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Abstract 
 
    In the paper it will be shown that generating functions of hyper Bessel functions due to Humbert and Delerue can be extended 
to a new class of generating relations for generalized Mittag-Leffler’s functions. A number of new and known double and 
multiple generating functions involving the product of classical polynomials and functions are considered as special cases. 
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1. Introduction and Definition 
 

   Recently, Shukla and Prajapati (2007) introduced the function )(,
, ZE δγ
βα  and discussed their properties and their explicit 

representations. These functions are generalizations of Mittag-Leffler’s functions (Mittag-Leffler’s, 1905) and Prabhakar functions 
(Prabhakar, 1971) and are connected with Wright functions (Srivastava and Manocha, 1984) and hyper Bessel functions (Delerue, 
1953). Motivated and inspired by the above mentioned work on the generalization of the Mittag- Leffler’s functions, we derive 
some partly unilateral and partly bilateral generating functions Shukla and Prajapati functions and hyper Bessel functions. 

   In the usual notation let qpF
 
 denote a generalization hypergeometric function of one variable qpF

  
with p and q (positive 

integer or zero), defined by (Srivastava and Manocha, 1984; p. 42(1)). 
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 where (a)n is the Pochhammer symbol, defined by 
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(i)    converges for all  qpifz ≤∞<  

(ii)   converges for 11 +=< qpifz  
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 (iii) absolutely convergent  11 +== qpifz  and 
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was introduced by Mittag-Leffler (1905). 
 
The function 
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has properties very similar to those of Mittag-Leffler’s function (z) (See Agarwal, 1953). 

         In 1971, Prabhakar (Prabhakar, 1971) introduced the function )(, zE γ
βα in the form 
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        In continuation of his work, Shukla and Prajapati (2007) investigated the  function )(,
, zE δγ
βα which is defined for 

;,, C∈∈∈∈γβα  Re(α )>0,Re(β )>0,Re(γ )>0 and N∪∈ )1,0(δ as  
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k   denote the generalized Pochammer symbol which in particular reduces to 
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if N∈δ . The function )(,
, zE δγ
βα  converges absolutely for all z if  <δ Re 1+α  and for 1<z if 

=δ Re .1+α It is an entire function of order   1)(Re −α . The function )(,
, zE δγ
βα  is most natural generalization of the 

exponential function exp(z), Mittag-Leffler function )(zEα and Wiman’s function ).(, zE βα  
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  An interesting generating function due to Humbert (1936), is recalled here in the following form: 
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where the hyper-Bessel function )(, zJ nm  and modified hyper-Bessel function )(, zI nm   of order 2 are defined by     
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respectively. 
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          Further generalization of equation (1.8) is given by Pathan (Pathan, 2007; p. 41.eq.(2.2)) 
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where the hyper-Bessel function  )(...1
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respectively. 
 
2.  Generating functions involving generalized Mittag-Leffler’s functions 
 
Result- 1. 
 
If ( )zE ,δγ

αβ is defined by (1.6), then 

( )
∑

∞

−∞= ∑=






 ±















 ∞
= ΓΓΓ

+
m mn nm

nmzmymx

xy

z
E

zy
E

xz
E * )

3
()

1
()

1
(!!

3/3/

33
33

33

22

22

11

11

,
,

,
,

,
, βββ

δγ
βα

δγ
βα

δγ
βα  

(((( )))) (((( )))) (((( ))))
(((( )))) (((( )))) (((( )))) (((( )))) (((( ))))

(((( ))))
)1.2(

!

3/

11

)1( 3

321

33)(22)(11
0

3)(2)(1
k

z

nm

k

kk

kknkm
k

n
k

kknkm ααα βββ
δγδγδγ

−−−−++++
++++++++

±±±± −−−−++++
====∑∑∑∑  

Where 

(((( )))) (((( )))) (((( ))))
(((( )))) (((( )))) (((( )))) (((( )))) (((( ))))

(((( ))))
)2.2(

!

3/

11

)1(

!!

)3/(
)(

3

321

33)(22)(11
0,

,
,

3)(2)(1
k

z

nmnm

z
zJ

k

kk

kknkm
k

n
k

nm

nm
kknkm

ii
ii ααα

δγ
βα βββ

δγδγδγ

−−−−++++
++++++++

−−−−
==== −−−−++++

====

++++
∑∑∑∑

 

                                                                                                          }3,2,1{ =i  

And 

(((( )))) (((( )))) (((( ))))
(((( )))) (((( )))) (((( )))) (((( )))) (((( ))))

(((( ))))
)3.2(

!

3/

11!!

)3/(
)(

3

321

33)(22)(11
0,

,
,

3)(2)(1
k

z

nmnm

z
zI

k

kk

kknkmn
k

nm

nm
kknkm

ii
ii ααα

δγ
βα βββ

δγδγδγ

−−−−++++
++++++++

==== −−−−++++
====

++++
∑∑∑∑

                                                                                                                                                            
                                                                                                                       }3,2,1{ =i  

 provided that both sides of (2.1) exist. 
 
Proof  of Result- 1. 
 
If the function 
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  is expanded by the definition (1.6), we have 
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  Replace i-k and j-k by m and n respectively, then after rearrangement justified by the absolute convergence of the above series it 
follows that 
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Thus the result (2.1) is proved. 
 
Special Cases: 
 
  (1)          On setting   for each i, equation (2.1) reduces to the following relation: 
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For ,1ii == βα for each I, equation (2.4) is equivalent to a know result (Kamarujjama and Khursheed, 2002). 

 

(2) For ,2,1 321321 =δ=δ=δ=α=α=α equation (2.1) reduces to the following relation: 
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(3) For ,1,1,2,2,1 3232231321 =γ=γ=β=β=δ=δ=δ=α=α=α equation (2.1) reduces to the following relation: 
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(4) For ,2,1 32313213121 =δ=δ=α=δ=γ=γ=γ=β=β=α=α equations (2.1) reduces to the following relation: 
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3. Further Generalization 
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             For    equation (3.1) is equivalent to a known result of (Kamarujjama and Khursheed, 2002) and further it 
reduces to equation (1.11) for  
 
4. Conclusions  
 
   For further investigation based on this article we may use some other special functions in place of hyper Bessel function used in 
this paper. From several of examples discussed in this paper it will appear that our results (2.4) to (2.7) are extension of the 
generating functions involving the product of classical orthogonal polynomials. The resulting formula (3.1) allows the 
considerable unification of the results involving the product of various special functions which appear in the literature.  
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