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Abstract

In this paper we have studied the propagation of shear waves in a non-homogeneous anisotropic incompressible and initially
stressed medium. Analytical analysis reveals that the velocities of the shear waves depend upon the direction of propagation, the
anisotropy, the non-homogeneity of the medium and the initial stress. Numerical computation shows that the presence of initial
compressive stress in the medium reduces the velocity of propagation whereas, the tensile stress increases it. It is found that the
variation in parameters associated with anisotropy and non-homogeneity of the medium directly affects the velocity of the wave.
The velocity of wave also depends on the inclination of the direction of its propagation. An increase in the inclination angle
decreases the velocity in the beginning and takes a minimum value before increasing.
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1. Introduction

The term “Initial stress” is meant by stresses developed in a medium before it is being used for study. The earth is an initially
stressed medium, Due to presence of external loading, slow process of creep and gravitational field, considerable amount of
stresses (called pre-stresses or initial stresses) remain naturally present in the layers. These stresses may have significant influence
on elastic waves produced by earthquake or explosions and also in the stability of the medium. The propagation of surface waves
is well documented in the literature (e.g., Achenbach (1973), Bath (1968), Biot (1965), Ewing (1957)). Biot (1940) formulated the
dynamical equations for pre-stressed elastic medium and discussed the influence of pre-stresses on the propagation of elastic
waves in a body.

The problem of finite deformations of an elastic body and the effect of high initial stress on wave propagation were discussed in
a series of investigations by Kappus (1939), Murnaghan (1951) and others. Qian et al. (2004) have investigated the effect of initial
stress on the propagation behavior of SH-waves in multilayered piezoelectric composite structures. Chattopadhyay et al. (2009)
have studied the propagation of shear waves in an internal magnetoelastic monoclinic stratum sandwiched between two semi-
infinite isotropic elastic media and with a rectangular irregularity in lower interface. Chattopadhyay et al. (2010) have also
investigated the propagation of shear waves in a monoclinic layer with an irregularity lying between two isotropic semi infinite
elastic medium. The effect of inhomogeneous initial stress on Love wave propagation in layered magneto-electro-elastic structures
have been studied by Zhang et al. (2008). Sharma (2005) has demonstrated the effect of initial stress on the propagation of plane
waves in a general anisotropic poro-elastic medium.

The Edge wave propagation in an incompressible anisotropic initially stressed plate of finite thickness has been studied by Dey
et al. (2009). Addy et al. (2005) have studied Rayleigh waves in a viscoelastic half-space under initial hydrostatic stress in
presence of the temperature field. Liu et al. (2008) have demonstrated the propagation characteristics of converted refracted wave
and its application in static correction of converted wave. Moczo et al. (2007) provided mathematical modeling of seismic wave
propagation using the Finite-Difference time-domain method. Huber (2010) has explained the physical meaning of a nonlinear
evolution equation of the fourth order relating to locally and non-locally supercritical waves in his work. Duanl et al. (2006, 2007)
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have investigated heterogeneous fault stresses from previous earthquakes and the effect on dynamics of parallel strike-slip faults
and non-uniform pre-stress from prior earthquakes and the effect on dynamics of branched fault systems.

Zhou and Chen (2005) have studied the influence of seismic cyclic loading history on small strain shear modulus of saturated
sands. Sharma et al. (2007) discussed about the wave velocities in a pre-stressed anisotropic elastic medium. Selim et al. (2006)
have demonstrated the propagation and attenuation of seismic body waves in dissipative medium under initial and couple stresses.
Seismology is the study of progressive elastic wave. But most of this studies and investigations do not include very important
factor viz, the influence of initial stress, anisotropy and non-homogeneity present in the body. In this paper, an attempt has been
made to show the effect of initial stress, the anisotropy and non-homogeneity of the medium on the propagation of shear wave.

2. Solution of the problem

Most materials behave as incompressible media and their influence on seismic waves are very high. (The velocities of
longitudinal waves in them are very high) The varieties of hard rocks present in the earth are also, almost incompressible. Due to
the factors like external pressure, slow process of creep, difference in temperature, manufacturing processes, nitriding, pointing
etc., the medium stay under high stresses. These stresses are regarded as initial stresses. Owing to the variation of elastic properties
and the presence of these initial stresses, the medium becomes anisotropic as well.

We consider an unbounded incompressible anisotropic medium under initial stresses S;; and S, along the x-, y- directions
respectively. When the medium is slightly disturbed, the incremental stresses s;1, S1» and s,, are developed and the equations of
motion given by Biot (1965) are

2
%+%_P%=pa_l:
ox oy oy ot
%.}.%_P% azv

_ oV 2
x oy ox Lot @

, @)

ijare incremental stresses, (u, v)

1{ov oau . .
where P =S;, - Sy;, W=—| ——— 1, and p represents the density of the medium. Also S

2\ ox oy
are incremental deformations, w is the rotational component about the z-axis.
The incremental stress-strain relations for an incompressible medium may be taken as
s,—S=2Ne, s,—-s=2Ne, ands, =2Qe,,. 3
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where S = , € are incremental strain components and N and Q are the rigidities of the medium.

The incompressibility condition e, + e, = 0, is satisfied by:
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We assume the non-homogeneity as
Q:Qo(l+ay)
N =N, (1+by) (7)
p=,00(1+CY)

where No and Qo are rigidities and o, is the density in homogeneous isotropic medium. Eliminating s from egs. (5) and (6) we
get
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3. Solution of the problem

For propagation of sinusoidal waves in any arbitrary direction we take the solution of eq.(8) as
p(x,y,t) = AP, ©)

where [, and P, are cosine of the angles made by the direction of propagation with the x- and y- axes, and C, and k are the

velocity of propagation and the wave number respectively.
Using eq.(9) in eq.(8) and equating real and imaginary parts separately, one gets

C, 2_ 1 P 2N, _ 252
e o S g

P
1 —|ps b,
+( +ay+2onp2}

2
C, 2Nba 2 (ajz
G-y o[22 11
(ﬁj (Qo c}p” c )P )
1
2

where S = (&j , the velocity of shear wave in homogeneous isotropic medium. Eq. (10) gives the velocity of propagation of
Po

shear wave and eq. (11) gives the damping.

(10)
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Equation (10) shows that the velocity depends on the anisotropy factor[ j the initial stress factor [2—] and also on the

0 0

direction of propagation denoted by ( P, P, ) :

4. Particular cases:

Following cases have been discussed to gain more insight information from eq.(10) and eq.(11):
Case I: Whena — 0, i.e., rigidity along vertical direction is constant, eq. (10) reduces to
2
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The velocity of wave along x-direction ( p,=1p,=0,c = Cn) , is obtained as
P 1
2 2
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This shows that velocity of wave along x-direction depends on initial stress.
If the medium is free from initial stress, i.e when P — 0 and ¢ — 0O, the velocity of wave is given by c,=2p.
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Similarly the velocity of propagation along y-direction( p, = 0, p,=1¢c =c, ) , IS obtained as
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2=\ M ey 14
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It is interesting to note thatM _ P
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It is also observed that if P > 0, the effect of initial stresses on the body is compressive along x-direction and which reduces the
velocity of shear wave along x-direction while tensile stress increases the velocity of shear wave, where as along y-direction shear
wave velocity shows the reverse effect.

Case Il: When b — 0, i.e,, rigidity along horizontal direction is constant, eq. (10) reduces to
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, a function of initial stress and density.
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The velocity of wave along x- direction ( p,=1p,=0,c = Cn) , is given by
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which depends on the depth y and the wave is dispersive.
The velocity along y-direction is
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In case of P > 0, the velocity along y-direction may increase considerably at a distance y from free surface and the wave is
dispersive.

Case Ill: When @ — 0, b — 0, i.e., the rigidity along horizontal direction is constant but density is linearly varying with depth,
eg. (10) transforms to
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In the absence of initial stress the velocity of wave is
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This shows that velocity ¢/ = _ ,inx-direction(p, =1, p, =0,¢, =¢;, ), and in
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y -direction ( p, = 0, p,=1c =c, ) it does not depend on anisotropy. However, in other directions the anisotropy affects the
velocity.
For N, =Q,. i.e., for isotropic medium with variable density the wave velocity is
2 2.2
C
(_1} — pl p2 i (20)
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which depends on the direction of propagation.

Case IV : In the absence of initial stress i.e. P — 0, eq. (10) gives the velocity of wave as
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The wave is dispersive and velocities are same in two direction x and y.
Case V:When a — 0, i.e., rigidity along vertical direction is constant, eg. (11) transforms to
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this shows that velocity of shear wave is always damped.
The velocity of wave along x-direction (p, =1, p, =0, ¢, =C,, ), is obtained as
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this shows that actual wave velocity in x-direction is damped by 2| ——— |, whereas, no damping takes place along y-direction
0

(p1:Oa P, :1’C1:C22) :

Case VI : When b — 0, i.e. rigidity along horizontal direction is constant, eq. (11) reduces to
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The velocity of wave along x- direction ( p,=1Lp,=0c = Cn) , is given by
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Existence of negative sign shows that damping does not takes place along x-direction for b — O, whereas damping of magnitude

2a
(—j , takes place along y-direction.
c

Case VII: When a — 0, b — 0, i.e. rigidity along horizontal direction is constant but density varying linearly with depth, eq.

2
C
(11) gives (Elj =0, i.e. no damping takes place for a—>0, b — 0.
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5. Numerical calculation

To get numerical information on the velocity of shear wave in the non-homogeneous initially stressed medium, the equation (10)
is non-dimensionalized as
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The numerical values of —~ has been calculated for different values of —, —%, p,, p, and——, and the results are

0 0
presented in Figures 1 through 6.

Figure-1 gives the variation in velocities of shear wave in the direction of 6 =30° and 60° with x-axis at different depth and

c a P N
different values of density parameter(Ej =0.7, 0.8, and 0.9 for B =4.0, 2— =05,and —2 =25. The velocity of the wave

0 0

increases as depth increases.

Figure 1a (6 = 30%): by vs. C—l for vl:[g) =0.7,v2: (EJ =0.8,v3: (E) =0.9.
B b b b
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Figure 1b (6 = 60°): by vs. & forvl:(Ej =0.7,v2: (Ej =0.8,v3: (Ej =0.9.
B b b b

Figure. 2 gives the variation in velocities of shear wave in the direction of © = 30° and 60° with x-axis at different depth and

. a c P . . .
different values of E when E =0.8, —=0.5,and —> =2.5. The velocity of the wave increases as depth increases.
0 0

185 , ! , : :

Figure 2a (6 = 30%: by vs. & for vi1: (Ej =3.0,v2: (E) = 3.5,v3: (E) =4.0.
B b b b
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Figure 2b (6 = 60°): by vs. & for vi1: EE] =3.0,v2: (Ej = 3.5,v3: (Ej =4.0.
B b b b

Figure. 3 gives the variation in velocities of shear wave in the direction of © = 30° and 60° with x-axis at different depth and

N c P a
different values of —= when — = 0.8, —— = 0.5, and — = 4.0. Figure.3 gives the information of variation of velocity for

Q, b 2Q

N
different values of anisotropic factor and reflects that with the increase in the values of —2 the velocity of shear wave
0

increases.

0 0

H 0 Cl NO NO NO
Figure 3a (6 =30%): by vs. Efor vli: | — | =20,v2: | — | = 25,v3: | — | =3.0.
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Figure 3b (6 =60°); byvs. — for vl: | — | =2.0,v2: | — | = 25,v3: | — | =3.0.
B Q Q Q

0 0 0

Fig.4 gives the variation in velocities of shear wave in the direction of 6 = 30° and 60° with x-axis at different depth and different

I P c N, a . .
values initial stress parameter —— when — =0.8, — = 2.5, and E = 4.0. The velocity of the wave increases as depth

2Q, b Qo

increases.
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Figure 4b (6 = 60°%): by vs.& for v1: [i] =-0.8, v2: (ij = 0.0, v3: (ij =0.8.
B 2Q, 2Q, 2Q,

Figure.5 gives the velocity of shear wave in an anisotropic initially stressed homogeneous medium for different values of initial

P N, .. P c N, a
stress parameter —— and — with —— =0.5, — =0.8, — =2.5,and— =4.0.

2Q, Q, 2Q, b Q, b

185 , ! , . :

H Cl 0 0
Figure 5: by vs. E for v1: 6=30"v2: 6 =60

Figure.6 shows the variation of velocity of shear wave with respect to direction of propagation in non-homogeneous anisotropic

- : P C N,
initially stressed medium with — =0.5, — =0.8, —

2Q, b Q

a
2.5, b - 4.0, and by = 2.0;
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O

Figure 6: 6 (in degrees) vs.

5

6. Conclusion

From equation (10) it is concluded that:

1.

When rigidity along vertical direction is constant then shear wave velocity is influenced by initial stress. We have derived the
velocity of wave in both x and y direction and we have seen both depend on initial stress. Compressive initial stress reduces
the velocity of shear wave along x-direction while tensile stress increases. Shear wave velocity shows the reverse effect along
y-direction.

If rigidity along horizontal direction is constant then shear wave velocity exists and we have obtained the velocity equation in

both x and y direction. In case P > 0, the velocity along x-direction may decrease considerably and the velocity along y-
direction may increase considerably.

When the rigidity along horizontal direction is constant but density is linearly varying with depth then also shear wave
velocity is still influenced by initial stress and in absence of initial stress the velocity also exist. The velocity of wave in x-
direction and y-direction does not depend on anisotropy. However, in other directions the anisotropy affects the velocity. We
have also observed for isotropic medium with variable density the velocity depends on the direction of propagation.

In the absence of initial stress the shear wave velocity is still available. It also exists in isotropic medium. But in this case
velocities are same in two direction x and y.

From equation (11) it is concluded that:

1.

2.

3.

If rigidity along vertical direction is constant then the velocity of shear wave is always damped. We have obtained the velocity
equation of wave along x-direction and it is also damped whereas no damping takes place along y-direction.

When rigidity along horizontal direction is constant then the velocity of shear wave is damped and in this case the damping
does not take place along x-direction whereas damping takes place along y-direction.

When rigidity along horizontal direction is constant but density varying linearly with depth then no damping takes place.

Thus it seen that the anisotropy, non-homogeneity , the initial stresses , the direction of propagation and the depth (in case of non-
homogeneous medium) have considerable effect in the velocity of propagation of shear wave and attracts the attention of earth
scientists in their work.
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