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Abstract

This study presents an inventory model to determine an optimal ordering policy for non-deteriorating items and time-
dependent demand rate with delay in payments permitted by the supplier under inflation and time discounting. Mathematical
models have been derived under two different situations, i.e. Case I: The permissible delay period is less than or equal to
replenishment cycle period for settling the account and Case II: The permissible delay period is greater than replenishment cycle
period for settling the account. This study determines the optimal cycle period and optimal payment period for item so that the
annual total relevant cost is minimized. An algorithm is given to obtain optimal solution. The main purpose of this paper is to
investigate the optimal (minimum) total present value of the costs over the time horizon H for both cases (i.e. case I and II). An
algorithm is used to obtain the minimum total present value of the costs over the time horizon H. Finally, a numerical example
and sensitivity analysis demonstrate the applicability of the proposed model and managerial insights.
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1. Introduction

Sufficient work has been done by many authors for controlling the inventory of deteriorating and non-deteriorating items. In this
study, we develop an inventory model for non-deteriorating items and time-dependent demand under inflation when delay in
payment is permissible. In real life problems, particularly for controlling inventory, mathematical ideas have been used in different
areas in recent years. Many authors have discussed inventory model for non-deteriorating items. However, there are certain
substances in the deterioration that play an important role and items cannot be stored for a long time. In the traditional EOQ model,
it is assumed that the customer must pay for the items as soon as the items are received. However, in practice, suppliers offer their
customers a certain credit period without interest during the permissible delay time period. But if the payment is delayed beyond
that period, a higher interest will be charged. Such a convenience is likely to motivate customers to order more quantities because
paying later indirectly reduces the purchase cost. Thus, trade credit is an important source of financing for intermediate purchasers
of goods and services. The permissible delay in payments reduces the buyer’s cost of holding stock because it reduces the amount
of capital invested in stock for the duration of the permissible period. Thus, it is a marketing strategy for the supplier to attract new
customers who consider it to be a type of price reduction.

Hou and Lin (2009) developed a cash flow oriented EOQ model with deteriorating items under permissible delay in payments
and the minimum total present value of the costs is obtained. In this paper all results have been obtained by taking constant net
discount rate of inflation k. He obtained minimum total present value of the costs over the time horizon. Aggrawal et al. (2009)
developed a model on integrated inventory system with the effect of inflation and credit period. In this model the demand rate is
assumed to be a function of inflation. This EOQ model is applicable when the inventory contains trade credit that supplier give to
the retailer. Tripathi and Misra (2010) developed EOQ model credit financing in economic ordering policies of non- deteriorating
items with time- dependent demand rate in the presence of trade credit using a discounted cash-flow (DCF) approach. Jaggi et al.
(2008) developed a model retailer’s optimal replenishment decisions with credit- linked demand under permissible delay in
payments. This paper incorporates the concepts of credit linked demand and developed a new inventory model under two levels of
trade credit policy to reflect the real-life situation. An EOQ model under conditionally permissible delay in payments was
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developed by Huang (2007) and obtained the retailer’s optimal replenishment policy under permissible delay in payments. Jaggi et
al. (2007) developed an inventory model under two levels of trade credit policy by assuming the demand is a function of credit
period offered by the retailer to the customers using discounted cash-flow (DCF) approach. Optimal retailer’s ordering policies in
the EOQ model for deteriorating items under trade credit financing in supply chain was developed by Mahata and Mahata
(2009).In this paper authors obtained a unique optimal cycle time to minimize the total variable cost per unit time. Davis and
Gaither (1985) developed EOQ models for firms offering a one-time opportunity to delay payments by their supplier for the order
of an item. Goyal (1985) developed an EOQ model under condition of permissible delay in payments. He ignored the difference
between the selling price and the purchase cost, and concluded that the economic replenishment interval and order quantity
generally increases marginally under the permissible delay in payments. Dave (1985) corrected Goyal’s model by assuming the
fact that the selling price is necessarily higher than its purchase cost. Other many related articles can be found by Aggarwal and
Jaggi (1995), Jamal et al. (1997), Sarker et al. (2000), Ouyang et al. (2006). Ghare and Schrader (1963) developed EOQ model
with constant deterioration rate. Various types of inventory models for items deteriorating at a constant rate were discussed by Roy
Chowdhury and Choudhuri (1983).

In a realistic product, life cycle demand is increasing with time during the growth phase. Chang and Dye (1999) developed an
EOQ model with demand and partial backlogging. Naddar (1966) gives a detailed derivation of the total inventory cost for a
constant demand rate lot size system, when the holding on hand in cost as q"t" where ¢ denotes the amount of stock held and t, the
length of time, it is kept, m and n being positive integers. Chung (1998) studied the same model as Goyal (1985) and presented an
alternative approach to find a theorem to determine the EOQ under condition of permissible delay in payments. In Goyal’s (1985)
model, it is assumed that no deterioration is allowed to occur and the capacity of the warehouse is unlimited. Chu et al. (1998)
considered the same model as Aggarwal and Jaggi (1995) to show that the total cost per unit time is piece wise convex and
develop a solution procedure to improve that described by Aggarwal and Jaggi (1995).

This study develops an inventory model for time-dependent demand when a delay in payment is permissible. The effect of
inflation and delay in payments are discussed. Mathematical models are also derived under two different circumstances, i.e. Case I:
The credit period is less than or equal to the cycle time for settling the account and Case II: The credit period is greater than the
cycle time for settling the account. The expressions for an inventory system’s total cost are derived for the above two cases, also.
Moreover, an algorithm is developed to determine the optimal number of replenishment cycle time and order quantity. Finally, we
provide numerical example and sensitivity for illustration the theoretical results. This paper is the extension of Hou and Lin (2009)
in which the deterioration and demand rate both are constant.

The rest of the paper is organized as follows: In section 2 we develop the mathematical formulation for the solution of, the total
present value of the cost over the time horizon with regard to two different cases. An algorithm is developed in section 3 followed
by numerical example in section 4. In section 5, describe sensitivity analysis to compare total present value of the costs and other
process parameters, for different net discount rate of inflation. Five graphs are given to illustrate the results. Finally, we draw the
conclusions ans future research in section 6.

2. Mathematical Formulation
To develop the mathematical model, the following assumptions are being made:

(1) The demand R(t) for the item is a downward sloping function of the time. For simplicity, we assume that
demand is a function of time i.e. R(t) = (a + bt) where a > 0 and b > 0.

(2) Shortages are not allowed.

(3) Lead time is zero.

(4) The net discount rate of inflation rate is constant.

The inventory I(t) at any time t is depleted by the effect of demand only. Thus the variation of I(t) with respect to ‘t’ is governed
by the following differential equation:

¥:_(a+bt),03t3T:H/n )
With the boutndary condition I(T) = 0. The solution of equation (1) is given by

I(t)—a(T—t)+%(T2_t2), 0<t<T=Hin 2)
The initial inventory (order quantity) after replenishment is given by

Q=I(o)=aT+ b-;z (T=Hin) 3)

The present value of the total replenishment cost is given by:
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The present value of the total purchasing costs is given by
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The present value of the total holding costs over the time horizon H is given by
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Casel. m<T=H/n

The present value of the interest payable during the first replenishment cycle is given by
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Hence, the present value of the total interest payable over the time horizon H is given by

U - ikT - l_e_kH
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Also, the present value of the interest earned during the first replenishment cycle is
T _T —kT 1_ —kT 2e—kT 2Te—kT 2e—kT _1
E=cl,[R(t)te “dt =cl,| a © 4 e2 -b + ( . ) ©)
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Thus the present value of the total interest earned over the time horizon H is
n-1 kT 1— e—kH
J:O 1 —€e

Therefore, the total present value of the costs over the time horizon H is

Z)(n)=C, +Cy+A+1,—E, an

Differentially equation (11) partially with respect ‘n’ two times, we get
2’z 1 (n)
on?
Consequently, for fixed ‘H’ Z(n) is a convex function of ‘n’. Thus there exists a unique value of ‘n’ which minimizes Z(n).

>0

Casell. m>T=H/n

The interest earned in the first cycle is the interest during the time period (0, T) plus the interest earned from the cash invested
during the time period (T, m) after the inventory is exhausted at time T and it is given by

E, = cle|:j R(t)te™dt + (m —T)e'”_[ R(t)dt} (T =Hin)
_ Ta-kT kT 2,—kT —kT
= cle{a( Ti ] ke2 J— b{T i + ZTEZ + k2—3(e‘kT - 1)} +(m —T)Qe‘kT} (12)

Hence, the present value of the total interest earned over the time horizon H is

n-1 . _p~kH
Es= Y Ee T = Ez(lL_ij (13)
j=1 1-e
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The total present value of the costs Z,(n) is given by
Z,(nN)=C,+C,+A—E; (14)

Differentially equation (14) partially with respect ‘n’ two times, we get

2

0°Z, 2(n) >0

on
Consequently, for fixed ‘H’ Zy(n) is a convex function of ‘n’. Thus there exists a unique value of ‘n’ which minimizes Z,(n).
Thus, if we draw curve between Z;(n) and Z,(n) and ‘n’ the curve is convex.
Zy(n)
Note: Mathematica software is used to differentiate Z,(n) and Z,(n) with respect to ‘n’.

Atm=T=H/n, we find Z,(n) = Z,(n), we have
Z,(), if T=H/n>m
Z(n) = .
Z,(n), f T=H/n<m
Based on the above discussion, the following algorithm is developed to derive the optimal n, T, Q and Z(n) values.

Note that there are many different ways to calculate Z;(n) and Z,(n) such as Goyal (1985), Aggarwal and Jaggi (1995) . For
simplicity, we use Goyal’s approach throughout this paper.

3. Algorithm
Step 1: Choose a discrete variable n first, where n is any integer equal or greater than 1.

Step 2: If m < T = H/n, for different integer n values, obtain Z;(n) from (11) if m > T = H/n for different integer n values obtain
Z,(n) from (14).

Step 3: Repeat step 1 and 2 for all possible values of n with m < T = H/n until the minimum Z;(n) is found from equation (11) and

let nf =n. For all possible values of n with m > T = H/n until the minimum Z,(n) is found from equation (14) and let n; =

n. The nl* and n; , Zy( nf ) and Zx( n; ) values from the optimal solution.

Step 4: Select the optimal number of replenishment n” such that

Z,(n), if T=H/n >m

Z(n") = min L ,
Z,(ny), if T=H/n,<m

Thus, optimal order quantity Q" is obtained by putting n” into (3) and optimal cycle time T “is T " =H/n".
4. Numerical Example

To illustrate the results of the model developed in this study an example is given with the following data : a = 500 unit, b = 0.4
unit, A, = § 50/order, the holding cost excluding interest charges, h = $2.0/unit/year, the per unit item cost, ¢ = $10/unit; the net
discount rate of inflation, k = $0.10/$/year, the interest charged per $ in stocks per year by the supplier, I, = $0.15/$/year, the
interest earned per $ per year, |, = $0.12/$/year and the planning horizon, H is 5 year. The permissible delay in settling account, m
=70 days = 70/365 years. Using the algorithm, we have the computational results shown in Table 1. The sources of data in our
numerical results and figures have been collected from our industrial visit during the early visit of year 2010. In the numerical
example we see that the case I is optimal option in credit policy. The minimum total present value of costs is obtained when the
number of replenishment, n, is 19. With 19 replenishments, the optimal (minimum) cycle time is 0.263 year, the optimal
(minimum) order quantity, Q = 131.51 units and the optimal (minimum) total present value of costs, Z = $ 20930.24.This means
that the marketing department, production department and finance department are in an enterprise jointly to find the policy.
Therefore, the policy involves inventory, financing and marking issue. So, we investigate that this model is very important and
valuable to the enterprise.
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Case Order No. Cycle Time ‘T’ Order Quantity (Q) Total costs

(n) year units Z(n)

I 15 0.333 166.52 20960.80
16 0312 156.02 20943.39
17 0.294 147.02 20934.34
18 0.274 137.02 20932.01
19* 0.263* 131.51* 20930.24*
20 0.250 125.01 20937.75
21 0.238 119.01 20949.52
22 0.227 113.51 20965.05
23 0.217 108.51 20983.70
24 0.208 104.01 21004.68
25 0.200 100.01 21027.16

I 26 0.192 96.01 21053.66
27 0.185 92.51 21073.65
28 0.179 89.51 21093.21
29 0.172 86.01 21119.20
30 0.167 83.51 21140.08
31 0.161 80.51 21167.95
32 0.156 78.00 21186.14
33 0.152 76.00 21208.48
34 0.147 73.50 21238.93
35 0.143 71.50 21265.50
40 0.125 62.50 21414.76
45 0.111 55.50 21575.28
50 0.100 50.00 21740.40
60 0.083 41.50 22097.24

* Optimal solution

5. Sensitivity Analysis

Taking all the parameters as in the above numerical example, the variation of the optimal solution for different values of net

discount rate of inflation k is given in Table 2.

Table 1. Variation of the optimal solution for different values of net discount rate of inflation k

n k— 0.1 0.12 0.14 0.16 18 0.20

!

15 | G 600.69 575.90 552.60 530.66 510.00 490.54
G, 20005.25 19179.94 18403.66 17673.10 16985.18 16337.06
A 658.36 629.89 603.12 577.94 554.26 531.96
I, 87.47 83.46 79.70 76.17 72.86 69.74
E, 390.96 373.18 356.49 340.83 326.12 312.29
Z(n) 20960.80 20096.01 19282.58 18517.04 17796.18 17117.01

16 | G 640.45 613.90 588.93 565.43 543.31 522.47
G, 19984.53 19156.09 18376.97 17643.83 16953.56 16303.28
A 617.24 590.41 565.22 541.54 519.27 498.32
I, 67.60 64.50 61.59 58.86 56.29 53.88
E, 366.43 349.79 334.17 319.52 305.75 292.80
Z(n) 20943.39 20075.11 19258.53 18490.14 1776.69 17085.16

17 | G 679.05 650.78 624.21 599.20 575.65 553.48
C, 19966.80 19135.69 18354.14 17618.78 16926.50 16274.39
A 582.06 556.63 532.78 510.38 489.33 469.54
I, 51.82 49.44 47.20 45.11 43.14 41.29
E, 345.39 329.72 315.02 301.23 288.26 276.08
Z(n) 20934.34 20062.82 19243.30 18472.25 17746.36 17062.62
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Table 2. (cont’d) Variation of the optimal solution for different values of net discount rate of inflation k

n k— 0.1 0.12 0.14 0.16 18 0.20
!
18 | G 729.89 679.46 668.84 641.91 616.57 592.70
C, 19947.14 19113.06 18328.82 17591.00 16896.48 16242.34
A 543.05 519.17 496.80 475.83 456.13 437.61
I, 35.93 34.27 32.72 31.27 29.90 28.62
E, 322.00 307.41 293.73 280.88 268.81 257.46
Z(n) 20932.01 20056.54 19233.45 18459.13 17730.28 17043.81
19 | G 757.92 726.15 696.28 668.18 641.73 616.82
C, 19934.82 19099.18 18313.52 17574.41 16878.72 16223.51
A 518.59 496.17 475.05 455.18 436.47 418.85
I, 28.04 26.75 25.54 24.40 23.34 22.34
E,; 309.13 295.14 282.01 269.68 258.10 247.22
Z(n) 20930.24 20053.11 19228.38 18452.49 17722.14 17034.29
20 | C 796.82 763.32 731.82 702.20 67431 648.06
G, 19922.00 19084.44 18297.03 17556.34 16859.20 16202.68
A 493.15 471.76 451.64 432.70 414.88 398.10
I, 19.68 18.78 17.93 17.13 16.38 15.67
E; 293.91 280.62 268.15 256.44 245.44 235.10
Z(n) 20937.75 20057.68 19230.27 18451.92 17719.33 17029.40
21 | G 836.49 801.23 768.08 736.90 707.55 679.92
G, 19910.18 19070.85 18281.83 17539.67 16841.20 16183.47
A 469.70 449.26 430.04 411.97 394.97 378.96
I, 13.00 12.40 11.84 11.31 10.82 10.35
E, 279.86 267.21 255.35 244.21 233.74 223.91
Z(n) 20949.52 20066.53 19236.44 18455.64 17720.80 17028
22 | G 876.55 839.50 804.68 771.93 741.11 712.09
G, 19899.36 19058.41 18267.91 17524.41 16824.72 16165.88
A 448.23 428.65 410.27 392.98 376.74 361.44
I, 7.89 7.53 7.19 6.87 6.56 6.28
E, 266.97 254.92 243.61 232.99 223.01 213.63
Z(n) 20965.05 20079.17 19246.44 18463.21 17726.12 17032.06

The data obtained clearly shows those individual optimal solutions different from each other for different values of net discount

rate

of inflation ‘k’ and number of replenishments during ‘n’. All the observations can be summed up as follows:

(1). An increase in the net discount rate of inflation ‘k’, decrease of total replenishment cost ,in total purchasing cost, in total
holding cost, in total interest payable, in total interest earned and also decrease in total present value of the costs, C; C; A, I,
E| Z(n).respectively.

(i1).If number of replenishment ‘n’ increases, then there is increase in the total replenishment cost C,but the total purchasing
costs C,, total holding cost ‘A’, total interest payable ‘I,’, and the interest earned ‘E,’decreases, keeping net discount rate of
inflation ‘k’ constant. But total present value of the cost Z(n) decreases from n=15 to n=19 and then increases from n=20 and
on wards for k= 0.1, 0.12, and 0.14; and Z(n) decreases from n=15 to n=20 and increases from n=21 and onwards for k =
0.16,0.18, and 0.2.

The figures between number of replenishment ‘n’ and the total present value of the cost Z(n) for different values of net
discount rate of inflation ‘k’ is given below (Figures 1 to 5):
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6. Conclusion and Future research

This study develops an inventory model for non-deteriorating items over a finite planning horizon, when the supplier provides a
permissible delay in payments. The model considers the effects of inflation and permissible delay in payments. In this study we
have presented an optimal solution procedure to obtain the optimal number of replenishment, cycle time and order quantity to
minimize the total present value of costs. Numerical example is given to illustrate the model to case I and II. We obtained the case
I is optimal (minimum) option in credit policy. The minimum total present value of the costs is obtained when the number of
replenishments, n is 19.With 19 replenishments, the optimal (minimum) order quantity, Q= 131.51 units and the optimal
(minimum) total present value of the costs, Z= $ 20930.24.If demand rate is constant, this model is the same as Hou and Lin
(2009) model for deterioration rate is equal to zero. The model proposed in this paper can be extended in several ways. For
instance, we may extend the time dependent deterioration rate. We could also consider the demand as a function of quantity as
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well as quadratic time varying. Finally, we could generalize the model with stochastic market demand when the supplier provides
a permissible delay in payments and cash discount.

Notations

I(t) : Inventory at any time t

Q : Order quantity, units/cycle

H : Length of planning horizon

T : Replenishment cycle time

n : Number of replenishment during the planning horizon, h = H/n
R(t) : Demand rate per unit time, and R(ty=a+bt,a>0,b>0

A, : Order cost at time‘t’ is zero, $/order

c . Per unit cost of the item, $/unit

h : Inventory holding cost per unit per unit time excluding interest charges, $/unit/unit time
r : Discount rate represent the time value of money

f : Inflation rate

k . The net discount rate of inflation (k = r —f)

le : The interest earned per dollar in stocks per unit time by the supplier

le The interest charged per dollar in stocks per unit time by the supplier, I > I,
m : The permissible delay in settling account

ip Interest payable during the first replenishment cycle

(n) The total present value of the cost over the time horizon H, form <T=H/n
Z,(n) : The total present value of the cost form >T =H/n

E : The interest earned during the first replenishment cycle
E, : The present value of the total interest earned over the time horizon
Iy : The total interest payable over the time horizon H
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