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Abstract 

 

   Propagation of plane waves in a rotating thermo-elastic solid with voids has been studied. The theory for thermo-elastic materials 

with voids developed by Iesan in the context of thermo- elastic theory of Lord and Shulman has been employed for mathematical 

treatment. It has been found that there exist one transverse wave and three sets of coupled longitudinal waves. Each set of coupled 

longitudinal waves is found to be influenced by the rotation, presence of voids and thermal property of the solid, whereas the 

transverse wave is found to be influenced only by the rotation of the body and remains un-affected by the presence of voids and 

thermal parameters. Numerical treatment is given to seek these effects on phase speeds of the existed waves. 
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1. Introduction 

 

     Nunziato and Cowin (1979) and Cowin and Nunziato (1983) developed nonlinear and linear theory of elastic material with 

voids by using the concept of distributed body introduced by Goodman and Cowin (1972). In the linear theory of elastic material 

with voids, the change in void volume fraction and strain are taken as independent kinematic variables. Puri and Cowin (1985) 

showed that there exist two dilational waves in porous elastic material with voids, one of them is predominantly the dilational 

wave of classical linear elasticity and the other is predominantly a wave carrying a change in the void volume fraction. Both the 

waves are found to attenuate in their direction of propagation. They found that at large frequency, the predominantly elastic wave 

propagates with the classical elastic dilational wave speed, but at low frequency it propagates at a speed less than the classical 

wave speed. 

     Iesan (1986) presented a linear theory for thermo-elastic material with voids. He derived the basic equations and proved the 

uniqueness of solution, reciprocity relation and variational characterization of solution in the dynamical theory. Later, Cicco and 

Diaco (2002) presented a theory of thermo-elastic material with voids without energy dissipation. A number of problems related to 

wave propagation in the elastic material with voids have been attempted by various authors in the past and they have appeared in 

the open literature. Some of them are Chandersekharaiah (1987), Wright (1998), Ciarletta and Sumbatyan (2003), Dey et al. 

(2003), Singh and Tomar (2007a, b). Keeping in view that the propagation of waves in rotating media are important in many 

realistic problems, e.g., rotation of heavenly bodies, the present problem of plane waves in a generalized thermo-elastic solid with 

voids rotating with uniform angular velocity has been investigated. It has been found that there exist one transverse wave and three 

sets of coupled longitudinal waves in a rotating homogeneous generalized thermo-elastic solid with void. Each set of coupled 

longitudinal waves is found to be influenced by the rotation, voids and thermal property of the solid, whereas the transverse wave 

is found to be influenced only by the rotation of the body and it remains un-influenced by the presence of voids and thermal 

parameters. 
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2. Propagation of plane waves 

 

    The field equations in term of displacement, volume fraction and temperature for generalized thermo-elastic solid with voids 

and rotating with uniform angular velocity Ω, in the absence of body forces, heat and extrinsic equilibrated body forces are given 

by (see Iesan, 1986; Lord and Shulman, 1967) 

  ���� � �� � ����� · �� 
 ��� � �� � ���� � � � �� � �� � 2� � �� � ,                                       (1) 
 ������ � ���� � � ����� · �� � ��� · �� � �  ����� � ���� � � !���,                                       (2) 
 #��� 
 $� 
 � · � �  � � �%�� ,                                                                                         (3) 
 

where � and � are Lame’s parameters, � is the density of the medium,� � � 
 ��, T0 being the temperature of the medium in 

its natural state and assumed to be such that |Θ �0⁄ | * 1, T is the temperature, K is the coefficient of thermal conductivity, �0 is 

the thermal relaxation time, �, is the specific heat at constant strain. The quantities #,  and ξ are the void parameters; m is the 

thermo-void coefficient, % is the equilibrated inertia, � � �3� � 2��#2, #2 being the coefficient of linear thermal expansion, 

u(x, t) is the displacement vector and � is the change in void volume fraction. The term “Ω × (Ω × u)” represents the 

centripetal acceleration, while the term “2Ω × �� ”  represents Coriolis acceleration (see Chandrasekharaiah, 1987). It can be 

seen that by neglecting these terms, one can recover the equations of motion for a non-rotating thermo-elastic body with voids 

given by Iesan (1986) in the context of Lord and Shulman (1967). 

       For plane waves propagating in the positive direction of a unit vector n, we may take 

      3�,�,�4 � 35,6,�4exp�:;�< · = 
 >?��,                                                                                         (4) 
 

where A is vector constant, B and C are scalar constants representing the amplitudes, r is the position vector, >  is the phase 

speed and k is the wavenumber having the definition that @ � ;>,@ being the circular frequency. On inserting (4) into 

equations (1) - (3), we obtain   AΩ2 �@2 
 C22;2D5
 E�C12 
 C22�;2�< · 5�� :�F;6 
 :F;�G<
 3�� ・ 5�� �  2:@�� �  5�4� H,                                                                                                                                                         �5� 
 :;J�>� �<・5� � K>�   
  LM�NO  6 � P�>� � �  0,                                                                                               �6�  
                                                                 

 :RF; �< ・ 5�
 F;2 6
 S>2 
 C32 
 $
F
;2T  � �  0,                                                                                                          �7� 

 
 

where  

 

C12 � � � 2��  ,   C22 � �� ,   C32 � #�% ,   $F � $�%  ,    F �  �% ,    �F � �� , 
 

F � � ,   J0 � ��0��,  ,    P0 �  �0��,  ,    L0 � !��,  ,   �1 � �0 � :@ ,   RF � �%  . 
 
 

Solving equations (6) and (7) for the constants B and C and substituting their values in equation (5), we obtain the following vector 

equation    
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AΩ2 �ω2 – C22;2D5
 E�C12 
 C22�;2  �  : �F; Y:–  :F; Z: G �<・5�< 
 3� �・5�� �  2:@�� �  5�4� H,                                                                                                                                                   �8� 
 
where 

 

Y:  � :; ��J0$FP0 
 RF 
 J0@2� >2  � J0@2C32�
� \]1 – 1@2  �$F � P0 F�^ >4  
 ]C32  � L0�1  S1 
 $

F
@2T^ >2  � L0�1 C32`


1, 
 

Z:  � :; a� FJ0 � RF�>F  � L0�1 RFb           
� \]1 – 1@2  �$F � P0 F�^ >4  
 ]C32  � L0�1  S1 
 $

F
@2T^ >2  � L0�1 C32`


1. 
           

Taking scalar product of equation (8) with vector A, we obtain 

 AΩ2 �ω2 – C22;2DA2 
 E�C12 
 C22�;2 � : �F; Y:–  :F; Z:G �<・5�2 
 d� �・5�2 � e:@�� � 5�・5f �0,                                                     (9) 

where A � |5|.  
For a plane transverse wave, we have < · 5 � g and the equation (9) yields the speed of transverse wave given by 

                                       

>� � C2h  ,           h � i1 � Ω
2
 ê2 sin2m,                                                                                                                       �10� 

 

where m is the angle between the axis of rotation of the body and the direction of the displacement vector. If  m � 0, then >� � C2. This means that when the axis of rotation of the body is parallel to the direction of the displacement vector, then the 

phase speed of transverse wave remains independent of the rotation of the body. We also note that for large angular velocity of the 

body, i.e., when Ω n ∞, the phase speed >� n 0. This means that transverse waves are not allowed to propagate for bodies 

rotating at very high speed. 

      For a plane longitudinal wave, we have < · 5 � A  and the equations (9) yields the following six degree 

equation in > : 

                           p0>6 � p1>4 � p2>2 � p3 � 0,                                                                                                                                  �11� 
 
 where  
     

p0 � h2 \1 – 1@2  �$F � P0 F� `, 
p1 � 
 qC12 � C32h2 � L0h2�1  S1 – $

F
@2T�  �FJ0 r r
 1@2  �C12$F 
 J0 F F � J0 �F$F � P0C12 F 
  �FP0RF


  FRF�s, 
 p2 � �C12 � J0 �F�C32 � L0�1 \C12  � C32h2 – 1@2  �C12$F 
 RF F�`, 
                            p3 � 
L0�1  C12C32.    
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Using Cardan’s method in equation (11), we obtain 

                                                          t3 � 3Zt� u � 0,                                                                                                                                                        �12� 
 

where    

   

t � p�>� � pN3  ,    Z � p�p�3 
 pN�9  and    u �  2pN
w

27  
 p�pNp� 3 �  p��pw. 
 

The three roots of equation (12) are given by 

                                    

t1 � x,                t2 � 12 A
x � :y3�D ,                 t3 � 12 A
x
 :y3�D. 
 where 

 

 x �  z �  {,    � �  z –  {,      zw � 12 |
u � yu� � 4Zw}    and   { � 
Zz.  
 

Hence, the three roots of equation (11) are given by 

 

>1 2 � 1p0 Ax – p13 D ,   >22  �   1p0 S
12x � √32 :�– p13 T  ,    >32  � 1p0 S
12x – √32 :�– p13 T. 
 

3. Numerical observations 

 

To study the effect of rotation of the body on the phase speeds of the various existed waves, we have computed these phase speeds 

by using following values of the relevant parameters (see Dhaliwal and Singh, 1980, pp:726) for cobalt, magnesium and zinc 

crystal like materials. These materials are modelled as isotropic generalized thermo-elastic materials with voids. 

 

Symbol               Cobalt                                 Magnesium                            Zinc                               Unit 

     �                   8.836 × 10
3                                        

1.74 × 10
3                                      

7.14 ×  10
3                                    

kg �w 
    λ                   1.027 × 10

11                                       
2.17 × 10

10                                     
0.508 × 10

11                                 
N �� 

    �                  1.510 × 10
11                                        

3.278 × 10
10                                  

0.770 × 10
11                                 

N �� 
    �                  7.07 × 10

6                                            
2.68 × 10

6                                       
5.75 × 10

6                                      
N ��de��N  

    ��                         4.27 × 10
2                                             

1.04 × 10
3                                       

3.9 × 10
2                                         

J k��Nde��N 
   K                  0.690 × 10

2                                           
1.7 × 10

2                                         
1.24 ×  10

2                                     
W �Nde��N 

    ��                0.18 × 10
-12                                          

0.02 × 10
-11                                    

0.011 × 10
-11                                

sec  

    @                 1.88 × 10
12                                           

3.58 ×10
11                                       

5.01 ×10
11                                      

seC�N 
    To                         0.0298 × 10

4                                       
0

 
.0298 × 10

4                                
0

 
.0296 × 10

4                                !�  
 

The numerical values of the relevant parameters corresponding to voids in these materials are taken same. These are considered as 

 

Symbol                      Value                              Unit 

   α                        3.688 × 10
-5                                

N 

   m                          2 × 10
6                                        

N ��de��N 
  b                      1.13849 × 10

10                             
N �� 

  $                       1.473 × 10
10                                 

N �� 
  χ                       1.753 × 10

-15                                 � 
 

In the figures, the curves with black, red and blue inks represent the phase speed in cobalt, magnesium and zinc crystals, 

respectively. The solid curves correspond to the case of a non-rotating body, while the dotted curves correspond to the case of 

rotating body. 
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Figure 1: Angle of rotation versus phase speed                           Figure 2: Angle of rotation versus phase speed of    

of transverse wave in a single crystal of Cobalt                           transverse wave in single crystal of Zinc. 

and Magnesium. 

 

Figures 1 and 2 depict the effect of rotation of the body on the phase speed of transverse wave. For all the three materials, it is 

found that with the increase of the angle of rotation between the displacement vector and the axis of rotation of the material body, 

the phase speed of the transverse wave decreases till the transverse wave propagates perpendicular to the axis of rotation of the 

body. Thereafter, its phase speed increases till the wave travels parallel to the axis of the rotation of the body. The effect of rotation 

of the body on the phase speed of transverse wave is different in different materials. It is noted that for the case of non rotating 

bodies, the phase speed of transverse wave is almost same in all the three materials, while it is significantly affected by the rotation 

of the material. 
 

 

                                     
 

Figure 3: Angular velocity versus phase speed                               Figure 4: Angle of rotation versus phase speed of 

of transverse wave in a single crystal of Cobalt,                             first longitudinal wave in a single crystal of Cobalt 

Magnesium and Zinc, respectively�when θ � 60��.                      and Zinc.  
 

Figure 3 depicts the effect of angular velocity of the body on the phase speed of transverse wave. It is found that with the increase 

of angular velocity of the body, the phase speed of the transverse wave decreases. Although, the phase speed of the transverse 

wave remains almost same in all the three materials considered for non-rotating case, but with the increase of the angular velocity 

of the body, the rate of decrease is same in magnesium and zinc while decreases with different rate in cobalt crystal. However, as 

the angular velocity take large and large values, the phase speed of transverse wave approaches to zero as was observed 

analytically. 

     Figure 4 depicts the effect of rotation of the body on the phase speed of first longitudinal wave in cobalt and zinc. It is clear 

from this figure that this wave travels faster in zinc material than the cobalt material. In both the materials, the effect of rotation on 

the phase speed of this wave is similar as in the case of transverse wave.  
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Figure 5: Angle of rotation versus phase speed of                     Figure 6: Angle of rotation versus phase speed 

first longitudinal wave in a single crystal of  Mag-                      of second longitudinal wave in a single crystal of 

nesium.                                                                                          Cobalt. 
 

Figure 5 depicts the effect of rotation of the body on the phase speed of first longitudinal wave in magnesium crystal. This 

effect is little different than that of in the cobalt and zinc materials. It is found that initially in the range 0� −45�, the phase speed 

of this wave increases with the increase of angle of rotation and then decreases rapidly in the range 45� −90�. Thereafter, the trend 

is reverse but symmetric. 
 
 

                                  
 

 

Figure 7: Angle of rotation versus phase speed                           Figure 8: Angle of rotation versus phase speed 

of second longitudinal wave in a single crystal of                        of second longitudinal wave in a single crystal of 

Magnesium.                                                                                  Zinc. 

 

      Figures 6, 7 and 8 depict the effect of rotation of the body on the phase speed of second longitudinal wave in cobalt, 

magnesium and zinc crystal respectively. It is noted from these figures that in the cobalt and zinc crystal, the phase speed of 

second longitudinal wave increases with the increase of the angle of rotation, while it decreases in magnesium crystals. The effect 

of rotation on this wave is minimum at 0�angle and is maximum at 90�angle. 
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Figure 9: Angle of rotation versus phase speed                                  Figure 10: Angular velocity versus phase speed of  

of third longitudinal wave in a single crystal of                                  first  longitudinal wave in the single crystal of Cobalt,  

Cobalt, Magnesium and Zinc respectively.                                         Magnesium and Zinc respectively (when m � 60�). 
 

     Figure 9 depicts the effect of angle of rotation on the phase speed of third longitudinal wave. It is noted from this figure that the 

rotation of the body increases the phase speed of this wave in magnesium crystal; however it has no effect in cobalt and zinc 

crystal. Also, it is found that the magnitude of phase speed of this wave in cobalt and zinc crystal is less than that of in magnesium 

crystal. 

     Figures 10, 11 and 12 depict the effect of angular velocity of the body on the phase speed of first, second and third longitudinal 

waves in cobalt, magnesium and zinc crystal respectively. It is noted from Figure 10 that the phase of speed of first longitudinal 

wave, in all the three materials decreases with the increase of the angular velocity of the body. Figure 11 indicates that the phase 

speed of second longitudinal wave decreases in magnesium, while in cobalt and zinc crystal, it first increases and then decreases 

towards a minimum constant value with further increase of the angular velocity of the body. From Figure 12, we see that in cobalt 

and zinc crystals, the phase speed of third longitudinal wave first increases and then obtain constant value while it has no effect for 

magnesium crystal. 

 

                                   
 

Figure 11: Angular velocity versus phase speed                            Figure 12: Angular velocity versus phase speed 

of second longitudinal wave in the single crystal of                       of third longitudinal wave in the single crystal  

Cobalt, Magnesium and Zinc respectively.                                     of Cobalt, Magnesium and Zinc respectively                                                                        �when θ � 60��.                                                                                                     �when θ � 60��.  
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4. Conclusions 

 

   In this article, we have studied the wave propagation in a generalized thermo-elastic solid with voids and rotating with uniform 

angular velocity. The results concluded from the above analysis can be summarized as:  

1. It is found that there can exist four plane waves in a generalized thermo-elastic porous solid rotating with a uniform angular    

    velocity. Out of the four waves; one is a transverse wave and the remaining three waves are three sets of coupled longitudinal    

    waves. 

2. The transverse wave is affected by the rotation of the body but remains independent by the presence of the voids and thermal  

     property of the medium, as in the case of non-rotating body. 

3. Each set of the longitudinal waves, is found to be influenced by the presence of void volume fraction and the thermal properties  

    of the body. These sets are also found to be affected by the rotation of the body. 

4. The rotation of the body has no effect on all the existed waves when they travel parallel to the axis of rotation of the body, while  

    the influence is found to be maximum when they travel normal to the axis of rotation of the body. 
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