetry has almost the same structure as that 

of hexagonal symmetry therefore the two symmetries can be considered together. Transversely isotropic symmetry has four 

distinct eigenvalues with multiplicity of one, one, two and two. For this symmetry type, equation (2.4) takes the following forms 

 0ˆ)ˆ( , =− NIc TransV λ          (4.4.1) 
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The elements ( TransVc ,ˆ  ) of matrix can be expressed in terms of the elements ( ,ˆTricc   elastic stiffnesses) of the triclinic symmetry 

by using the following terms:  )ˆˆ(
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The Voigt eigenvalues for transversely isotropic symmetry are 
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For this symmetry type, equation (2.5) takes the following forms 

 0ˆ))1(ˆ( , =− NIs TransR
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 (4.4.8) 

 

where  ( ).ˆˆ2ˆ ,
12

,
11

,
66

TransRTransRTransR sss −=   

The Reuss eigenvalues for transversely isotropic symmetry are  
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The generalized Hill inequalities for transversely isotropic symmetry are 
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4.5 For Trigonal Media 

Trigonal media exhibit trigonal symmetry. Trigonal media have 4 distinct eigenvalues with multiplicity of one, one, two and two. 

For this symmetry type, equation (2.4) takes the following forms 

 0ˆ)ˆ( , =− NIc TrigV λ              (4.5.1) 
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The elements ( TrigVc ,ˆ  ) of matrix can be expressed in terms of the elements( ,ˆTricc   elastic stiffnesses) of the triclinic symmetry 

by using the following relations: 
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The Voigt eigenvalues for trigonal symmetry are 
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For this symmetry type, equation (2.5) takes the following forms 
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The Reuss eigenvalues for trigonal symmetry 
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where  ,ˆˆˆ ,
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Where ,ˆ2ˆˆ ,
44

,
11

,
12

TrigRTrigRTrigR sssg −−= and  

.)ˆ(8)ˆ(4ˆˆ4)ˆ(ˆˆ4ˆˆ2)ˆ( 2,
14

2,
44

,
12

,
44

2,
12

,
11

,
44

,
11

,
12

2,
11

TrigRTrigRTrigRTrigRTrigRTrigRTrigRTrigRTrigRTrigR ssssssssssh ++++−−=   

The generalized Hill inequalities for trigonal symmetry are 

 ,,
1

,
1

,
1

TrigVTrigeffTrigR λλλ ≤≤    ,,
2

,
2

,
2

TrigVTrigeffTrigR λλλ ≤≤    ,,
)6,3(

,
)6,3(

,
)6,3(

TrigVTrigeffTrigR λλλ ≤≤    TrigVTrigeffTrigR ,
)5,4(

,
)5,4(

,
)5,4( λλλ ≤≤   

4.6 For Orthorhombic Media 

    Orthorhombic media show an orthorhombic symmetry. When the same symmetry is applied to textured or non-crystalline 

materials, it is generally called orthotropy. However, for most practical purposes, orthotropic symmetry is equivalent to 

orthorhombic symmetry. There are six distinct eigenvalues with multiplicity one in orthorhombic symmetry. The elements ( 
OrtVc ,ˆ  ) of elastic stiffness matrix can be expressed in terms of the elements( ,ˆTricc   elastic stiffnesses) of the triclinic symmetry 

by the following matrix: 

⎥
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⎥
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⎥
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⎢

⎣

⎡
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0ˆ0000
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ˆ        (4.6.1) 

 

For this symmetry type, equation (2.4) takes the following forms 

 0ˆ)ˆ( , =− NIc OrtV λ           (4.6.2) 
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  (4.6.3) 
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The Voigt eigenvalues of orthorhombic media can be obtained from above matrix. The elements ( OrtRs ,ˆ  ) of matrix can be 

expressed in terms of the elements ( ,ˆTrics   elastic compliances) of the triclinic symmetry by the following matrix: 
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ˆ        (4.6.4) 

For this symmetry type, equation (2.5) takes the following forms 
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0

ˆ
ˆ
ˆ
ˆ
ˆ
ˆ

1ˆ00000

01ˆ0000

001ˆ000

0001ˆˆˆ

000ˆ1ˆˆ

000ˆˆ1ˆ

6

5

4

3

2

1

,
66

,
55

,
44

,
33

,
23

,
13

,
23

,
22

,
12

,
13

,
12

,
11

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

−

−

−

−

N
N
N
N
N
N

s

s

s

sss

sss

sss

OrtR

OrtR

OrtR

OrtROrtROrtR

OrtROrtROrtR

OrtROrtROrtR

λ

λ

λ

λ

λ

λ

   (4.6.6) 

The Reuss eigenvalues for orthorhombic symmetry can be obtained from the above matrix. 

The generalized Hill inequalities for orthorhombic symmetry are 
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4.7 For Monoclinic Media 

     Monoclinic media show monoclinic symmetry. Monoclinic symmetry has six distinct eigenvalues with multiplicity of one. The 

elements ( MonVc ,ˆ  ) of matrix can be expressed in terms of the elements( ,ˆTricc   elastic stiffnesses) of the triclinic symmetry by 

the following matrix: 
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ˆ            (4.7.1) 

For this symmetry type, equation (2.4) takes the following forms 

 0ˆ)ˆ( , =− NIc MonV λ             (4.7.2) 

0

ˆ
ˆ
ˆ
ˆ
ˆ
ˆ

ˆ0ˆ000
0ˆ0ˆˆˆ

ˆ0ˆ000
0ˆ0ˆˆˆ
0ˆ0ˆˆˆ
0ˆ0ˆˆˆ

6

5

4

3

2

1

,
66

,
46

,
55

,
35

,
25

,
15

,
46

,
44

,
35

,
33

,
23

,
13

,
25

,
23

,
22

,
12

,
15

,
13

,
12

,
11

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−

−
−

−
−

N
N
N
N
N
N

cc
cccc

cc
cccc
cccc
cccc

MonVMonV

MonVMonVMonVMonV

MonVMonV

MonVMonVMonVMonV

MonVMonVMonVMonV

MonVMonVMonVMonV

λ
λ

λ
λ

λ
λ

    (4.7.3) 

The Voigt eigenvalues can be obtained from the above matrix. The elements ( MonRs ,ˆ  ) of matrix can be expressed in terms of the 

elements ( ,ˆTrics   elastic compliances) of the triclinic symmetry by the following matrix: 
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For this symmetry type, equation (2.5) takes the following forms 
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The Reuss eigenvalues can be obtained from above matrix. 

The generalized Hill inequalities for monoclinic symmetry are 
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4.8 For Triclinic Media 

    Triclinic media show triclinic symmetry and this symmetry type is the lowest symmetry among the other anisotropic elastic 

symmetries. There are six distinct eigenvalues with multiplicity of one in triclinic symmetry. The elements ( TricVc ,ˆ  ) of matrix 

can be expressed in terms of the elements ( ,ˆTricc   elastic stiffnesses) of the triclinic symmetry by the following matrix: 
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For this symmetry type, equation (2.4) takes the following forms 

0ˆ)ˆ( , =− NIc TricV λ                         (4.8.2) 
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Voigt eigenvalues can be obtained from the above matrix. The elements ( TricRs ,ˆ  ) of matrix can be expressed in terms of the 

elements ( ,ˆTrics   elastic compliances) of the triclinic symmetry by the following matrix: 

 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

TricTricTricTricTricTric

TricTricTricTricTricTric

TricTricTricTricTricTric

TricTricTricTricTricTric

TricTricTricTricTricTric

TricTricTricTricTricTric

TricR

ssssss
ssssss
ssssss
ssssss
ssssss
ssssss

s

665646362616

565545352515

464544342414

363534332313

262524232212

161514131211

,

ˆˆˆˆˆˆ
ˆˆˆˆˆˆ
ˆˆˆˆˆˆ
ˆˆˆˆˆˆ
ˆˆˆˆˆˆ
ˆˆˆˆˆˆ

ˆ                 (4.8.4) 

For this symmetry type, equation (2.5) takes the following forms 
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Reuss eigenvalues can be obtained from the above matrix. 

The generalized Hill inequalities for triclinic symmetry are 

 ,,
1

,
1

,
1

TricVTriceffTricR λλλ ≤≤    ,,
2

,
2

,
2

TricVTriceffTricR λλλ ≤≤    ,,
3

,
3

,
3

TricVTriceffTricR λλλ ≤≤    ,,
4

,
4

,
4

TricVTriceffTricR λλλ ≤≤   

,,
5

,
5

,
5

TricVTriceffTricR λλλ ≤≤    .,
6

,
6

,
6

TricVTriceffTricR λλλ ≤≤   
 
 
5. Numerical Examples for Various Types of Anisotropic Elastic Symmetries 
 
    The elastic constants of randomly selected materials are given for each corresponding anisotropic symmetry type (taken from 
Landolt-Bö rnstein (1979)). These data are used to calculate the lower and upper bounds on effective eigenvalues for all types of 
materials. For all anisotropic symmetry types, the units of Voigt elastic constant data, eigenvalues are GPa  =    1010   dyn · cm 2−   
and the units of Reuss elastic constant data, eigenvalues are  
(TPa) 131 10−− =   cm ⋅2  dyn 1−  . 
 
5.1 For Cubic Media 

Table 5.1: Voigt elastic constant data of cubic media 
Cubic Media CubV ,

11ĉ  CubV ,
12ĉ  CubV ,

44ĉ  
Diamond,C (Grimsditch et al.(1975)) 1040  170  550  

Platinum(Pt) (Macfarlane et al.(1965)) 347  251 5.76  
Beryllium oxide (BeO) (Martin (1972)) 381 147  200  

Rubidium silver iodide(RbAg4I5) (Graham and Chang 
(1975)) 

5.16  34.9  89.4  

Thallium manganese chloride(TIMnCl 3  ) (Aleksandrov 
(1975)) 

8.44  3.28  1.16  

 
Table 5.2: Reuss elastic constant data of cubic media 

Cubic Media CubR ,
11ŝ  CubR,

12ŝ  CubR,
44ŝ  

Diamond,C (Grimsditch et al.(1975)) 01.1  14.0−  83.1  
Platinum(Pt) (Macfarlane et al.(1965)) 

7. 35  3. 08  13. 1  
Beryllium oxide(BeO) (Martin (1972)) 35.3  93.0−  01.5  
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Rubidium silver iodide(Rb Ag4I5) (Graham and Chang 
(1975)) 

103  37−  204  

Thallium manganese chloride(TIMnCl 3  ) (Aleksandrov 
(1975)) 

7.43  9.16−  1.62  

 
Table 5.3: Lower bounds on effective eigenvalues of cubic media 

Cubic Media CubR,
1λ  CubR,

)3,2(λ  CubR ,
)6,5,4(λ  

Diamond,C 1369.9 896.6 1092.9 
Platinum(Pt) 840.3 95.9 152.7 

Beryllium oxide(BeO) 671.1 233.6 399.2 
Rubidium silver iodide(RbAg 4  I 5  ) 34.5 7.10 9.80 

Thallium manganese chloride(TIMnCl 3  ) 101 16.5 32.2 

 
Table 5.4: Upper bounds on effective eigenvalues of cubic media 

Cubic Media CubV ,
1λ  CubV ,

)3,2(λ  CubV ,
)6,5,4(λ  

Diamond,C 1380 870 1100 
Platinum(Pt) 849 96 153 

Beryllium oxide(BeO) 675 234 400 
Rubidium silver iodide(RbAg 4  I 5  ) 35.2 7.16 9.80 

Thallium manganese chloride(TIMnCl 3  ) 101.4 16.5 32.2 

 
 
 
5.2 For Isotropic Media 
    For some materials, it is possible to make approaches from cubic symmetry to isotropic symmetry. With cubic symmetry, three 
independent elastic constants are needed. If the medium is elastically isotropic, the elastic properties are independent of direction 
and only two independent elastic constants are required. These constants are ` IsoVc ,

11ˆ  ' and ` IsoVc ,
12ˆ  '. The relationship between the 

cubic and isotropic symmetry is  CubVCubVCubV ccc ,
12

,
11

,
44 ˆˆˆ2̀ −=∗  '. By this equality, we can get the anisotropy ratio which is 

demostrated by A and  ( )CubVCubV

CubV

cc
c

A ,
12

,
11

,
44

ˆˆ
ˆ2
−

⋅
=   .  A   is unitless. The degree of anisotropy is measured by the deviation of  A   

from the value  1=A  , characteristic of an isotropic medium. If the deviation from  1  is small, then we can say that the material 
is practically isotropic. Voigt and Reuss elastic constants of some nearly isotropic materials are given in Tables 5.5 and 5.6 
respectively. 

Table 5.5: Voigt elastic constant data of isotropic media 
Isotropic Media CubV ,

11ĉ  CubV ,
12ĉ  CubV ,

44ĉ  A  

Aluminium (Landolt-Bornstein (1979)) 108 62 28.3 1.23 
Alloy: Aluminium-magnesium at %7.7 Mg (Gault et 

al.(1977)) 
103 57 29 1.26 

Alloy: Aluminium-magnesium at %4.5 Mg (Gault et 
al.(1977)) 

104 58 28.8 1.25 

Alloy:Titanium-Vanadium at %53 V (Fisher (1975)) 177.3 114.7 41.3 1.32 
Alloy:Lead-indium at %9 In (Van Der Planken (1971)) 59.70 33.70 13.90 1.10 

 
Table 5.6: Reuss elastic constant data of isotropic media 

Isotropic Media CubR ,
11ŝ  CubR,

12ŝ  CubR,
44ŝ  

Aluminium (Landolt-Bornstein (1979)) 16 -5.8 35.3 
Alloy: Aluminium-magnesium at %7.7 Mg (Gault et 

al.(1977)) 
16 -5.7 34.5 
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Alloy: Aluminium-magnesium at %4.5 Mg (Gault et 
al.(1977)) 

16 -5.7 34.7 

Alloy:Titanium-Vanadium at %53 V (Fisher (1975)) 11.5 -4.5 24.2 
Alloy:Lead-indium at %9 In (Van Der Planken (1971)) 28.3 -10.2 71.9 

 
Table 5.7: Lower bounds on effective eigenvalues of isotropic media 

Isotropic Media CubR ,
1λ  CubR,

)3,2(λ  CubR ,
)6,5,4(λ  

Aluminium 227 45.9 56.8 
Alloy: Aluminium-magnesium at %7.7 Mg 217 46 58 
Alloy: Aluminium-magnesium at %4.5 Mg 217.4 46 57.6 

Alloy:Titanium-Vanadium at %53 V 400 62.5 82.6 
Alloy:Lead-indium at %9 In 126.6 26 27.8 

 
Table 5.8: Upper bounds on effective eigenvalues of isotropic media 

Isotropic Media  CubV ,
1λ    CubV ,

)3,2(λ    CubV ,
)6,5,4(λ   

Aluminium 232 46 56.8 
Alloy: Aluminium-magnesium at %7.7 Mg 217 46 58 
Alloy: Aluminium-magnesium at %4.5 Mg 220 46 57.6 
Alloy:Titanium-Vanadium at %53 V 406.7 62.6 82.6 
Alloy:Lead-indium at %9 In 127.1 26 27.8 

 
5.3 For Tetragonal Media 

Table 5.9: Voigt elastic constant data of tetragonal media 
Tetragonal Media  TetV ,

11ĉ    TetV ,
12ĉ    TetV ,

13ĉ    TetV ,
33ĉ    TetV ,

44ĉ    TetV ,
66ĉ   

Indium-cadmium alloy, In-3.42 at %Cd (Madhava and
Saunders (1977)) 

44.8 41 40.5 44.1 6.86 11.25 

Ammonium dihydrogen arsenate (piezoel.), NH 4  H 2

ASO 4  (Haussü hl (1964)) 

62.2 8.6 18.4 29.6 6.69 6.22 

Zircon, ZrSiO 4   (metamict)(Landolt-Bö rnstein (1979)) 284 73 119 309 77.5 47.7 

 
Table 5.10: Reuss elastic constant data of tetragonal media 

Tetragonal Media  TetR ,
11ŝ    TetR,

12ŝ    TetR,
13ŝ    TetR,

33ŝ    TetR,
44ŝ    TetR,

66ŝ   
Indium-cadmium alloy, In-3.42 at %Cd (Madhava and
Saunders (1977)) 

174 -86 -81 172 146 89 

Ammonium dihydrogen arsenate (piezoel.), NH 4  H 2

ASO 4  (Haussü hl (1964)) 

19.8 1.1 -13 50 149 161 

Zircon, ZrSiO 4   (metamict)(Landolt-Bö rnstein (1979)) 4.26 -0.49 1.45 4.36 12.9 21 

 
Table 5.11:Lower bounds on effective eigenvalues of tetragonal media 

Tetragonal Media  TetR ,
1λ    TetR ,

2λ    TetR ,
3λ    TetR ,

)5,4(λ    TetR ,
6λ   

Indium-cadmium alloy, In-3.42 at %Cd 125.1 4 3.80 13.7 22.5 
Ammonium dihydrogen arsenate (piezoel.),NH 4  H 2

ASO 4   

83.3 17 53.5 13.4 12.4 

Zircon, ZrSiO 4   (metamict) 501.7 163 210.5 155 95.2 
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Table 5.12: Upper bounds on effective eigenvalues of tetragonal media 
Tetragonal Media  TetV ,

1λ    TetV ,
2λ    TetV ,

3λ    TetV ,
)5,4(λ    TetV ,

6λ   

Indium-cadmium alloy, In-3.42 at %Cd 125.3 4 3.80 13.7 22.5 
Ammonium dihydrogen arsenate (piezoel.),NH 4  H 2

ASO 4   

83.4 17 53.6 13.4 12.4 

Zircon, ZrSiO 4   (metamict) 502.9 163 211 155 95.4 

                                                                                                                                        . 
5.4 For Transversely Isotropic Media 

Table 5.13:Voigt elastic constant data of transversely isotropic media 
Transversely Isotropic Media  TransV ,

11ĉ    TransV ,
12ĉ    TransV ,

13ĉ    TransV ,
33ĉ    TransV ,

44ĉ   
Cobalt(Co)(Masumoto et al. (1967)) 295 159 111 335 71 
Hafnium(Hf) (Fisher and Renken (1964)) 181 77 66 197 55.7 
Zinc(Zn)(Singh et al.(1977)) 165 31.1 50 61.8 39.6 
Bone(dried phalanx)(Bonfield and Grynpas (1977)) 21.2 9.50 10.2 37.4 7.50 
Polystyrene(Wright et al. (1971)) 5.20 2.75 2.75 5.70 1.30 

Table 5.14:Reuss elastic constant data of transversely isotropic media 
Transversely Isotropic Media  TransR ,

11ŝ    TransR,
12ŝ    TransR ,

13ŝ    TransR ,
33ŝ    TransR,

44ŝ   
Cobalt(Co)(Masumoto et al. (1967)) 5.11 -2.37 -0.94 3.69 14.1 
Hafnium(Hf) (Fisher and Renken (1964)) 7.16 -2.48 -1.57 6.13 18 
Zinc(Zn)(Singh et al.(1977)) 8.22 0.60 -7 27.7 25.3 
Bone(dried phalanx)(Bonfield and Grynpas (1977)) 63 -23 -11 33 133 
Polystyrene(Wright et al. (1971)) 299 -109 -91 264 770 
 

Table 5.15:Lower bounds on effective eigenvalues of transversely isotropic media 
Transversely Isotropic Media  TransR ,

1λ    TransR ,
2λ    TransR ,

)6,3(λ    TransR ,
)5,4(λ   

Cobalt(Co) 554.5 216 133.7 141.8 
Hafnium(Hf) 324.2 129.3 103.3 111.1 
Zinc(Zn) 218.3 31.3 131.2 79.1 
Bone(dried phalanx) 48.7 19.1 11.6 15 
Polystyrene 10.7 2.77 2.45 2.60 

 
Table 5.16:Upper bounds on effective eigenvalues of  transversely isotropic media 

Transversely Isotropic Media  TransV ,
1λ    TransV ,

2λ    TransV ,
)6,3(λ    TransV ,

)5,4(λ   

Cobalt(Co) 562.4 226.6 136 142 
Hafnium(Hf) 325.7 129.3 104 111.4 
Zinc(Zn) 226.5 31.4 133.9 79.2 
Bone(dried phalanx) 48.9 19.2 11.7 15 
Polystyrene 10.9 2.78 2.45 2.6 

 
5.5 For Trigonal Media 

Table 5.17: Voigt elastic constant data of trigonal media 
Trigonal Media  TrigV ,

11ĉ    TrigV ,
12ĉ    TrigV ,

13ĉ    TrigV ,
14ĉ    TrigV ,

33ĉ    TrigV ,
44ĉ   

Antimony(Epstein (1965)) 99.4 30.9 26.4 21.6 44.5 39.5 
Magnesite,MgCO 3  (Humbert(1972)) 259 75.6 58.8 -19 156 54.8 

Haematite,Fe 2  O 3  (Landolt-Bö rnstein(1979)) 242 54.9 15.7 -12.7 228 85.3 

As-Sb at % As 25.5(Akgö z et al.(1976)) 106.7 48.4 28.5 18.8 48 40.8 
Arsenic(Pace and Saunders (1971)) 130.2 30.3 64.3 -3.71 58.7 22.5 
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Table 5.18: Reuss elastic constant data of trigonal media 
Trigonal Media  TrigR ,

11ŝ    TrigR,
12ŝ    TrigR ,

13ŝ    TrigR ,
14ŝ    TrigR,

33ŝ    TrigR ,
44ŝ   

Antimony(Epstein (1965)) 16.2 -6.1 -5.9 -12.2 29.5 38.6 
Magnesite,MgCO 3  (Humbert(1972)) 4.67 -1.22 -1.30 2.04 7.41 19.7 

Haematite,Fe 2  O 3  (Landolt-Bö rnstein(1979)) 4.41 -1.02 -0.23 0.79 4.43 11.9 

As-Sb at % As 25.5(Akgö z et al.(1976)) 15.4 -6.96 -4.96 -9.76 27 33.3 
Arsenic(Pace and Saunders (1971)) 30.3 20.2 -55.2 1.67 137.8 45 
 

Table 5.19: Lower bounds on effective eigenvalues of trigonal  media 
Trigonal Media  TrigR ,

1λ    TrigR ,
2λ    TrigR ,

)6,3(λ    TrigR ,
)5,4(λ   

Antimony 142.8 30.5 57.7 12.2 
Magnesite,MgCO 3   366.6 123 177.2 25.2 

Haematite,Fe 2  O 3   303.3 221.1 186.5 41.9 

As-Sb at % As 25.5 164.3 34.1 54.3 14.2 
Arsenic 212.3 5.4 99.7 11.1 

 
Table 5.20: Upper bounds on effective eigenvalues of trigonal media 

Trigonal Media  TrigV ,
1λ    TrigV ,

2λ    TrigV ,
)6,3(λ    TrigV ,

)5,4(λ   

Antimony 144.3 30.5 117.3 30.2 
Magnesite,MgCO 3   367.3 123.3 199.5 93.5 

Haematite,Fe 2  O 3   303.4 221.5 205.6 152.1 

As-Sb at % As 25.5 168.6 34.5 109.3 30.6 
Arsenic 213.8 5.39 100.9 44 

 
5.6 For Orthorhombic Media 

Table 5.21: Voigt elastic constant data of orthorhombic media 
Orthorhombic Media  OrtV ,

11ĉ    OrtV ,
12ĉ    OrtV ,

13ĉ    OrtV ,
22ĉ    OrtV ,

23ĉ   
Pine(Softwood)(Landolt-Bö rnstein(1979)) 1.24 0.74 0.76 17.1 0.94 
Olivinite(Landolt-Bö rnstein(1979)) 232 93 92 210 82 
Maple(Hardwood)(Kollmann (1968)) 1.45 1.20 1.27 2.57 1.82 
Human tibia(Cowin (1989)) 11.4 7.73 5.99 14.1 6.74 
Sodium nitrite(piezoel), NaNO 2  (Shimizu (1974)) 30.6 12.5 15.6 56.3 14.6 

Rubidium sulfate, Rb 2  SO 4  (Haussü hl (1965)) 50.3 19.6 20 51 19.2 

Human femoral cortical bone(Cowin and Sadegh (1991)) 18 9.98 10.1 20.2 10.7 
 
Orthorhombic Media  OrtV ,

33ĉ    OrtV ,
44ĉ    OrtV ,

55ĉ    OrtV ,
66ĉ   

Pine(Softwood) 1.79 1.18 0.079 0.91 
Olivinite 199 73.3 70.9 68.6 
Maple(Hardwood) 11.5 1.23 1.10 0.292 
Human tibia 22.4 4.91 3.65 2.41 
Sodium nitrite(piezoel) 63.9 11.7 9.90 5 
Rubidium sulfate 47.6 16.3 15.9 14.1 
Human femoral cortical bone 27.6 6.23 5.61 4.52 
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Table 5.22: Reuss elastic constant data of orthorhombic media 
Orthorhombic Media  OrtR ,

11ŝ    OrtR ,
12ŝ    OrtR ,

13ŝ    OrtR ,
22ŝ    OrtR ,

23ŝ   
Pine(Softwood)(Landolt-Bö rnstein(1979)) 1110 -23 -464 61 -22 
Olivinite(Landolt-Bö rnstein(1979)) 5.85 -1.84 -1.95 6.25 -1.71 
Maple(Hardwood)(Kollmann (1968)) 1.15 -0.50 -0.05 0.658 -0.049 
Human tibia(Cowin (1989)) 0.145 -0.071 -0.017 0.118 -0.016 
Sodium nitrite(piezoel), NaNO 2  (Shimizu (1974)) 39.8 -6.7 -8.20 20.1 -3 

Rubidium sulfate, Rb 2  SO 4  (Haussü hl (1965)) 25.8 -6.9 -8 25.1 -7.3 

Human femoral cortical bone(Cowin and Sadegh (1991)) 0.0833 -0.0315 -0.018 0.0742 -0.0173 
 
Orthorhombic Media  OrtR,

33ŝ    OrtR ,
44ŝ    OrtR,

55ŝ    OrtR,
66ŝ   

Pine(Softwood) 770 850 12580 1098 
Olivinite 6.61 13.7 14.2 14.6 
Maple(Hardwood) 0.100 0.813 0.909 3.42 
Human tibia 0.054 0.204 0.274 0.415 
Sodium nitrite(piezoel),NaNO 2   18.5 86 101 202 

Rubidium sulfate, Rb 2  SO 4   27.4 61.5 62.9 71.1 

Human femoral cortical bone 0.0496 0.161 0.178 0.221 
 

Table 5.23: Lower bounds on effective eigenvalues of orthorhombic media 
Orthorhombic Media  OrtR ,

1λ    OrtR ,
2λ    OrtR,

3λ    OrtR ,
4λ    OrtR,

5λ    OrtR,
6λ   

Pine(Softwood) 17.1 0.697 2.23 2.40 0.16 1.82 
Olivinite 393 121 126.6 146 140.8 137 
Maple(Hardwood) 12.1 0.686 2.77 2.46 2.19 0.584 
Human tibia 30.5 4.91 12.4 9.82 7.30 4.82 
Sodium nitrite(piezoel),NaNO2  82.4 22.8 44.6 23.3 19.8 9.9 
Rubidium sulfate, Rb2 SO4  88.6 28.7 31.1 32.5 31.8 28.1 
Human femoral cortical bone 43.1 9.035 13.7 12.4 11.2 9.04 
 
Table 5.24: Upper bounds on effective eigenvalues of orthorhombic media 
Orthorhombic Media  OrtV ,

1λ    OrtV ,
2λ    OrtV ,

3λ    OrtV ,
4λ    OrtV ,

5λ    OrtV ,
6λ   

Pine(Softwood) 17.2 0.71 2.23 2.40 0.16 1.82 
Olivinite 393 121 127.4 146.6 141.8 137.2 
Maple(Hardwood) 12.1 0.686 2.77 2.46 2.19 0.584 
Human tibia 30.5 4.91 12.4 9.82 7.30 4.82 
Sodium nitrite(piezoel),NaNO2  82.8 23 45 23.4 19.8 10 
Rubidium sulfate, Rb2SO4  88.9 28.8 31.2 32.6 31.8 28.2 
Human femoral cortical bone 43.1 9.041 13.7 12.5 11.2 9.04 
 
5.7 For Monoclinic Media 

Table 5.25: Voigt elastic constant data of monoclinic media 
Monoclinic Media Coesite,SiO2 (Weidner and Carleton

(1977)) 
Diphenyl,C12 H10  
(Landolt-Bö rnstein (1979)) 

 MonV ,
11ĉ   161 5.95 

 MonV ,
12ĉ   82 4.05 

 MonV ,
13ĉ   103 2.88 

 MonV ,
15ĉ   -36 0.40 

 MonV ,
22ĉ   230 6.97 
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 MonV ,
23ĉ   36 6.11 

 MonV ,
25ĉ   3 0.94 

 MonV ,
33ĉ   232 14.6 

 MonV ,
35ĉ   -39 2.02 

 MonV ,
44ĉ   67.8 1.83 

 MonV ,
46ĉ   10 -0.89 

 MonV ,
55ĉ   73.3 2.26 

 MonV ,
66ĉ   58.8 4.11 

 
Table 5.26:Reuss elastic constant data of monoclinic media 

Monoclinic Media Coesite,SiO 2   
(Weidner and Carleton (1977)) 

Diphenyl, 
C12 H10  
(Landolt-Bö rnstein (1979)) 

 MonR ,
11ŝ   11.3 283 

 MonR ,
12ŝ   -3.50 -184 

 MonR ,
13ŝ   -3.90 19 

 MonR ,
15ŝ   3.60 9 

 MonR ,
22ŝ   5.30 346 

 MonR,
23ŝ   0.40 -107 

 MonR ,
25ŝ   -1.70 -16 

 MonR ,
33ŝ   6.20 118 

 MonR ,
35ŝ   1.40 -65 

 MonR ,
44ŝ   15.1 611 

 MonR ,
46ŝ   -2.60 132 

 MonR ,
55ŝ   16.2 509 

 MonR ,
66ŝ   17.4 272 

 
Table 5.27:Lower and upper bounds on effective eigenvalues of monoclinic media 

Monoclinic Media Coesite,SiO2  Diphenyl,C12H10  
 MonR,

1λ   2.76 0.051 

 MonR,
2λ   4.96 0.163 

 MonR,
3λ   12.5 0.521 

 MonR,
4λ   13.5 0.515 

 MonR,
5λ   19 0.656 

 MonR,
6λ   19.1 0.226 

 MonV ,
1λ   52.3 1.52 

 MonV ,
2λ   52.8 1.92 
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 MonV ,
3λ   74.3 1.94 

 MonV ,
4λ   80 4.42 

 MonV ,
5λ   201.5 6.13 

 MonV ,
6λ   362.2 19.8 

 
5.8 For Triclinic Media 

Table 5.28: Voigt elastic constant data of triclinic media 
Triclinic Media Ammonium tetroxalate 

dihydrate(Küppers and Siegert (1970)) 
Potassium tetroxalate dihydrate 
(Kü ppers and Siegert (1970)) 

 TricVc ,
11ˆ   21.9 25.4 

 TricVc ,
12ˆ   12 11.8 

 TricVc ,
13ˆ   10.4 9.83 

 TricVc ,
14ˆ   1.60 0.72 

 TricVc ,
15ˆ   6 6.12 

 TricVc ,
16ˆ   -1 -1.23 

 TricVc ,
22ˆ   45.9 47.8 

 TricVc ,
23ˆ   16.3 14 

 TricVc ,
24ˆ   11.6 11.3 

 TricVc ,
25ˆ   2 1.46 

 TricVc ,
26ˆ   -3.80 -2.70 

 TricVc ,
33ˆ   36.4 34.3 

 TricVc ,
34ˆ   3.8 2.19 

 TricVc ,
35ˆ   2 1.47 

 TricVc ,
36ˆ   -0.8 0.40 

 TricVc ,
44ˆ   10.4 10.2 

 TricVc ,
45ˆ   0.10 -0.82 

 TricVc ,
46ˆ   0.10 0.53 

 TricVc ,
55ˆ   5.40 5.69 

 TricVc ,
56ˆ   0.10 0.70 

 TricVc ,
66ˆ   4.44 4.99 

 
Table 5.29:Reuss elastic constant data of  triclinic media 

Triclinic Media Ammonium tetroxalate
dihydrate(Küppers and Siegert (1970)) 

Potassium tetroxalate dihydrate 
(Kü ppers and Siegert (1970)) 

 TricRs ,
11ˆ   81.9 66.2 

 TricRs ,
12ˆ   -15.2 -10.2 

 TricRs ,
13ˆ   -13 -12.4 

 TricRs ,
14ˆ   9.80 2.8 
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 TricRs ,
15ˆ   -80.7 -67.6 

 TricRs ,
16ˆ   5.80 20.9 

 TricRs ,
22ˆ   42 37.4 

 TricRs ,
23ˆ   -9.80 -9.80 

 TricRs ,
24ˆ   -41.1 -40.4 

 TricRs ,
25ˆ   5.30 -4.80 

 TricRs ,
26ˆ   31.7 23.5 

 TricRs ,
33ˆ   35.2 36.1 

 TricRs ,
34ˆ   0.20 5.50 

 TricRs ,
35ˆ   4.90 8.90 

 TricRs ,
36ˆ   -5.40 -13.1 

 TricRs ,
44ˆ   140 146 

 TricRs ,
45ˆ   1.60 32.2 

 TricRs ,
46ˆ   -37.5 -41.6 

 TricRs ,
55ˆ   271 259 

 TricRs ,
56ˆ   -20.9 -59.5 

 TricRs ,
66ˆ   254 232 

 
Table 5.30:Lower and upper bounds on effective eigenvalues of  triclinic media 

Triclinic Media Ammonium tetroxalate dihydrate Potassium tetroxalate dihydrate 
 TricR ,

1λ   0.309 0.340 

 TricR ,
2λ   0.266 0.198 

 TricR,
3λ   0.140 0.139 

 TricR ,
4λ   0.015 0.015 

 TricR ,
5λ   0.056 0.049 

 TricR,
6λ   0.039 0.036 

 TricV ,
1λ   3.23 2.95 

 TricV ,
2λ   3.76 5.05 

 TricV ,
3λ   7.16 7.22 

 TricV ,
4λ   17.8 20.4 

 TricV ,
5λ   25.6 27.7 

 TricV ,
6λ   67 65 

 
6.  Results  
 
   The computed results in section 5 show that the materials selected randomly from same anisotropic elastic symmetry, depending 
upon the size of intervals between Reuss and Voigt bounds, can exhibit whether close to isotropy or anisotropy. In other words, for 
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any anisotropic elastic symmetry, the larger interval between upper and lower bounds, states more anisotropy whereas smaller 
interval states more isotropic behavior. For some symmetry, the results are summarized as; 
For cubic symmetry: 
From tables 5.3 and 5.4, it is easy to see that Thallium manganase chloride is close to isotropy more than the other cubic materials. 
Since the intervals between Voigt and Reuss bounds on elastic constants of the material are very closer, the effective eigenvalues 
in terms of elastic constants are selected from a narrow range. On the other hand, Diamond exhibits the most anisotropy among the 
other cubic materials. 
For tetragonal symmetry: 
If tables 5.11 and 5.12 are examined, it is seen that Indium-cadmium alloy composed of % 3.42 Cadmium and % 96.58 Indium, is 
close to isotropy more than the others. As a result, the interval between bounds on Reuss and Voigt eigenvalues for the alloy is 
very small. Whereas Zircon shows the most anisotropy among the other materials. 
For transversely isotropic symmetry: 
According to calculated values in tables 5.15 and 5.16, Hafnium, Bone (dried phalanx) and Polystyrene are close to isotropy more 
than the other transversely isotropic materials. Because Voigt and Reuss bounds are very closer. 
On the other hand, Zinc and Cobalt show the most anisotropy. Since the eigenvalues of Voigt and Reuss for Zinc and Cobalt are 
considerably different, their mechanical and elastic behaviors are expected to be more anisotropic. As a result, the effective 
eigenvalues in terms of elastic constants of them are selected from a large range. 
For orthorhombic symmetry: 
In tables 5.23 and 5.24, it is obvious to see that Maple and Human tibia are close to isotropy than the others. Because Voigt and 
Reuss bounds are very close to each other. So effective eigenvalues of these materials can be selected from a narrow range. 
Olivinite exhibits the most anisotropy among the other materials because of the large intervals between the corresponding bounds. 
For monoclinic symmetry: 
The intervals between Reuss and Voigt bounds on effective eigenvalues (given in table 5.27) for Diphenyl are closer than Coesite. 
The intervals between the corresponding Reuss and Voigt eigenvalues for Coesite are larger than Diphenyl. As a result, it can be 
said that Diphenyl is close to isotropy more than Coesite. The computed results are consistent with those calculated in the work of 
Dinçkal and Akgöz (2010). 
 
7. Conclusions 
 
   In this paper, it has been shown that it is possible to construct bounds on the effective eigenvalues of any anisotropic elastic 
constants symmetry in terms of triclinic symmetry elastic by developing generalized Hill inequalities. Specific bounds have been 
presented for cubic, isotropic, transversely isotropic, tetragonal, trigonal, orthorhombic, monoclinic and triclinic symmetries. 
Constructing bounds on effective eigenvalues provides a deeper understanding about mechanical behavior of anisotropic materials. 
It also has significant effects on many applications in different fields such as: design of composite materials, examining the 
material symmetry types in detail, determination of materials which are highly anisotropic or close to isotropic, understanding the 
mechanical and elastic behaviour of natural composites such as bone and wood types. For instance wood as a composite and also 
an important structural engineering material has two types; hardwoods and softwoods, by computing eigenvalues and constructing 
bounds, it is seen that, softwoods are more anisotropic than hardwoods in other words, design of a wood-based product is critic due 
to this anisotropy.  
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