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Abstract

Quality improvement is playing the key role in the success of a business. Reduction of variability is the main step for
improvement of quality. Control charts are developed for the purpose of monitoring the quality characteristics with the aim of
reducing variability. In many industries instead of continuous variable categorical (ordinal) data are used to measure the quality
characteristics of interest. Hence developing control charts techniques for monitoring ordinal data has become a recent research
focus. Quality control practitioners often face a problem to select the appropriate technique for monitoring ordinal data in the
practical field since there are quite a few techniques available in the literature for this purpose.  In this paper we have studied the
various techniques for monitoring ordinal data and compared their performance to detect the shift in location parameter. Data
were simulated from Normal distribution and average run length (ARL)  were computed for different values of shift in mean (
both in positive and negative direction) using different methodologies under study. The best technique to detect the shift was
identified with respect to ARL.
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1. Introduction

Control chart is a useful quality control tool to monitor different quality characteristics. It is giving alarm when the assignable
cause of variation occurs in the process. Control charts are of two types: Control chart for variable data and Control chart for
attribute data. Though variable data always contains more information about the quality characteristics it is not always possible to
collect variable data due to time and cost constraint. Hence attribute data is also playing an important role in all practical purpose.
When attribute data are classified into several categories according to some thresholds they are called categorical data. Ordinal
data is a categorical variable with some intrinsic order of the specified categories. Some typical examples are:  Education (no high
school degree, HS degree, under graduate, post graduate), Agreement (strongly disagree, moderately disagree, neutral, moderately
agree, strongly disagree), Rating (excellent, good, fair, poor), Frequency of occurrence (always, often, sometimes, never). It is
clear from above examples that ordinal data is having a clear order in the categories.

Ordinal data is commonly used in the field of social science, marketing, medical and public health domain. It is worthwhile to
note here that any type of measurement, even if it is a continuous variable, can be converted to categorical data constructing
different categories within the range of measurement. Hence in the field of quality control ordinal variable is always drawing
researcher’s attention.



Das / International Journal of Engineering, Science and Technology, Vol. 14, No. 2, 2022, pp. 34-4035

The research on the topic of control chart for controlling ordinal variable has its starting point since 1950 originated by Duncan.
With the passage of time a number of different control chart techniques have been developed by different researchers adopting
different theoretical considerations. Quality control practitioners are often facing the problem to choose the right one from the
different methods available in the literature. Hence this paper aims to compare the performance of different ordinal control charts
to detect the shift and summarized the result.

The paper is written in the following sections. Section-2 describes the different methods available in the literature for controlling
ordinal variable in a nut shell. Since it is not possible to cover each and every methodology for comparison purpose, some
important techniques were selected for the study. Section-3 describes the methodologies under study elaborately. Performance
comparison was done simulating data from Normal distribution and computing average run length (ARL) for different
methodologies for different magnitudes of shift. This analysis is given in section-4. Conclusions drawn from the simulation study
are provided in section-5. Section-6 is throwing some light on future direction of research in this topic.

2. Literature survey

The p-chart is the easiest technique for controlling attribute data. Hence using separate p-chart for each category may be one
option for handling data with several categories. Dealing with several p-chart may be difficult to implement in the practical
situation. Hence, Duncan (1950) proposed the use of chi-square statistics in-stead of using several p-chart. Marcucci (1985) and
Nelson (1987) also proposed a similar approach. Fuchs and Kenett (1980) proposed a more powerful technique than chi square
technique using M-test. Woodall, Tsui, and Tucker (2002) used maximum likelihood estimate assuming different underlying
distribution and provided a new technique for monitoring ordinal variable. Duran and Albin (2009) developed a new method for
controlling k categories using a probability tree methods with k-1 binary stages. A multinomial cumulative sum control chart
techniques using likelihood ratio statistics was suggested by Ryan, Wells, and Woodall (2011). An excellent review article on
multinomial control chart was written by Topalidou and Psarakis (2009). Weiß (2012) assumed that under in control state the
quality characteristics are identically and independently distributed and suggested three different techniques for controlling a
purely categorical variable to detect the violation of assumptions. Weiß (2012) proposes a chart based on Gini index and another
control chart based on (k, r) runs.

Yashchin (2012) developed a change-point detection scheme using generalized likelihood ratio tests. An ordered samples control
charts was proposed by Franceschini et al. (2005) based on a dominance criterion considering a position in the ordered sample
space to each sample. Jian et al. ( 2014) suggested  a technique for detecting shifts in the location parameter of the latent variable
using the attribute level counts without losing the ordinal information.  Bai and Li (2021) developed a control chart for controlling
ordinal variable using log linear model. Fullerton & Xu (2018) developed a new and improved version of the constrained partial
adjacent category model considering unconstrained and constrained versions of the partial adjacent category logit model, relaxing
the proportional odds assumption for a subset of independent variables. Fernandez et al. (2019) modelled the outcomes using the
ordered stereotype model, which is not so popular as other models such as linear regression and proportional odds models. They
compared the performance of the ordered stereotype model with other more commonly used models among researchers and
practitioners.

Pal & Gauri (2021) introduced a technique by using appropriately designed control chart for the sample estimate of the process
area of proportions obtained from a sample of size n collected at regular intervals. The uniqueness of their technique is that they do
not require any assumption about the latent variable. Hakimi et al.  (2019) developed a new control charts using ordinal-normal
statistic to control the ordinal log-linear model based processes in Phase II.  Two new control charts based on the WALD and
Stuart score test statistics was designed and developed by Kamranrad et al. (2017a) for monitoring of contingency table-based
processes in Phase-II. Kamranrad et al. (2017b) suggested two control charts based on the generalized linear test (GLT) and
contingency table for Phase-II monitoring of multivariate categorical processes.

3. Different Control Chart Procedures under Study

In this study we will consider the following methodologies and compare their performance with respect to the average run length
(ARL) for different shifts in location parameters.

3.1 Duncan’s method (extension of the p-chart)
3.1.1 Methodology
Duncan (1950) proposed a chi-square distribution based statistics to monitor categorical data. He assumed that the samples are
independent. The test statistics used by him is as follows:= ∑ ( )

(1)

where, = the number of observation in ith category corresponding to jth sample

= Proportion in ith category
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= ∑
The chart statistic is following chi-square with − 1 degrees of freedom asymptotically. Hence upper control limit can be
obtained from the table. If the observed value of the statistic goes beyond the limit it gives an out of control signal.

3.2 Control chart based on MLE (proposed by Woodall, Tsui, and Tucker (2002))
3.2.1 Assumptions

• Assuming an underlying distribution of quality measurements.
• Assuming that as the change in location parameter will not affect the proportion of the category in the poorest level of
quality.
• It is more likely that change in the distribution of quality measurements introduces quality improvement.

Figure 1. Distribution of quality characteristic measurements

Figure 1 shows an underlying distribution where higher the value poorer the quality level.  Woodall, Tsui, and Tucker (2002)
proposed a technique to monitoring ordinal variable using maximum likelihood estimate (MLE) of the unknown parameters of the
basic distribution of the quality characteristic.

3.2.2 Methodology
The basic assumption made by McCullagh and Neider (1989) is that location parameter of the underlying distribution is 0 and

scale parameter is 1 when the process is under statistical control. Let be the proportion in the ith category when the process is
under in-control state. One can easily get the cut points , , … , . . . from the inverse cumulative distribution function( +. . . + ) = . The range of the underlying probability density function is partitioned into k ordered categories by the cut
points. The interval ( , ) denotes the category. The number of observations in ith category can be observed from the future
sample and denoted by .
The probability of an item belongs to ith category is

, = ∫ ( , ) (2)

where is the location parameter.
The likelyhood function is( ) = ∏ ( , ) (3)

Let , be the maximum likelihood estimate (MLE) of  θ. As the number of categories and sample size increases the distribution
of tends to Normal distribution.
The chart statistics based on MLE is= ( )⁄ (4)
where STD( ) is the asymptotic standard deviation  of .
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Control limits can be determined by assuming different underlying distribution.

3.3 Simple Ordinal Chart (SOC)(proposed by Jian et al. (2014))
3.3.1 Assumptions

• The methodology can be applied to the grouped ordinal data
• The underlying distribution and the cut-points are unknown.
• The numerical value of the underlying continuous variable shows the order of the categories.
• The change in MLE of location parameters reflects the shift in the underlying continuous distribution.

3.3.2 Procedure
The basic assumption of the procedure proposed by Jian et al. (2014) is that there exists an underlying continuous variable with
cumulative distribution function (CDF) ( ) which decides the levels of the categories say Y. A particular set of numerical values
of X denotes a particular attribute level of Y. The count of each level of Y is equal to the number of the number of continuous
values of X lying in that category.
Let there be h labels in the ordinal data. This implies there must be h class intervals in the underlying distribution.

Such intervals are constructed by some cut-points ( = 0,…… . , ℎ).
Let ( = 1,… . . , ℎ) be an indicator variable denoting whether the value ( = 1,2, …… ) is falling in the interval( , ], = ( ∈ ( , ])
For a sample of size N the number of counts of level k of Y is= ∑ (5)

Assuming the CDF of X as ( ) the probability that X will lie in the kth interval is = ( ) − ( ).
For sample of size N, the joint distribution of ( = 1,… . . , ℎ) is the multinomial distribution ( ; ) with =[ , …… , ]

To test whether there is a shift in the location parameter of ordinal data Y is equivalent to test the shift in location parameter of
X. This implies to test whether δ is zero or not assuming CDF F(x−δ) under the out of control state.
Hence the test statistic boils down to : = 0 : > 0
Let = ∑ ( = 1,… . . , ℎ) be the cumulative probability up to k and = 0 and pdf of X is f.
The asymptotically most powerful test statistic is given below= ∑ , (6)= [( ( ) − ( ( )]⁄ (7)

The ratio of the cumulative count up to level to the sample size provides the value of .
The above test procedure is meant for one sided test. When the process is under in control state i.e. with δ = 0, we h have [ ] = 0.
Hence  | | can be plotted if the shift direction is unknown. | | is having the memory less property. A more efficient statistic is
based on EWMA statistics which is given in equation (8).= , , ∑ (1 − ) (8)

where , , = ∑ (1 − ) is a sequence of constants such that sum of the weights is unity, 0 < < 1.

3.4 Using Gini index ( proposed by Weiß (2012))
3.4.1 Assumptions

 The categories are mutually exclusive.
 100% inspection is carried out.
 The quality characteristics are iid variable ℎ = under in control state.
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3.4.2 Computation
Weiß (2012) assumes ( ) as the basic categorical variable to be monitored. He used the moving average (MA) estimator which
combined the characteristic properties of the underlying distributions into a single real number and compares it with that under the
in control state. The test statistics is given in equation (9)( ) = ∑ , ≥ (9)

The chart statistic ≔ ( ( )) is developed using the marginal distribution of ( ) and control limits are computed
appropriately, where = [0; 1] → ℝ is a comparative function corresponding to the marginal distribution under in control
state. One efficient measure of dispersion of categorical data is Gini index. Weiß (2012) proposed a statistic based on Gini index.
It is quite likely that shift in p will introduce shift in dispersion. The relevant chart statistic to be plotted is given in equation 10.

( ) = ( ( ))( ) − 1 (10)

where, ( ) = ∑ for ∈ ℕ and for a probability vector = ( ,…… , ) and ( ) = 1
The control limits can be computed using simulation.

3.5 Ordered sample control charts (proposed by Fiorenzo et al. (2005))
3.5.1 Assumptions

 It does not require any distributional assumption.
 Dominance criteria is used to form the Sample space ordering

3.5.2 Methodology
The concept of ordered sample values and ordered sample ranges is used in this methodology proposed by Fiorenzo et al. (2005).

According to the definition given by Fiorenzo et al., a sample A is said to be preferred to sample B if A dominates B. Using this
concept a new ordinal scale is defined whose levels are the positions of samples in the ordered sample space. If there does not exist
any dominance relationship between the sample then they can form a same equivalence class. The selection of dominance criteria
affects the number of levels and order of the levels. Dominance criteria may be developed based on the specific process criteria.
3.5.3 Ordered sample control charts

At the outset analysing the Pareto-dominance criterion is explained. By definition , sample A is said to pareto dominates sample
B if all the points in  B do not exceed the corresponding points in A, and at least one point in  A exceeds the corresponding one in
B. The formal notation under this situation is ⊳B . If samples and B belongs to the same equivalence class, the notation will
be: ≈Y. Since their intersection is not null set It is not possible to assign a well-defined position to samples A, B and C.
The Rank dominance criterion is another criterion which uses the concept of optimal sample. If all the elements are in the highest
level of ordinal scale it is called optimal. Rank index for any sample is developed based on its positioning with regard to the
optimal sample. The index is computed by adding the numbers of scale levels contained between each sample value and the
corresponding value of the optimal sample. A ‘bad’ sample is having high value of rank index. The samples belonging to same
equivalence class are having the same index. The rank dominance criterion provides ( − 1) + 1 numbers of equivalence classes,
where t is the number of levels and sample size is n.

Integrating the rank dominance criterion with the dispersion dominance criterion results in a greater resolution. For this chart
only lower control limit exists. Central line can be taken as the median of sample distribution. An empirical distribution can be
obtained using the initial samples. Control limit can be computed using this empirical distribution for a fixed type I error.

4. Performance Assessment

Performance comparison of the above mentioned methods, described in the  section 3.0,  is computed following the steps given
below.

 Consider a process having 5 categories, with known in control probabilities =0.85, =0.08, =0.04, =0.02,
=0.01.

 Assuming Normal distributions the control limits of all the control charts are determined based on the random
samples (of size 200) for a fixed value location parameter (0), scale parameter (1) and for a fixed value of type-1
error.

 Shifts considered in the location parameter are δ= ±0.02, ±0.05, ±0.1, ±0.2, ±0.5, ±1, ±1.5, ±2, ±2.5, ±3.
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 Random Samples were simulated from with location parameter at some fixed shift(s) mentioned above and scale
parameter = 1. Chart statistics are plotted for each of the samples and 5000 run lengths were simulated, which was
followed by computation of ARL.

 Performance comparison with respect to average run length (ARL) of Control Chart based on MLE, Duncan’s
method, SOC Method, Control chart using Gini’s coefficient and ordered sample control chart is shown in the Table
1.

Table 1. Performance of different control charts with respect to ARL for various shift in location parameters
Shift
in mean

Control Chart
based on MLE

Duncan’s
CHISQ SOC

Using Gini’s
coefficient

Ordered sample
control chart

3 1 1 1 1 1
2.5 1 1 1 1 1

2 1 1.8 1 1.4 1
1.5 1 2.1 1 3.5 3.0

1 1 5.9 1 4.1 2.5
0.5 1.1 43.7 1 33.8 24.8
0.2 8.5 115.1 8.3 50.2 48.3
0.1 20.5 283.2 21.2 183.7 171.2

0.05 64.8 369.8 65.5 388.8 265.5
0.02 185.3 426.6 191.7 421.6 391.7

-0.02 309.9 412.2 308.7 410.6 311.7
-0.05 246.0 124.2 247.0 201.2 291.0

-0.1 72.6 68.9 73.2 65.4 88.2
-0.2 8.9 18.5 8.8 17.6 18.8
-0.5 1.01 2.9 1 2.5 2.1

-1 1 2.8 1 2.9 1.8
-1.5 1 1.5 1 1.3 1.1

-2 1 1 1 1 1
-2.5 1 1 1 1 1

-3 1 1 1 1 1

5. Conclusion

It is worthwhile to note here that lower the Average run length higher the performance of the control chart to detect the shift.
Based on the simulation results summarised in Table 1 following conclusions can be drawn.
 For detecting higher shift (> 1.5) in location parameter, both in positive and negative direction,  all the techniques under

study perform almost at par.
 For detecting moderate shift ( ≥ 1 but ≤ 1.5) Control Chart  based on MLE and SOC method are better than the other 3

methods i.e. Ordered sample control chart, Duncan’s CHISQ and Gini’s coefficient method. But for negative moderate
shift Ordered sample control chart is slightly better than Duncan’s CHISQ and Gini’s coefficient method.

 For detecting lower shift ( < 1) Control Chart  based on MLE and SOC method are better than the other 3  methods i.e.
Ordered sample control chart, Duncan’s CHISQ and Gini’s coefficient method.  but Ordered sample control chart is better
than Duncan’s CHISQ and Gini’s coefficient method for detecting lower shift in positive direction. But for negative
direction Gini’s coefficient method is observed to perform slightly better than Duncan’s CHISQ method and Ordered
sample control chart.

For future scope of work, other methods described in the literature survey can be studied in more detail and their performance
can be assessed in a similar way. The performance of the different charts can be investigated by simulating data from non-normal
distribution and their robustness can be explored.
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