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Abstract 
 
   In this present work an attempt has been made to define two generalized fractional integral operators associated with products 
of analogues to Dirichlet averages and special functions. Discussions on the different aspects of the obtained results have been 
followed by utilization in finding out the images of multivariate function involving multivariate G-function. We make their 
applications in statistics also. 
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1. Introduction 
 
The generalized fractional integral operators have introduced in the form (Saigo and Maeda, 1996): 

( )( ) ( ) ( ) ( )
1

, ', , ', '
30 0

, ', , '; ;1 ,1
a cxa a b b c ax t xI f x x t t F a a b b c f t dt
c x t+

− −
− ⎡ ⎤= − − −⎢ ⎥Γ ⎣ ⎦∫                             (1.1) 

and  

( )( ) ( ) ( ) ( )
' 1

, ', , ',
30

, ', , '; ;1 ,1
a c

a a b b c a

x

x x tI f x t x t F a a b b c f t dt
c t x−

− −∞ − ⎡ ⎤= − − −⎢ ⎥Γ ⎣ ⎦∫                         (1.2)

 
 

provided that a, a', b, b', c are complex, x > 0, Re (c) > 0, F3 [•] is one of the Appell functions of two variables (Appell and Kampé 
de Fériet,1926 and Erdélyi et al., 1953, p.224 eq. (8)),  f (t) is integrable in the interval (0,∞) and the Gamma function is defined by 
( ) ( ) ( ) , 0, 0

n
n nλ λ λ λΓ + = Γ ≥ ≠ . 

Particularly, for a = α + β, c = α, b = -v and a′ = 0 such that Re (α) > 0, the equations (1.1) and (1.2) yield Saigo 
operators in the form (Saigo, 1978) 

( )( ) ( )( ) ( ) ( ) ( )
1

,0, , ', , ,
2 10 0

, ; ;1
xb x tI f x I f x x t F f t dt

x

α β α
α β ν α α β ν ν α β α

α+

− − −
+ − ⎡ ⎤= = − − + −⎢ ⎥Γ ⎣ ⎦∫               (1.3) 

and 

( )( ) ( )( ) ( ) ( ) ( )
1

,0, , ', , ,
2 10

1 , ; ;1b

x

xI f x J f x t x t F f t dt
t

α
α β ν α α β ν α β ν α β α

α−

−∞+ − − − ⎡ ⎤= = − − + −⎢ ⎥Γ ⎣ ⎦∫       (1.4) 

respectively, 2F1 [ . ] is the Gaussian hypergeometric function (Rainville, 1971, and Erde'lyi et al., 1953, p.58 eq. (2) ))  
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Again, for ( )0, , 0, Re 0or andα β β α+ = = > , the equations (1.3) and (1.4) are converted into following operators (Kilbas 
et al., 2006, Samko et al., 1993, Kiryakova, 2006) 

( )( ) ( ) ( ) ( ) ( ){ }( )
1

, ,

0

1 x

tI f x x t f t dt R f t x
α

α α ν α

α

−
− = − =

Γ ∫     (Riemann-Liouville operator)   (1.5) 

or 

( )( ) ( ) ( ) ( ) ( ){ }( )
1

,0, ,

0

x

t
xI f x x t t f t dt E f t x

α ν α
α ν ν α ν

α

− − −

= − =
Γ ∫     (Erde’lyi-Kober operator)   (1.6) 

and 

( )( ) ( ) ( ) ( ) ( ){ }( )
1

, , 1
tx

J f x t x f t dt W f t x
α

α α ν α

α

−∞− = − =
Γ ∫             (Weyl operator) 

                            (1.7) 
or 

( )( ) ( ) ( ) ( ) ( ){ }( )
1

,0, ,
tx

xJ f x t x t f t dt K f t x
ν α

α ν α ν α ν

α

−∞ − −= − =
Γ ∫    (Erde’lyi-Kober operator)    (1.8) 

respectively. 
 
The Dirichlet average is defined by (Carlson, 1977, Gupta and Agrawal, 1990) 

( ) ( ) ( ) 1 1 1
1

; . , . ,0 1,...,0 1, 1 ...
k

b i i i k k kE
i

F b z g u z d u u z u z u u u u uμ − −
=

= = ≤ ≤ ≤ ≤ = − − −∑∫  

and g is measurable on the standard simplex E in , 2kR k ≥  and F (b ; z) = g (z), when k=1    (1.9) 
and 

( ) ( ) ( )11
111

1 1 1 1 1 1
1 ... 1 ... ...kk

bbb
b k k kd u u u u u du du

B b
μ −

−−−
− − −= − − −                    (1.10) 

The function B (b) is given by 

( ) ( ) ( )
( ) ( ) ( )1

1
1

...
, ,..., ,Re 0, 1,2,...,

...
k k

k i
k

b b
B b b b b C b i k

b b
Γ Γ

= = ∈ > ∀ =
Γ + +

                                          (1.11) 

The standard (k-1)-simplex (or unit (k-1)-simplex) E is the subset of Rk and is given by 

( ) { }1
1

, ..., : 1 0, 1, 2, ...,
k

k
k i i

i
E u u R u andu i k

=

⎧ ⎫= ∈ = ≥ ∀ ∈⎨ ⎬
⎩ ⎭

∑  

Now, in our investigation we introduce an integral average for a function g measurable on E in , 2kR k ≥ , identical to Dirichlet 
average defined in equations ((1.9)-(1.11)) (Carlson, 1997) defined by 

{ }( ) ( ) ( )1 , ,: , ... k b z xE
F g b z x g u u d uμ= + +∫                                   (1.12) 

and  { }( ) ( ); , , 1
b

b

zF g b z x g z fo rk
x

= =                           (1.13) 

where, ( ), ,b z xd uμ  is given by 

( ) ( )
11

1
11 1 11 1

, , 1 1 1 1
1 1

... 1 ... ...
k

k
k

k

bb
bbk k k

b z x k kb
k k

z u xu xd u u u du du
B b x z z

μ −

−

−− − −
− −

−

⎛ ⎞
= − − −⎜ ⎟

⎝ ⎠
                                            (1.14) 

 
in the region  

1 1 11 1 1
1 1 1 1 1 1

1 1 1 1

0 ; 0, ..., 0 ; 0, 1 ... ;k k k k k
k k k

k k k

z u x u xz u xu x z u x z
x x z z z

− − −
− − −

− −

≤ ≤ > > ≤ ≤ > > = − − −
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( ) ( )1 10 , , . . . , , . . . , .k
k k k kx z z z z a n d x x x R> > = = ∈

 The second integral average for a function g measurable on E in , 2kR k ≥ , identical to Dirichlet  average (Carlson, 1997)  is 
defined by 

{ }( ) ( ) ( )1 1
1 , ,: , ... k b z xE

F g b z x g u u d uμ− −∗ = + + ∗∫                                   (1.15) 

and { }( ) ( ): , , 1
b

b

xF g b z x g z fork
z

∗ = =                         (1.16) 

where, dµ *b, z, x (u)  is given by   

( ) ( )
11

1
11 11

, , 1 1 1 1
1 1 1 1

... 1 ... ...
k

k k
k

bb b
bbk k k

b z x k k
k k

z x zzd u u u du du
B b u x u x

μ −

−−
− −− − −
− −

− −

⎛ ⎞
∗ = − − −⎜ ⎟

⎝ ⎠
                            (1.17) 

in the region   

1 11 1
1 1 1 1 1 1

1 1 1 1 1 1

; 0, ..., ; 0, 1 ... ;k k k
k k k

k k k k k

z z zz zu x z u x z
x x u x u x u x

− −
− − −

− − −

≤ < ∞ > > ≤ < ∞ > > = − − −
  

( ) ( )1 10 , , . . . , , . . . , .k
k k k kx z z z z a n d x x x R> > = = ∈

 Motivated by above work, in this paper for any general special function 

( ) 1

1

1

1 ,..., 1
,..., 0

,..., ... l

l

l

rr
l r r l

r r

Aα α α α
∞

=

Φ = ∑                                  (1.18) 

1 ,..., lr rA is multiparametric coefficient real or complex and for ( )1,..., ,l
l C l kα α α= ∈ ≥   and 

( ) ( )1,..., , 0, 1, 2,...,k
k ic c c C i lα= ∈ ≠ ∀ =  and Re (ci) > 0 , i = 1, 2,…. k, and  the multivariable function ( ).,...,.Ψ  is 

integrable in ( ){ }0,
k

∞ ,  we define following generalized fractional integral operators involving products of analogous to 
Dirichlet average defined in the equations (1.12)-(1.14) and any general special function given in equation (1.18): 

( ){ }( ) ( ) ( )

( ) ( ) { }( )

( ) ( )( ) ( )

11
1

, , 1
1 1

1

1 1 11
1 1 10 0

1 1
1 1 1 1 1 1 1

. . ., , . . . , , . . . ,
. . .

. . . . . . . . . ; ,

, . . . , , , . . . , , . . . , . . .

k k k

b c k
k k

k

cx x c cc
k k k

k k k k k l k k

x xH g z z x x
c c

x z x z z z F g b z x

z x z z x z z z d z d z

α

α α α α

−
− − −− −

− −
+

Ψ =
Γ Γ

× − −

×Φ − − Ψ

∫ ∫  

                                            (1.19) 
provided that all conditions given in the equations (1.12)-(1.14) are followed. 

 
The second generalized fractional integral operators involving products of analogous to Dirichlet average defined in the equations 
(1.15)-(1.17) and any general special function given in equation (1.18): 

( ){ }( ) ( ) ( )

( ) ( ) { }( )

( ) ( )( ) ( )

1

1

1

, , 1
1 1

1

1 1
1 1

1 1
1 1 1 1 1 1 1

. . ., , . . . , , . . . ,

. . .

. . . . . . ; ,

, . . . , , , . . . , , . . . , . . .

k

k

k

cc
b c k

k k
k

c c
k kx x

k k k k k l k k

x xP g z z x x
c c

z x z x F g b z x

x z x x z x z z d z d z

α

α α α α

−−

−∞ ∞ −

− −
+

Ψ =
Γ Γ

× − − ∗

×Φ − − Ψ

∫ ∫  

                                     (1.20) 
provided that all conditions given in the equations (1.15)-(1.17) are followed. 

Particularly, setting k = 1 and l = 2, 
( ) ( ) ( ) ( )

( ) ( )1 2 1 2

1 2

1 2

, 1 2
1 2

' '
, ,

! !
r r r r

r r
r r

a a d d
A

c r r
α α α

+

= =  
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such that 1 1α = −  and 2 1 z
x

α = −  and g(z) = z1+c-b-a xb-a'-1 in equation (1.19) and then with the aid of equation (1.13), it becomes 

Saigo and Maeda operator defined in equation (1.1) such that  

( ){ }( ) ( )( ), , 1 ' 1 , ', , ',
0

,b c c b a b a a a d d cH z x z x I xα
+

+ − − − − Ψ = Ψ                            (1.21) 

Or setting k = 1   and   l  =  2,  
( ) ( ) ( ) ( )

( ) ( )1 2 1 2

1 2

1 2

, 1 2
1 2

' '
, ,

! !
r r r r

r r
r r

a a d d
A

c r r
α α α

+

= =  

such that 1 1α = −  and 2 1 z
x

α = −  and b = a' +1, g(z) = zc-a'-a  in equation (1.19) and then with the aid of the equation (1.13), it 

becomes Saigo and Maeda operator defined in equation (1.1) such that  

( ){ }( ) ( )( ), ' 1, ' , ', , ',
0

,a c c a a a a d d cH z z x I xα
+

+ − − Ψ = Ψ                                                        (1.22) 

 

Again, setting  k = 1  and   l = 2, 
( ) ( ) ( ) ( )

( ) ( )1 2 1 2

1 2

1 2

, 1 2
1 2

' '
, ,

! !
r r r r

r r
r r

a a d d
A

c r r
α α α

+

= =  

such that 1 1α = −  and 2 1 x
z

α = − and  g(z) = zb-a' x-b-a+x in equation (1.20) and then with the aid of equation (1.15), it becomes 

Saigo and Maeda operator defined in equation (1.2) such that  

( ){ }( ) ( )( ), , ' , ', , ',
0

,b c b a c b a a a d d cP z x z x I xα
−

− − − Ψ = Ψ                    (1.23) 

Or  setting k = 1 and  l = 2, 
( ) ( ) ( ) ( )

( ) ( )1 2 1 2

1 2

1 2

, 1 2
1 2

' '
, ,

! !
r r r r

r r
r r

a a d d
A

c r r
α α α

+

= =  

such that 1 1α = −  and 2 1 x
z

α = − , b = -a +c and  g(z) = z-a+c-a' in equation (1.20) and then with the aid of the equation (1.15), it 

becomes Saigo and Maeda operator defined in equation (1.2) such that  

( ){ }( ) ( )( ), , ' , ', , ',
0

,c a c c a a a a d d cP z z x I xα
−

− − − Ψ = Ψ                         (1.24) 

 
   Here in our work, we derive the identities for above generalized fractional integral operators defined in the equations (1.19) and 

(1.20) when { } ( )1 ,g z z λ−= −  

( ), Re 0Cλ λ∈ > . Again, we make their applications to find out the images of a multivariable function consisting 
generalized multivariable G-function. Finally, we discuss some of their deductions and applications in statistics. 
The generalized multivariable G-function is the particular case of following multivariable H-function defined in the multiple 
contour integrals (Srivastava and Panda, 1976a, 1976b;  Srivastava, Gupta and Goyal, 1982): 

( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )( )( ) ( )( ) ( )( )( )
( ) ( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )

1 1

1 1

1 1 1

0 , : , ;...; ,

, : , ;...; , 1 1 1

: , ..., : : ; ...; :

: , ..., : : ; ...; :

k k

k k

k k k

A C B D B D k k k

a b b
H

c d d

λ μ ν μ ν
θ θ φ φ

ψ ψ δ δ
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎡ ⎤
⎣ ⎦⎢

⎢ ⎡ ⎤ ⎡ ⎤⎡ ⎤⎢ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣

             

1 , . . . kz z

⎤
⎥
⎥
⎥
⎥
⎦
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( )

( )

( ) ( )

( )( ) ( )( )
( )( )

( )( ) ( )( )
( )

( )

( )

( )

( )( )

1

1

1

11

1 11 1

1
1

1 1

1
1

1 1

1
1

1
1 ...

2 1

1 ... 1

...

1 ... 1

k

k

k

k
i

j j i
ij

k A Ck k
i i

j j i j j i
i ij j

k
j j j j k

j j

D D
k

j j j j k
j j

j j j

a s

a s c s

d s d s

d s d s

b s b

λ

ω ω

ω ω

λ

μ μ

μ μ

θ

πω θ ψ

δ δ

δ δ

φ

∞ ∞ ==

− ∞ − ∞

= == + =

= =

= + = +

⎛ ⎞Γ − +⎜ ⎟
⎝ ⎠=

⎛ ⎞ ⎛ ⎞Γ − Γ − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

Γ − + Γ − +
×

Γ − Γ −

Γ − + Γ − +
×

∑∏
∫ ∫

∑ ∑∏ ∏

∏ ∏

∏ ∏

( )( )
( )( )

( )( ) ( )( )
( )

( )

( )

( ) ( )

1

1
1

1

1 1
1 1

1
1

1 1

... ... , 1
...

k

k
k

k

k
j k

j j ss
k kB B

k
j j j j k

j j

s
z z d s d s

b s b s

ν ν

ν ν

φ
ω

φ φ

= =

= + = +

= −

Γ − Γ −

∏ ∏

∏ ∏

       

                         (1.25) 
The integral in equation (1.25) converges absolutely if 

( )arg
2i iz π

< Δ                                (1.26) 

where,   

( ) ( ) ( )
( )

( ) ( )
( )

( )

( )

( )

( )

( )
( ) { }

1 1 1 11

11

0, 1, ..., .

ii i

i

i

i

A B
i i i i i

i j j j j j
j j j jj

D C
i i

j j
jj

i k

μλ ν

λ ν

μ

θ θ φ φ δ

δ ψ

= = + = == +

== +

Δ = − + − +

− − > ∈

∑ ∑ ∑ ∑ ∑

∑ ∑
                                        (1.27) 

If in the equations (1.25)-(1.27) all , , ,s s s sandθ φ δ ψ   are unity, then the integral in equation (1.25) becomes generalized 
G-function for the prescribed conditions given in the equations (1.26) and (1.27). 
 
2.  Results 
 
   In this section, we obtain following identities for above generalized fractional integral operators defined in the equations (1.19) 

and (1.20) when { } ( ) ( )1 , , Re 0.g z z Cλ λ λ−= − ∈ >  
Theorem 2.1:  
 
For the given conditions and the definitions in the equations (1.6), (1.12)-(1.14), (1.18) and (1.19) and 

{ } ( ) ( )1 , , Re 0,g z z Cλ λ λ−= − ∈ > there exists an identity 
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( ) ( ){ }( ) ( ) ( )

( ) ( ) ( )
( )

1 1
1

1 111 1 1 1 1 1 1

1

1 1

, ,
1 1 ,..., 1

,..., 0

1... , 1
1 1

,..., 0 1 1...

,

1 , , ..., , ..., ...

...
... ... ...

... !... !

..

k k
k

k kk k l

k k

k k k k k

k

b c
k k r r kr r

r r

km m m mr r rr c r b c m r
k k l z

m m k km m

c r b c m r
z

H z z z x x A c c

b b
E

b b m m

E

λα

λ
α α α α+

∞
−

=

∞
+ + + − + − −

+
= + +

+ − + −

− Ψ =

×
+ +

∑

∑

( ){ }( )1
1 1, ..., , ...,k

k kz z x x− Ψ

         

                         (2.1) 
provided that ( ) ( ) { }( ) { }( )Re 0, 0, 0,1, 2,... 0,1, 2,... , 1, 2,..., .i i i i i ib c m r m and r i k− > − ≥ ∈ ∈ ∀ =   

Proof: Consider the operation of the function ( ) ( ){ }1,..., 0,
k

kz zΨ ∈ ∞  due to the generalized fractional integral operator 

defined in equation (1.19) for { } ( )1 ,g z z λ−= −  

( ), Re 0Cλ λ∈ > and then express ( )1,..., lα αΦ  defined by equation (1.18) and { }( ); ,F g b z x  due to equations 

(1.12)-(1.14), and then in the inner integral set  , 1, 2,...,i i
i

i

u xv i k
z

= ∀ =   and on solving it by well known Dirichlet integral 

formula we get left hand side of equation (2.1) in the form: 

( ) ( ) ( )
( )

( )
( )

( )
( )

( ) ( )

1 1

1 11

1

1 1 1

1 1 1 1 1 1 1

1 11 1
1 1...

,..., 1
,..., 0 ,..., 0 1 1 1...

1 1 11
1 1 10 0

...
... ...

... !... !

... ... ...

k k

k kl

l

l k k

k k k k k k k

b m b m
k km m m mrr

r r l
r r m m k k km m

x x c r c r b m r cb m r c
k k k

b b x x
A

b b m m c c

x z x z z z z

λ
α α

+ − + −− −∞ ∞
+ +

= = + +

+ − + − + − − −+ − − −

+ + Γ Γ

× − − Ψ

∑ ∑

∫ ∫ ( )1 1, ..., ...k kz dz dz

 

    (2.2) 
Now, make an appeal to the equations (1.6) and (2.2) we immediately find right hand side of equation (2.1). 
 
Theorem 2.2: For the given conditions and the definitions in equations (1.8), (1.15)-(1.17), (1.18) and (1.20) and there exists an 
identity  

( ) ( ){ }( ) ( ) ( ) ( )

( ) ( ) ( )
( )

1 1
1

1 111 1 1 1 1 1 1

1

1 1

1, ,
1 1 ,..., 1

,..., 0

1... ,
1 1

,..., 0 1 1...

,

1 , , ..., , ..., 1 ...

...
... ... ...

... !... !

..

k k
k

k kk k l

k k

k k k k

k

kb c
k k r r kr r

r r

km m m mr r rr c r b c m r
k k l z

m m k km m

c r b c m
z

P z z z x x A c c

b b
K

b b m m

K

λα

λ
α α α α+

∞
− −

=

∞
+ + + − + −

+
= + +

+ − +

− Ψ = −

×
+ +

∑

∑

( ){ }( )1 1, ..., , ...,k kr
k kz z x x− Ψ

         

                               
(2.3) 

provided that 
( ) ( ) { }( ) { }( )Re 0, 0, 0,1, 2,... 0,1, 2,... , 1, 2,..., .i i i i i ib c m r m and r i k− > − ≥ ∈ ∈ ∀ =   

Proof:  

Operate the function ( ) ( ){ }1,..., 0,
k

kz zΨ ∈ ∞  due to the generalized fractional integral operator defined in  equation  (1.20)  

for { } ( ) ( )1 , , Re 0,g z z Cλ λ λ−= − ∈ > and then express ( )1,..., lα αΦ  defined  by  the  equation (1.18) and 

{ }( ); ,F g b z x∗  due to equations (1.15)-(1.17), and then in the inner integral set , 1, 2,...,i
i

i i

zv i k
u x

= ∀ =   and on solving it 

by well known Dirichlet integral formula we get left hand side of the equation (2.3) in the form: 
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( )
( ) ( ) ( )

( )
( )

( )
( )

( )

( ) ( )

1 1 1 1

1 11

1

1 1 1

1 1 1 1

1

11 ... 1
,..., 1

,..., 0 ,..., 0 1 1 1...

1 1
1 1 1 1

...
1 ... ...

... !... !

... ... ... ,...

k k k k

k kl

l

l k k

k k k k

k

b m r c b m r c
kk m m m mr kr

r r l
r r m m k k km m

c r c r b mb m
k k kx x

b b x x
A

b b m m c c

z x z x z z z

λ
α α

+ − − + − −∞ ∞
− + +

= = + +

∞ ∞ + − + − − −− −

−
+ + Γ Γ

× − − Ψ

∑ ∑

∫ ∫ ( ) 1, ...k kz dz dz
         

                           (2.4) 
Now, make an appeal to the equation (1.8) and (2.4) we immediately find right hand side of the (2.3). 
 
Theorem 2.3:  
   For the given conditions and the definitions given in the Theorem A and Theorem B, the images of the unity due to operators 
given in the equations (1.19) and (1.20) consist of the following identical relation 

( ){ }( ) ( ) ( ){ }( )
( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

1 1
1

1

1

1 1

1, , , ,
1 1

1 1 1
,..., 1

,..., 01 1

1 ...

1 1 1

1 ,1 , ..., 1 1 ,1 , ...,

... ...
...

... ...

... 1 ... 1

1 ... 1 ...

k k
k

k

k

k

kb c b c
k k

k k k
r r kr r

r rk k

r r
k r r

k k kr r r

H z x x P z x x

b c b c c c
A c c

B b b b c c

c c

b c b c c c

λ λα α

λ
λ

λ

− − −

∞

=

+ +

− = − −

Γ − Γ − Γ + + −
=

Γ + + − Γ + +

+ + − − −
×

− + − + + +

∑

11
1 1

...

... ...k k l

k

r r rr
k k l

r

α α α α+
+

+ +

    

                                                                      (2.5) 
provided that Re (bi) > 0, i = 1, 2, …, k and ( ) ( )1Re Re ... kb bλ < + +    

and ( ) ( ) { }( ) { }( )Re 0, 0, 0,1, 2,... 0,1, 2,... , 1, 2,..., .i i i i i ib c m r m and r i k− > − ≥ ∈ ∈ ∀ =  

Proof: In the equations (2.1) and (2.3) set ( )1,..., kz zΨ   then on solving these we find the relation given in the equation (2.5). 
 
3. Applications 
    
   In this section, we make an application of the operators given in the equation (1.19) and (1.20), for 

{ } ( ) ( )1 , , Re 0,g z z Cλ λ λ−= − ∈ > and then evaluate the images of the general class of multivariable polynomials 
(Srivastava and Garg, 1987) with products of the exponential functions. 
The general class of multivariable polynomials is defined by (Srivastava and Garg, 1987) 

( ) ( ) [ ]
1 1 1

1

1 1
1

...
,..., 1

1 1...
,..., 0 1

, ..., ; , ..., ...
! !

mm m
m

m m
m

sh s h s L s
h h m
L m mh s h s

s s m

xxS x x L A L s s
s s

+ + ≤

+ +
=

= −∑                  (3.1) 

where, h1,…,hm   are  arbitrary  positive  integers  and the coefficients [ ] { }( )1 0; ,..., , , 0,1, 2,... , 1,...,m jA L s s L s N j m∈ = =   

are arbitrary constants real or complex. 
For m = 1, of the polynomials defined by the equation (3.1) would correspond to polynomials (Srivastava, 1972 ) 

( ) ( ) ,
0 !

L
sh

h
L L shs

s

xS x L A
s

⎡ ⎤
⎢ ⎥⎣ ⎦

=

= −∑                (3.2) 

where, h is arbitrary positive integer and the coefficients, { }( ), 0, 0,1, 2,...L sA L s N∈ =  are arbitrary constants real or complex . 
 
Theorem 3.1:  
For the conditions and the definitions given in the Theorem A, the image of the distribution 
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( ) ( ) ( )
( ) ( )( ) ( ) { }

( )

1

1 1
1 1 1 1 1

,..., 1 1
1 1 1 1 1

1

, ... exp ...exp

,..., , , ..., , 0, , 0, 1,..., ,

, ..., 0,

m

k k k k k

h h
L k k k k k m i i i

k

z z z x z z x z

S z x z z x z z x x i k

and z z otherwise

β β

γ γ γ γ

− −

− −
+

⎡ ⎤ ⎡ ⎤Ψ = − − − −⎣ ⎦ ⎣ ⎦

× − − ∀ ∈ > ∈

Ψ =

 

                        (3.3) 
exists and there holds the formula 

( ) ( ) ( ){
( ) ( )( )}( )1

, , 1 1
1 1 1 1

,..., 1 1
1 1 1 1 1 1

1 , exp ...exp

,..., , , ..., , ...,m

b c
k k k k

h h
L k k k k k m k

H z z x z z x z

S z x z z x z x x

λα β β

γ γ γ γ

− − −

− −
+

⎡ ⎤ ⎡ ⎤− − − − −⎣ ⎦ ⎣ ⎦

× − −
 

( ) ( ) ( ) ( ) ( ) [ ]

( ) ( )
[ ] [ ]

[ ]

1 1 1

1 1
1

1

1

1

...
1

1...
,..., 01 1 1

1 1 1
,..., 1

,... 0 1

1 ; ,..., ...
... ... ! !

0,1: 2,1 ;...; 2,1 1 ... :1,...,1
...

1,1: 1, 2 ;...; 1, 2 1

mm m

m m
m

l

l

l

sh s h s L s
m

mh s h s
s sk k m

k k krr
r r l

r r

L A L s s
B b b b c c s s

c r s c r s
A G

c r

γγ
λ

λ
α α

+ + ≤

+ +
=

∞

=

= −
Γ + + − Γ Γ

+ − − − − − − −
×

− −

∑

∑ [ ]
[ ] [ ]

[ ] [ ] [ ] [ ]

1 1

1 1 1
1

1 1 1 1

... :1,...,1

: 1 :1 ;...; 1 :1 ;
,...,

: 0 :1 , :1 ;...; 0 :1 , :1 ;

k k k

k k k
k

k k k k

s c r s

c r s c r s
b c r s b c r s

β β

⎛
⎜ − − − − −⎝

− − − − − − ⎞
⎟− − − − − − ⎠

 

                                 (3.4) 
provided that 

( ) ( ) ( ) ( ) ( ) ( )1
3arg ,Re Re ,Re 0, 1,2,..., ,Re Re ...
2i i i i kc b c i k c cπβ λ< < > ∀ = < + +  

and all conditions of theorem 2.1 and of equation (3.1) are followed. 
 
Proof: In the left hand side of equation (3.4), we proceed the actions taken in the theorem 2.1, so that we express the distribution 

( )1,..., kz zΨ  with the help of equation (3.3) in the equation (2.2), then define the general class of multivariable polynomials due 
to equation (3.1) and then in it apply the contour integral formula of exponential functions (Mathai and Saxena, 1973) such that 

( )( ) ( )1 , , 1
2

xe x d x
ω ξ

ω
ξ ξ ω

πω
∞−

− ∞
= Γ − < ∞ = −∫                                           (3.5) 

Then after changing the order of integration and the summation and then on solving it we find that 

( ) ( ) ( ) ( ) ( ) [ ]

( )
( ) ( ) ( ) ( )

( )

1 1 1

1 1
1

1

1

1

...
1

1...
,..., 01 1 1

,..., 1 1 1 1 1 1 1 1 1 1 1
,... 0

1 ; ,..., ...
... ... ! !

1... ... ...
2

...

mm m

m m
m

l

l

l

sh s h s L s
m

mh s h s
s sk k m

rr
r r l kk

r r

k k k k k

L A L s s
b b c c s s

A c r s b c r s

c r s b

ω ω

ω ω

γγ

α α ξ ξ ξ ξ
πω

ξ

+ + ≤

+ +
=

∞ ∞ ∞

− ∞ − ∞
=

−
Γ Γ Γ Γ

× Γ − Γ − Γ + + + Γ − − − −

Γ + + + Γ

∑

∑ ∫ ∫

( )
( ) ( ) ( )

( )

1

1 1

1 1

1

1 1 1 1 1...
1

,... 0 1 1...

...

...
...

... !... !

k

k k

k k

k k k k k

k k k k km m m m
k

m m k km m

c r s

b c r s b c r s
d d

b b m m

ξξξ β β

λ ξ ξ
ξ ξ

∞
+ +

= + +

− − − −

− − − − − − − −
×

+ +∑

 

                             (3.6) 
Now,  in  the inner series in  equation (3.6),  using  the  formula  ( Lauricella, 1893, p.150) (See also, Appell and Kampe’ de 
Fe’riet , 1926, p.117 and Srivastava and Manocha , 1984, eq.(8) ) such that 
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( ) [ ]
( ) ( ) ( )

( )
( ) ( )
( ) ( ) ( )

1 1

1 1

1...
1

,..., 0 1...

1
1

1

...
, ,..., ; ;1,...,1

!... !

...
, 0, 1, 2,..., Re ... 0,

...

k k

k k

km m m mk
D k

m m km m

k
k

k

a b b
F a b b c

c m m

c c a b b
c and c a b b

c a c b b

∞
+ +

= + +

=

Γ Γ − − − −
= ≠ − − − − − − >
Γ − Γ − − −

∑
                    (3.7) 

and then defining the multivariable G-function as making an application of the equations (1.25)-(1.27), we evaluate right hand side 
of equation (3.4). 
In the same manner, we state and prove following theorem: 
 
 
Theorem 3.2:  
 
For the conditions and the definitions given in the Theorem B, the image of the distribution 

( ) ( ) ( )
( ) ( )( ) ( ) { }

( )

1

1 1 1 1

,...,
1 1 1 1

1

, ... exp ...exp

,..., , , ..., , , , 0, 1,..., ,

, ..., 0,

m

k k k k

h h
L k k k k m i i i

k

z z z x z x

S z x z x z x x i k

and z z otherwise

β β

γ γ γ γ+

Ψ = − − − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦
× − − ∀ ∈ ∞ > ∈

Ψ =

 

                               (3.8) 
exists and there holds the formula 

( ) ( ) ( ){
( ) ( )( )}( )1

, ,
1 1 1

,...,
1 1 1 1 1

1 , exp ...exp

,..., , , ..., , ...,m

b c
k k k

h h
L k k k k m k

p z z x z x

S z x z x x x

λα β β

γ γ γ γ

−

+

− − − − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

× − −
 

( )
( ) ( ) ( ) ( ) ( ) [ ] ( ) ( )

( ) ( )
[ ] [ ]

1 11 1

1 1
1

1

1

1

1 ...
1 1 1

1...
,..., 01 1 1 1

1
,..., 1

,... 0

1
; ,..., ... ...

... ... ! ! ! !

0,1: 2,1 ;...; 2,1 1
...

1,1: 1,2 ;...; 1, 2

k k mm m

m m
m

l

l

l

k s s s sh s h s L
k k k m

mh s h s
s sk k k k m

rr
r r l

r r

x x
L A L s s

B b b b c c s s s s

c r
A G

γ γ γ γ
λ

λ
α α

+
− + + ≤

+
+ +

= +

∞

=

−
= −

Γ + + − Γ Γ

+ − −
×

∑

∑ [ ]
[ ]

[ ] [ ]
[ ] [ ] [ ] [ ]

1 1

1 1 1

1 1 1
1 1

1 1 1 1

... :1,...,1
1 ... :1,...,1

: 1 :1 ;...; 1 :1 ;
,...,

: 0 :1 , :1 ;...; 0 :1 , :1 ;

k k k

k k k

k k k
k k

k k k k

s c r s
c r s c r s

c r s c r s
x x

b c r s b c r s
β β

⎛ − − − − −
⎜ − − − − − − −⎝

− − − − − − ⎞
⎟− − − − − − ⎠

 

                       (3.9) 
provided that  

( ) ( ) ( ) ( ) ( ) ( )1
3arg ,Re Re ,Re 0, 1,2,..., ,Re Re ...
2i i i i kc b c i k c cπβ λ< < > ∀ = < + +  

and all conditions of theorem 2.2 and of equation (3.1) are followed. 
   With the help of the identities derived in the equations (2.1) and (3.4), we may evaluate the images of the general class of 
multivariable polynomials with products of the exponential functions in terms of the multiple series consisting general coefficients 
and the multivariable G-function. In the similar manner, from the identities derived in the equations (2.3) and (3.9), we may again 
evaluate other images of the general class of multivariable polynomials with products of the exponential functions in terms of the 
multiple series consisting general coefficients and the multivariable G-function. 
 
4. Deductions 
 
The Dirichlet average for nx has been defined in the form (Carlson, 1977, p.91) 

( ) ( )
( ) ( ) ( ) ( )

1 ' 11

0

'
, '; , 1 1

'
n bb

n

b b
R b b x y xu y u u u du

b b
−−Γ +

= + − −⎡ ⎤⎣ ⎦Γ Γ ∫                                (4.1) 

 
 
 



Kumar et al. / International Journal of Engineering, Science and Technology, Vol. 2, No. 5, 2010, pp. 149-161 

 

158

 

Corollary 4.1 
For the generalized fractional integral operator given in equation  (1.19) and the Dirichet average defined in equation (4.1) and for  

{ } ( ) ( )1 , , Re 0,g z z Cλ λ λ−= − ∈ > and for l = k = 2, following relation exists 

( ) ( ){ }( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )

1 1 ' ' 1 ' 1, ', , ', , '

0 0
0

1 ' ' 1 1 1 1 1

( ) ( ')1 , , ' , ' ' '
' !

' , '; , ' ' , ' ' ' ' , ' '

b b x x c cb b c c n

n

b c b c
n

x xH z z z x x x z x z
c c n

z z R b b z x z x z x z z x z z z dzdz

λα α λ

α α

− − ∞
− − −

=

− − − − − − − −

− Ψ = − −
Γ Γ

× Φ − − Ψ

∑ ∫ ∫
       

                                         (4.2) 
Corollary 4.2 
For the generalized fractional integral operator given in the equation (1.20) and the Dirichet average defined in equation (4.1) and 

for { } ( ) ( )1 , , Re 0,g z z Cλ λ λ−= − ∈ > and for l = k = 2, following relation exists 

( ) ( ){ }( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )

' ''
1 ' 1, ', , ', , '

'
0

' 1 1 1 1

( ) ( ')1 , , ' , ' ' '
' !

' , '; , ' ' , ' ' ' ' , ' '

b c b c
c cb b c c n

x x
n

b b
n

x xR z z z x x z x z x
c c n

z z R b b x z x z x z x x z x z z dzdz

λα α λ

α α

− − ∞ ∞ ∞− − −

=

− − − − − −

− Ψ = − −
Γ Γ

× Φ − − Ψ

∑ ∫ ∫
       

                    (4.3) 

Further making an appeal to the equations (2.1) and (4.2) for { } ( ) ( )1 , , Re 0,g z z Cλ λ λ−= − ∈ > and for l = k = 2, 
following relation exists 

( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

1 1 ' ' 1 ' 1

0 0
0

1 ' ' 1 1 1 1 1

' , 1 ' ', '' '
, ' ''

, ' 0 , ' 0 '

( ) ( ') ' '
' !

' , '; , ' ' , ' ' ' ' , ' '

'
' '

' ! '!

b b x x c cn

n

b c b c
n

r r c r b c m r c r b cm m m m
r r z zr r

r r m m m m

x x x z x z
c c n

z z R b b z x z x z x z z x z z z dzdz

b b
A c c E E

b b m m

λ

α α

λ
α α

− − ∞
− −

=

− − − − − − − −

∞ ∞
+ − + − − + −+

= = +

− −
Γ Γ

× Φ − − Ψ

=
+

∑ ∫ ∫

∑ ∑ ( ){ }( )' ' ' 1 , ' , 'm r z z x x+ − − Ψ

                                      

                         (4.4) 
            provided that ( ) ( ) ( ) ( ) { }( )Re 0, Re ' ' 0, 0, ' ' 0, , ' 0,1, 2,...b c b c m r m r m m− > − > − ≥ − ≥ ∈ ,  

 { }( ), ' 0,1, 2,...r r ∈ . 

Again making an appeal to equations (2.3) and (4.3) for  { } ( ) ( )1 , , Re 0,g z z Cλ λ λ−= − ∈ > and  for   l = k = 2  
we find another identity 

( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )

' ''
1 ' 1

'
0

' 1 1 1 1

( ) ( ') ' '
' !

' , '; , ' ' , ' ' ' ' , ' '

b c b c
c cn

x x
n

b b
n

x x z x z x
c c n

z z R b b x z x z x z x x z x z z dzdz

λ

α α

− − ∞ ∞ ∞ − −

=

− − − − − −

− −
Γ Γ

× Φ − − Ψ

∑ ∫ ∫
   

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ){ }( )1 ' , ' ', ' ' ' '' '

, ' ''
, ' 0 , ' 0 '

'
1 ' ' , ' , '

' ! '!
k r r c r b c m r c r b c m rm m m m

r r z zr r
r r m m m m

b b
A c c K K z z x x

b b m m
λ

α α
∞ ∞

− + − + − + − + −+

= = +

= − Ψ
+∑ ∑         

                         (4.5) 
            provided that ( ) ( ) ( ) ( ) { }( )Re 0, Re ' ' 0, 0, ' ' 0, , ' 0,1, 2,...b c b c m r m r m m− > − > − ≥ − ≥ ∈ ,  

 { }( ), ' 0,1, 2,...r r ∈ . 
 
If we express the function ( ), 'z zΨ , in according to the section 3 in equations (4.4) and (4.5) we may find its images in form of 
the series involving two variables G-function. Again these results having general coefficients so that on specializing them we may 
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obtain the images of several hypergeometric functions and the polynomials scattered in the literature with products  of   
exponential   functions  in  form  of  the  series  consisting  two  variables G-function. 
 
5. Application in Statistics 
 
   Theorem 5.1 suppose that ( )1,..., ku u  is a k-dimensional random variable independent to the variable ( )1,..., kz z   with density 

( )1,..., kf u u   given by 

( ) ( ) ( )
11

111
1 1 1 11 1

1
1 1 1 1

...,..., 1 ...
,..., ; ,...,

k
k k k

bb b bb
k k k k k

k
k k k

z x u u u xu xf u u
B b K x x z z z z

−
−− −−

− − −

−

⎛ ⎞
= − − −⎜ ⎟

⎝ ⎠
 

       (5.1) 

1 1 11 1 1
1 1 1 1 1 1

1 1 1 1

0 ; 0, ..., 0 ; 0, 1 ... ;k k k k k
k k k

k k k

z u x u xz u xu x z u x z
x x z z z

− − −
− − −

− −

≤ ≤ > > ≤ ≤ > > = − − −
  

( )10 , , . . . , k
k k kx z z z R> > ∈ , the constants ( )1 , ..., k

kx x R∈ and the parameters ( )1 , ..., k
kb b C∈  such that 

( )Re 0, 1, 2, ...,ib i k> ∀ =  and f = 0 elsewhere. 
 The function B (b) is given in equation (1.11) and   

( ) ( ) ( )11 1
1 1 1 1,..., ; ,..., ... kb b

k k k kK x x z z z x z x− −=                                (5.2) 

The distribution of ( )1,..., kz z  has the density  

( ) ( ) ( ) ( )1 11 1 1

1

1

1 1
1 1 1 1,...,

,..., 1

1,..., ... ...
,...,

k kk k k

k

k

c r c rm r cm r c
k k k km m

r r k

f z z z z x z x z
D x x

+ − + −− −− −= − −                    (5.3) 

in the region { } ( )1 10 ,...,0 , ( , 0,1, , 2,... ), 0,0 1, 1,...,k k i i i i iz x z x m r m r c i k≤ ≤ ≤ ≤ ∈ − > < < ∀ =  and  f  = 0   

elsewhere. The sequence of function ( )1

1

,...,
,..., 1,...,k

k

m m
r r kD x x  is 

( ) ( ) ( ) ( ) ( )
( ) ( )

1 1

1

,..., 1 1 1 1 1
,..., 1 1

1

1 ... 1
,..., ...

1 ... 1
k k

k

m m mk k k k k m
r r k k

k

c r m r c c r m r c
D x x x x

m m
Γ + Γ + − − Γ + Γ + − −

=
Γ + Γ +

      

                              (5.4) 

Then, for ( )1ω = −   there exists an expectation formula of an arbitrary function ( )1 1
1 1... ,...,k kz z z z− − Ψ  with product 

$ ( )1 1
1 1... ... , ...,k kb bb b

k kx x z z φ ω ω−− − −    in the form  

$ ( ) ( )

( ) ( )( ) ( )
( ) ( ) ( )

( ){ }( )

1 1

1

11
1 1 1

1 11 1
1 1

1 1 1 1 1 1

, ,
1 1

... ... , ..., , ...,

1 ... 1 ...
1 ... 1 , ..., ; , ..., ; , ...,

, , ..., , ...,

k k

k

b bb b
k k k

m m

k k

k k k k k l

b c m z
k k

x x z z z z

m m x x
m c m c Q c c c m c m

H e z z x xα

φ ω ω

α α

− −− −

+ +− −

−

− − Ψ

Γ + Γ +
=
Γ + − Γ + − − −

× Ψ

 

                         (5.5) 
Here ( ){ }, ,

1, ,...,b c m z
kH e z zα − Ψ is defined due to the equation (1.19) , ( ) ( )1,..., , , 0, 1,...,l

l iC l k i lα α α α= ∈ ≥ ≠ ∀ = , 

( )1 1,..., k kc m c m c m− = − − , and 0 1,ic< <  

1, 2,...,i k∀ =  and ( )1,...,
k

kb b b C= ∈  such that ( )Re 0, 1, 2,...,ib i k> ∀ = . 

$ ( )1,..., kt tφ   is the  characteristic function for the density ( )1,..., kf u u   and ( )1,..., kz zΨ   is an arbitrary function and the 
multiple series 
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( )
( ) ( )

( ) ( ) ( ) ( )11

1

1 1

1
1 1 1 1 ,..., 1

,..., 0 1 1

...
,..., ; ,..., ; ,..., ...

...
kk

k

l k

k r rr r
k k k l r r k

r r k kr r

c c
Q c c c m c m A

c m c m
α α α α

∞

=

− − =
− −∑  

                                           (5.6) 

Proof :   For ( )1ω = − , the characteristic function to the variable ( )1,..., ku u  be  

(Exton, 1976, p.232 ; 1978, p.130) 
$ ( ) ( ) ( )1 1 1 1 1, ..., .( ). ex p ...   , ..., ...k k k k kt t k t u t u f u u du duφ ω

∞ ∞

−∞ −∞
= + +⎡ ⎤⎣ ⎦∫ ∫          (5.7) 

where ( )1,..., kf u u  is the density function. 
Now, make an appeal to the equations (5.1)  and (5.2)  in equation (5.7), we find 

$ ( ) ( ) [ ] 11 1 1 11
1 1 1 1 1

1

1 11 1
1 1

1 1

... ... , ..., ... exp ... ...

1 ... ...

k k
k k k

k

b b
b b bb b bk k

k k k k

b

k k
k

k

z xx x z z u u u u
B b

u xu x du du
z z

φ ω ω −

−
− −− −

−

−

− −
−

−

− − = + +

⎛ ⎞
× − − −⎜ ⎟
⎝ ⎠

∫ ∫
    (5.8) 

Thus, an expectation formula of an arbitrary function ( )1 1
1 1... ,...,k kz z z z− − Ψ   with product of 

$ ( )1 1
1 1... ... , ...,k kb bb b

k kx x z z φ ω ω−− − −  may be found by (Exton, 1976, p.220) 

$ ( ) ( ) ( ) ( ) ( )

( ) [ ]

1 1 11 1

1

1

1 1 11 1 1 1

111
1 1 1 1 1,..., 0 0

,..., 1

1 1 11 1
1 1 1 1

... ... ,..., ,..., ... ..
,...,

... ... ... exp ... ..

k
k

k k

k

k

k k k k k k k k k

b x x c rb bb b k
k k k m m

r r k

c r m r c b m r cm r c b
k k k k k

xx x z z z z x z
B b D x x

x z z z z u u u

φ ω ω

− − −

−
+ −− −− −

+ − − − − + − − −− − − −
−

− − Ψ = −

× − + +

∫ ∫

∫ ∫

( )

1 1
1

1

1 11 1
1 1 1 1

1 1

.

1 ... ... ,..., ...

k

k

b
k

b

k k
k k k

k

u

u xu x du du z z dz dz
z z

− −
−

−

− −
−

−

⎛ ⎞
× − − − Ψ⎜ ⎟
⎝ ⎠

 

                        (5.9) 
                                                     Thus, in both sides of equation (5.9) multiply  

( ) ( ) ( ) ( ) ( )11

1 1

,..., 1
,..., 1 ,..., 1

1

...,..., ...

...
lk

k k

r rm m k
r r k r r l

k

x xD x x A
c c

α α
Γ Γ

and then on defining by equation (5.4) sum r1,…,rl respectively from 

0 to ∞   and again make an appeal to the formula given in equation (1.19) with the definitions given therein and the multiple 
series given in equation (5.6), finally,  we evaluate equation (5.5). 
 
6. Conclusions 
 
The operators  

( ) ( ){ }( ) ( ) ( ){ }( ), , , ,
1 1 1 1, , ..., , ...,  and  P , , ..., , ...,  b c b c

k k k kH g z z z x x g z z z x xα αΨ Ψ defined by 
(1.19) and (1.20) are the generalized fractional integral operators involving Dirichlet averages and any general special function. 
They, particularly, give Saigo and Maeda operators (see,equations (1.21)-(1.24)). They are identical to series of successive 
Erde’lyi-Kober operators of any arbitrary function (see, equations (2.1), (2.3) and (2.5)). An application of these operators give the 
analytic images of the general class of multivariable polynomials due to Srivastava and Garg with product of exponential functions 

(see, section-3).The formula of any arbitrary function ( )1 1
1 1... ,...,k kz z z z− − Ψ    with product of ( ) ( )11 1

1 1 ... kb b

k kz x z x− −  and the 

characteristic function of Dirichlet density at the point ( ), ...,ω ω− −   equals the operator 

( ) ( ){ }( ), ,
1 1, ,..., ,...,b c

k kH g z z z x xα Ψ  when ( ) zg z e= (see, section-5). With the help of identities given in this paper, we 
may evaluate other images of the general class of multivariable polynomials with products of the exponential functions in terms of 
the multiple series consisting general coefficients and other  multivariable special functions and polynomials. 
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