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Abstract 
 

   Research in conventional fault tree analysis (FTA) is based mainly on failure probability of basic events, which uses classical 
probability distributions for the failure probability of basic events. In the present paper the probabilistic consideration of basic 
events is replaced by possibilities, thereby leading to fuzzy fault tree analysis. Triangular and trapezoidal fuzzy numbers are 
used to represent the failure possibility of basic events. Since a system may have to go through different operating conditions 
during the design or testing phase. Thus the failure possibility of a basic event will be assigned more than one fuzzy numbers by 
different experts under various operating conditions. It is also well established that the selection of a fuzzy number to represent a 
basic event is vital in fault tree analysis. Here we developed an algorithm to find a single fuzzy number for a basic event, 
wherein more than one fuzzy number is assigned to that particular event. Using this algorithm, we obtain a single fuzzy number, 
having least variance from all fuzzy numbers assigned to the concerned event. The adequate and appropriate means and 
procedure for the detection of basic events having key role in the occurrence of top event in system analysis become essential. 
Here we have put forward an approach to rank the basic events in accordance with their importance in the occurrence of top 
event. This approach can be widely used to improve the reliability and to reduce the operating cost of a system. The proposed 
techniques are discussed and illustrated by taking an example of a nuclear power plant. 
 
68M15 (Reliability, testing and fault tolerance) 
Keywords: Fault tree, Triangular and Trapezoidal fuzzy number, Fuzzy importance, Ranking of fuzzy numbers 

 
1. Introduction 

 
   Fault tree analysis (FTA) seems to be a very effective tool to predict probability of hazard, resulting from sequences and 
combinations of faults and failure events. A fault tree is a logical and graphical description of various combinations of failure 
events. To depict a fault tree, first we determine the hazards and then look for the events causing this hazard. In conventional FTA 
based on a probabilistic approach the basic events are represented by the probabilities (crisp numbers). However for the system 
like nuclear power plants, space shuttles, clinical appliances etc., wherein available data are insufficient for statistical inference 
(Jackson et al., 1981), it is often very difficult to estimate precise failure rates of the basic events. For such systems it is therefore 
unrealistic to assume a crisp number (classical) for different basic events. Zadeh (1965) suggested a paradigm shift from a theory 
of total denial and affirmation to a theory of grading to give new concept of fuzzy set. Tanaka and Singer (1983, 1990) then used 
fuzzy set theory to replace crisp numbers by fuzzy numbers for better estimation of possibility of top event in FTA. Suresh et al 
(1996) used a method based on α-cuts to deal with FTA, treating the failure possibility as triangular and trapezoidal fuzzy 
numbers.  

Accurate failure data is a crucial requirement for reliability assessment. In many situations, where human judgment, evaluation 
and decision-making are important, failure data may not be corrected accurately. It might sometime require linguistic terms to 
express data value (Pandey and Tyagi, 2007). But if more than one fuzzy number is assigned to a particular event then random 
selection of any of these fuzzy numbers to determine the failure possibility of this event is not realistic. This work proposes a 
method to obtain a single fuzzy number having least variance with the fuzzy numbers assigned to that particular event.   
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In FTA the concept of importance may be used to make some vital modifications in the designing of system. Furuta and 
Shiraishi (1984) proposed the concept of fuzzy importance using max-min fuzzy operator and fuzzy integral. Pan and Tau (1988) 
developed a model for computing the importance measure of basic events using variance importance measure. Monte-Carlo 
simulation is generally used in the determination of variance importance measure even though computing process is time taking in 
this method. Thus for a very complex system having large number of components, the whole procedure has to be repeated again 
and again, thus not suitable for the fuzzy approach. Suresh et al. (1996) proposed another method to evaluate an importance 
measure called fuzzy importance measure (FIM).For effective evaluation of the importance index of each basic events, we have 
introduced a comparatively easier method to calculate fuzzy importance index (FII), based on ranking of fuzzy numbers and 
Hamming distance. The proposed methods are demonstrated by taking an example of nuclear power plant. 

 
2. Fuzzy numbers and arithmetic operations 

 
(A) Fuzzy numbers:  A fuzzy set A%  defined on R must possess the following properties to   qualify as a fuzzy number: 
(a) ( ) 0A xμ =%  for all x∈ (-∞, c] ∪ [d, ∞), where c<d. 
(b) ( )A xμ % is strictly increasing on [c, a] and strictly decreasing on [b, d] for .c a b d≤ ≤ ≤  
(c) ( ) 1A xμ =%  for all x∈ [a, b] provided a b≤ .  

(i) Triangular fuzzy numbers: A fuzzy number A%  is termed as triangular fuzzy number if the membership function of fuzzy 
number A is defined by the following expression: 
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A triplet (a1, a2, a3) may be used to denote each triangular fuzzy number defined above. 
(ii) Trapezoidal fuzzy numbers: A trapezoidal fuzzy number A%  denoted by a quadruple (a1, a2, a3, a4) can be defined as 

follows: 
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(B) Operations on triangular and trapezoidal fuzzy numbers: The addition of triangular fuzzy number A% =(a1, a2, a3) and 
B% =(b1, b2, b3) is defined as:   

( )1 1 2 2 3 3, ,A B a b a b a b+ = + + +% %                                   (3) 
Thus the addition of two triangular fuzzy numbers is again a triangular fuzzy number. 
Similarly subtraction of two triangular fuzzy numbers is also a triangular fuzzy number and it can be given by the following 

expressions:  
    ( )1 1 2 2 3 3, ,A B a b a b a b− = − − −% %                               (4) 

 The multiplication of two fuzzy numbers A% =(a1, a2, a3) and B% =(b1, b2, b3) denoted as A*B can be defined as: 
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where T1=(a2-a1)(b2-b1), T2=a1(a2-a1)+b2(b2-b1), U1=(a2-a1)(b2-b1), U2=b3(a2-a1)+a3(b2-b1), 2
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Q=a2b2,  R= a3b3. 



Tyagi et al./ International Journal of Engineering, Science and Technology, Vol. 2, No. 5, 2010, pp. 276-283 

 

278 

 

It is evident that the resulting fuzzy number *A B% %  is not a triangular fuzzy number. But in most of the cases, computation with 
resulting fuzzy numbers becomes very tedious. Thus it is necessary to avoid the second and higher degree terms to make them 
computationally easy and therefore the product of two fuzzy numbers is reduced to a triangular fuzzy number (P, Q, R) or (a1b1, 
a2b2, a3b3). 

With a similar approach one can define the algebraic operations on trapezoidal fuzzy numbers. Thus the addition, subtraction 
and multiplication of two trapezoidal fuzzy numbers A% =(a1, a2, a3, a4) and B% =(b1, b2, b3, b4) are again represented by the 
trapezoidal fuzzy numbers (a1+b1, a2+b2, a3+b3, a4+b4), (a1-b1, a2-b2, a3-b3, a4-b4) and (a1b1, a2b2, a3b3, a4b4) respectively.  
 
3. Fuzzy operators 

 
   Using algebraic operations on fuzzy numbers (triangular or trapezoidal) we can obtain fuzzy operators FNOT, ANDF and ORF 
corresponding to Boolean operators NOT, AND and OR respectively as follows.  

(i) If a fuzzy event ‘i’ is represented by a possibility function ip% , the generalized Boolean operator NOT to be denoted by 
FNOT and defined as: 

FNOT ip  =1 ip− = 1 2 3 3 2 11 ( , , ) (1 ,1 ,1 )i i i i i ia a a a a a− = − − − (for triangular fuzzy numbers) 
FNOT ip  =1 ip− = 1 2 3 4 4 3 2 11 ( , , , ) (1 ,1 ,1 ,1 )i i i i i i i ia a a a a a a a− = − − − − (for trapezoidal fuzzy numbers) 

(ii) If 1 ,p% 2p% ,……….. np%  are the possibility functions of n basic events and yp%  be the same for resulting event. Then the fuzzy 
operators ANDF and ORF are defined in the following manner: 

(a) 1 2
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resulting event. 
Let ip% ’s are represented by triangular fuzzy numbers (ai1, ai2, ai3), i=1,2…n, then 
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Similarly, if ip% ’s are assigned trapezoidal fuzzy numbers (ai1, ai2, ai3, ai4), i=1,2…n, then 
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(b) Let ip% ’s are triangular fuzzy numbers (ai1, ai2, ai3), i=1,2…n, then    
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Similarly, if ip% ’s are trapezoidal fuzzy numbers (ai1, ai2, ai3, ai4 ), i=1,2…n, then  
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4. Approximation of fuzzy numbers for basic events  

 
Using the data for the occurrence of the basic events, each basic event can be assigned an appropriate fuzzy number (triangular 

or trapezoidal). It is assumed that a basic event is assigned n triangular fuzzy numbers Ai=(ai-ci. ai, ai+ci), i=1, 2…n by n different 
experts. We have to choose a single fuzzy number out of these n triangular fuzzy numbers for any particular event that tunes with 
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the judgment of all experts. Let B= (b-d, b, b+d) be the number, which best fits with all experts’ decision. The values of b and d 
are obtained in such a way that the fuzzy number B have minimum variance with all Ai’s. For this we find B-Ai, which is again a 
triangular fuzzy number. Smaller, the triangular fuzzy number B-Ai, will result in the best approximation for B. The height of the 
triangle B-Ai cannot be reduced, since it must always be one. Therefore our measure depends on the length of base line of the 
triangle. For this we suppose  

     S=∑[2(d-ci)]2.                    (10) 
where S denotes the sum of squares of deviations. Then S will achieve its minimum if  

          d= 
1

1 n

i
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This approach can be extended to approximate trapezoidal fuzzy numbers too. Let Ai =(ai-ci, ai, ai’, ai’+ci) i=1,2…n. are n 
trapezoidal fuzzy numbers used to represent the failure possibility of basic events. A trapezoidal fuzzy number B=(b-d, b, b’

, b’+d) 
will be the fuzzy number, which has minimum variance with all n fuzzy numbers. The parameters , ,b b d′ and d ′  are obtained as: 
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5. Fuzzy importance 

 
   In FTA we have observed that each basic event play different role in the occurrence of top event, which infers that the basic 
events are of different importance. Thus a critical analysis of the importance of different basic events may help in making a proper 
sequence of their importance. On improving the reliability of the event having greater importance, one can improve the reliability 
of the system. The fuzzy importance of any event is always calculated in the form of fuzzy importance index (FII). This FII may 
be evaluated by ranking fuzzy numbers (PT –PTi) for i=1,2,3…n. Here PT and 

iTP denote the possibility of absolute occurrence of 
top event and the possibility of occurrence of top event in absence of basic event i respectively. In our analysis we have used less 
complicated and very significant method for ranking of fuzzy numbers. To rank the fuzzy numbers (PT –PTi)’s for i=1, 2,...n, first 
of all we have to find MAX (PT –PTi), i=1,2…n, where the MAX operator on fuzzy numbers is defined as below. 
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 where A1, A2, A3,……… An are different fuzzy numbers 
 
Taking the MAX of given fuzzy numbers, we try to get the distance of all these fuzzy numbers from their MAX with the help 

of Hamming distance formula 
[0,1]

( , ) ( ) ( )Hd A B A x B x dx= −∫  between two fuzzy numbers A and B. 

The distance of these fuzzy numbers 
iT TP P− for i =1, 2 …n from their MAX decides the rank of fuzzy numbers

iT TP P− . 

Smaller the distance of fuzzy number 
1T TP P−  from MAX (

iT TP P− ), i=1,2…n, in comparison to distance of 
2T TP P−  from MAX 

(
iT TP P− ) implies that fuzzy number 

1T TP P− is greater than 
2T TP P− . It concludes that the fuzzy importance index (FII) may be 

defined in form of distance of PT from PTi i.e.       
1( ) (13)

1 tan ( )
iT T

FII i
Dis ce of fuzzy number P P from their MAX

=
+ −

 
6. Fault tree of Nuclear Power Plant 

 
Radiation release is assumed to be a hazard and treated as the top event in fault tree analysis. The radiation release may be 

caused due to the occurrence of some events, and these events may again occur due to some other events as shown in Figure 1 
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  The Boolean expression corresponding to this fault tree is given below:  

 RR=X ∪ Y, X=A ∪ B, Y=C ∩ D ∩ E0, A= F ∪ G0, F=P0 ∩ Q0, B=H0 ∩ I0, C=J0 ∪K0, D=I0 ∪ L0, where RR denotes radiation 
release, X = release of fission product due to core damage, Y = unwanted radiation, A= physical damage to the core, B = thermal 
damage to the core, C = alarm system fails, D = radiation present, E0= breach of physical boundary, F=mechanical damage to the 
core, G0 = explosive damage to the core, P0= safety signal fails, Q0 =power fails, H0 insufficient thermal dissipation, I0= reactor 
on, J0 =logic of alarm system fails, K0 = sensor fails and L0= room hot. On replacing the Boolean operators with fuzzy logic 
operators FNOT, ORF and ANF, we get the possibility of the top event in form of a fuzzy number. It is also assumed that each 
basic event is fuzzzified by assigning three fuzzy numbers to each basic event following the decision of three experts. The 
different fuzzy numbers assigned to these basic events are listed in Table 1 and 2. 
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Figure 1. Fault tree of Nuclear Power Plant 
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Table 1. Triangular Fuzzy Numbers (Basic Events)         Table 2. Trapezoidal Fuzzy Number (Basic Events)

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

    
    
 
 
 
 
 
 
 
 
 
 

 
   Using the approximation method discussed earlier, a single fuzzy number is obtained by which suits with all the three experts’ 
decision for each basic event. The fuzzy numbers thus obtained for each basic event are listed in Table 3 and Table 4. 

 
Table 3. Approximated Triangular       Table 4. Approximated Trapezoidal   
               Fuzzy Numbers (Basic Events)       Fuzzy Numbers (Basic Events)  

 
  

 
 
 
 
 

  
 

 
7. FII of basic events in Nuclear Power Plant   

 
   The fuzzy importance of each basic event can be obtained in the form of fuzzy importance index (FII) for all basic events. We 
calculate the possibility of top event RR using fuzzy operators and possibilities of basic events. The possibility of top event is 
resulted as trapezoidal fuzzy number (.046, .056, .057, .069) given by the following expression. 

Event E0 
  

Expert 
a1 A2 a3 

1 0.008 0.01 0.012 
2 0.026 0.03 0.034 
3 0.02 0.025 0.03 

 Event G0 
Expert a1 A2 a3 

1 0.032 0.042 0.052 
2 0.044 0.05 0.056 
3 0.034 0.04 0.046 

Event P0 
Expert a1 A2 a3 

1 0.075 0.08 0.085 
2 0.046 0.05 0.054 
3 0.065 0.07 0.075 

Event J0 
Expert a1 A2 a3 

1 0.042 0.05 0.058 
2 0.055 0.06 0.065 
3 0.038 0.045 0.052 

Event L0 
Expert a1 A2 a3 

1 0.04 0.1 0.16 
2 0.16 0.25 0.34 
3 0.16 0.2 0.24 

Event Q0 
Expert a1 a2   a3     a4 

1 0.072 0.08 0.085 0.093
2 0.055 0.06 0.07 0.075
3 0.045 0.05 0.055 0.06 

Event H0 
Expert a1 a2 a3      a4 

1 0.012 0.02 0.024 0.032
2 0.02 0.03 0.036 0.046
3 0.034 0.04 0.042 0.048

Event I0 
Expert a1 a2 a3      a4 

1 0.07 0.1 0.12 0.15 
2 0.18 0.2 0.21 0.23 
3 0.23 0.25 0.27 0.29 

Event K0 
Expert a1 a2 a3      a4 

1 0.12 0.15 0.16 0.19 
2 0.16 0.2 0.22 0.26 
3 0.28 0.3 0.33 0.35 

Basic Event a1 a2 a3 

E0 .0163 .02 .0237 
G0 .0380 .045 .0520 
P0 .0703 .075 .0797 
J0 .045 .052 .059 
L0 .112 .175 .238 

Basic Event a1 a2 a3 a4 

Q0 .059 .065 .07 .076 

H0 .022 .030 .033 .041 

I0 .152 .175 .195 .218 

K0 .195 .225 .245 .275 
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.046 .046 .056
.01

1 .056 .057 (14)
, 069 .057 .069

.012

T

x if x
P if x

x if x

−⎧ ≤ ≤⎪
⎪= ≤ ≤⎨

−⎪ ≤ ≤⎪⎩
 

   Here PTi’s for different events i= E0, G0, P0, J0, L0, Q0, H0, I0 and K0 obtained as triangular and trapezoidal fuzzy numbers are listed 
in Table 5. 

Table 5. Possibility of Top Event in absence of different basic events 
Event (i) Possibility of top event in absence of event i 

( PTi) 
E0 (.045, .054, .055, .066) 
G0 (.008, .012, .013, .018) 
P0 (.042, .052, .053, .063) 
J0 (.046, .056, .057, .069) 
L0 (.046, .055, .056, .068) 
Q0 (.042, .052, .053, .063) 
H0 (.043, .052, .061) 
I0 (.042, .051, .060) 
K0 (.045, .055, .056, .067) 

 
   First we evaluate 

iT TP P−  and then MAX of these fuzzy events for i=1,2…n,. The distance of the fuzzy numbers 
iT TP P− from 

their MAX is obtained by using Hamming distance formula. Fuzzy importance index (FII) is thus obtained by the following 
expression.  

 
1( ) (15)

1 tan ( )
iT T

FII i
Dis ce of fuzzy number P P from their MAX

=
+ −

 

The values of FII are obtained for all the basic events and listed in Table 6 in descending order of their importance. 
 

Table 6. Fuzzy Importance Index of basic events 
Event (i) G0 I0 E0 Q0 P0 L0 K0 H0 J0 
FII (i) 1 .9629 .9611 .9611 .9611 .9606 .9606 .9533 .9367 

 
 
8. Conclusion 
 
   The techniques developed in this paper are demonstrated by taking the example of a nuclear power plant, and the following 
conclusions are drawn: 

• All basic events E0, Q0, I0 etc are assigned triangular/ trapezoidal fuzzy numbers by different experts under prescribed 
condition. Using technique developed in this paper, a single fuzzy number for each basic event is obtained, that tunes 
fine with all experts’ judgments. In many situations, where the failure possibility of different basic events is collected 
from different experts under various operating conditions. It is more useful to adopt this realistic approach to get a 
single fuzzy number for this purpose. 

• Applying the method developed in our study for the importance of basic events, the fuzzy importance index (FII) of 
basic events is calculated. The basic events are listed in Table 6, in accordance with the descending order of their FII. 
It is observed that the basic event Go is of higher sensitivity (greater importance) in comparison to other succeeding 
events.  

• Taking note of FII of basic events listed in Table 6, it is concluded that we should emphasize on basic event Go rather 
than other succeeding events Io, Eo etc. to improve the reliability of the nuclear power plant.  

• By performing the techniques developed here early in design phase of various complex systems like nuclear power 
plant, potential deficiencies can be identified and averted to precipitate the occurrence of various basic events causing 
the happening of top event(radiation release).  

• Further, fuzzy numbers used herein, to represent failure possibility of basic events can be replaced with intutionistic 
fuzzy numbers to give more general results in fault tree analysis. 
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