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Abstract

This article concerns certain aspects of four parameter polymer models to study harmonic waves in the non-homogeneous
polymer rods of varying density. There are two sections of this paper, in first section, the rheological behaviour of the model is
discussed numerically and then it is solved analytically with the help of Friedlander Series using Eikonal equation of optics. The
model is chosen for studying viscous, elastic and retarded elastic response to shearing stress. In another section, the applicability
of the developed model is studied through wave propagation in polymer non-homogeneous rods. We have used linear partial
differential equations for finding the dispersion equation of waves in the polymers. The rheological behaviour of four-parameter
viscoelastic models under dynamic loading is also discussed in detail. All the cases taken in this study are discussed analytically
and numerically with MATLAB.
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1. Introduction

Many branches of science like seismology, earth-quake & civil engineering, acoustics, optics, bio-mechanics, ocean engineering,
electronics & communication engineering, mechanical engineering, applied physics and applied mathematics are working
experimentally and analytically to study the characteristics of engineering materials by wave propagation in homogeneous and
non-homogeneous media for the last few decades. For the elastic and viscoelastic waves, a long list of references is available in the
monographs of Victorov (1958), Milkowitz, J (1966) and Kolsky (1966).

In solid materials, during rest position, the volume elements retain their relative positions and orientations alike. On the other
hand, when the solid is under the action of external forces such as elastic stresses and strains, the volume elements get departed
from the original position. Therefore, the subject of elasticity of crystals has its own importance in several circumstances. In recent
years, the elastic behaviour of polycrystalline solids, used as the materials in engineering construction, are of great practical
importance.

Mathematical models to analysis of wave propagation in homogeneous materials have a centuries old history. Modeling
problems actually is a study of mechanical properties of materials. The polymer models have specific characteristics which
distinguish them from elastic models. The elastic materials store maximum of the energy (100%) due to deformation but
viscoelastic materials do not do this. The dissipation of energy in polymer materials is known as hysteresis. Nearly, all materials
behave like some viscoelastic response. However, some common materials such as steel or quartz do not deviate much from linear
elasticity at room temperature. But synthetic rubber, wood, and biological tissue and metals at high temperature show significant
viscoelastic effects.

In the earlier times, sufficient interest has been led on wave propagation in that material whose mechanical characteristics and
density are functions of space i.e. non-homogeneous engineering material. Early attempt in this field was made by Victorov (1958)
established the fundamental mathematically model of the problem for isotropic material properties have been taken into various
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forms: exponential (Restovtsov & Khranexskaia, 1973; Rao and Goda, 1978): integral power law (Mukhopacryar 1979; Chandra
1980; Narain 1980) and binominal (Singh and Dhaliwal, 1980; Wantanabe 1981); Singh Chopra & Gogna, 1978) studied the SH-
waves propagation in a laterally and vertically heterogeneous layered media where as Breuer and Shlomo (1970), Gaiduk (1971),
Kriekaja (1971), Turoan and Mengi (1970), Rous (1978), Singh (1978) and Singh and Singh (1979) have treated the wave
propagation problems in Non-homogeneous Viscoelastic media.

On the basis of the theory of elasticity, the propagation of harmonic waves in isotropic or anisotropic materials has been
evaluated numerically by White (1981), Mirsky (1965) and Tsai (1991). To explain the soil behaviour, Murayama and Shibata
(1961) and Schiffman et al. (1964) developed five and seven parameter models. Moodie (1973) presented research paper on
propagation, reflection and transmission of transient cylindrical shear waves in non-homogeneous four-parameter viscoelastic
media. Kakar et al. (2012-2013) and Kaur et al. (2012-2013) have studied four and five parameter viscoelastic models for wave
propagation and dynamic loading.

But in this study, authors have considered the specimen is non-homogeneous i.e. density, rigidity and viscosity of the rod is
space dependent. In this paper, the wave equation is approximated by using WKB theory. The displacements are assumed to be
small under isothermal conditions, the linear constitutive laws hold. Time dependent displacement and stress boundary conditions
are employed for calculating the relations for displacement and stress. The rods are assumed to be initially unstressed and at rest.

In this study, it is assumed that density ' o', rigidity 'G " and viscosity '77" of the specimen i.e. rod are space dependent and obey

2igyx 2iasx

the harmonic laws as p = p,€ k= k0e2i"’Zx 1 =1n,e . The various graphs are plotted to show the effect of non-

homogeneity on the velocity of waves.

2. Formulation of Problem

Let us consider wave is propagating in one dimensional non-homogeneous semi-infinite rod, the end of the rod is kept at x=0.
We consider the four parameter model with two springs S,(G,),S,(G,) and two dash-pots D, (7,),D,(7,) with

viscoelasticity 7, and 77, respectively (Figure 1) The springs represent recoverable elastic response and dash pot represents
elements in the structure giving rise to viscous drag. Here G, and G, are elastic parameters, 7,and 77, are viscoelastic parameters.
Let o be the stress and @ be the strain in the model. Let &, be the strain in S, (G,) , &, be the strain along dashpot D, (771) and
a, be the strain in the Kelvin model. Figure 1 represents the sketch of the standard four parameter viscoelastic models. The stress
v/s strain behavior for constant stress (o) with time (t,) has been shown in Figure 1. Here, G, =4 +2 14, G, =4, +2 1,

are the modulli of elasticity, 77,77, are Newtonian viscosities coefficients and taken as functions of ‘x” in the non-homogeneous
case.

o
Constant stress = ay
5,(&) 0 F—r';'l ht
£, t=t
Dy(m) = 0
T Elastic strain = 6,/ G,
Delayed Elastic strain
546 = 00/ by {l-expl-G, thr)}
D2{q2] Creq; =(ﬂ'ﬂz}mf _'_ T R L LT ==
i =006 ||/ 4 ] Irreversible Creep = (Got)/m;
@

0p—-Te f
Figure 1. Rheological model and its response

The stress-strain relation for the four parameter viscoelastic models are constituted by the equations, Kakar et al. (2013)
o=0a,0=nd,,0=0,38,,0=n,,. (1)
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Eliminatinga,, a,,a, from Eq. (1) we get the constitute equation for the four parameter model:

. (G G, G ). (GG . GG, .
o'+[_l+_2+_l]o-+( 1 ZJG:GIEH_ - 23. (2)
m 17, T i, m,
The stress strain equation for four parameter model is of general form:
6+Bo+Bo=Ad+Aa ©))

Where B, 's and A 'Sare the coefficients made up of combinations of the G;, G, and7,, 77, and depend upon the specific
arrangement of the elements in the model. In operator form the Eq. (2) can be written as

{07 +B2, +By} o ={ A0+ Ad,|a )
The equation of motion and strain-displacement relation is given by
oo U
X =p o (5)
a= o (6)
OX

Where p = p(X) is the variable density of the material.
Differentiating Eq.(5) w.r.t X ,we get
1opdo 1 ’o

S b =u 7
prox ox poxt "

Differentiating Eq.(6) w.r.t. t ,we get

Again differentiating w.r.t. t,

0’a 0 o(aou
2 alatl o =Uyy = U (8)

1
O +, Blo-,tt + Boo-,t :;{Aza,xxt - A2 (Iogp)x O + Aio-,xx - Ai(logp)xo-x} 9)

Using Eqg. (7) and Eq. (8), Eq. (3) gives

3. Method of Solution

Let the solution o (X,t) of Eqg. (9) may be represented by the series, Friedlander (1947)

o-(x,t):ni;Aq(x)Fn {t=h(x)}, A =0 (10)

Where,

F' =F_ (where,n=1,2,3............. ) with F . =F ;and F , =-hF (1)

X n=1
and for N < 0 assume that A1 =0 and the derivatives of c may be obtained by term-wise differentiation of Eq. (10), the prime in
Eq. (11) denotes differentiation with respect to the argument concerned, and by using Eqg. (10) and Eq.(11) we relate all Fn' sto
I:0 by successive integrations.

The Solution of equation Eq. (9) in the form of Eq. (10) can be obtained by taking a phase functionh(x), h(x) satisfies the
Eikonal equation of geometrical optics, Moodie (1973)
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(dh(x)jz _p_1

P _ = 12
dx G ¢’ (2

Where ¢ = c(x) is the variable wave speed for elastic longitudinal waves in a medium whose modulus of elasticity G, .Using,

Eq.(10), Eq.(11) and the successive derivatives of G(X,t) w.rt. ‘t”and ‘x’ in equation Eq.(9), we get

%Fn3+£i+i+&j&ﬁZ{Glezj/\fnl

n, M, M i,
Gl ne _onE h X 1 G a -
:;{AJ:nl _ZAan—Zh + A1Fn—3(h ) - Aan—Zh }_7(Aanl - A\an—Zh )
+%{A1Fn - 2A1Fn—lhl + A1Fn—2 (h)2 - A]Fnlh} _%%(&Fn - A1Fn—1hl) (13)
mp m P

On simplifying the Eq. (13) using Eq. (11), we get the amplitude function satisfy the equation

20 (%) A, (X)+{p(nil+i2j—(logp)vx h'(x)+ h"(X)}'AM (x)=Q,(n=0,12..) ”

Where,

Q, =A",~—(logp)  +2°2 A'n1+62{(h')2 (logp), — 2 (h)’ —2h'} A +22 A" -2 (logp), A,
(h) ' 7, ) i 7, 7,

Which is a linear partial differential equation and its solution is obtained by reducing it into ordinary differential equation using an
asymptotic method. The origin of this method is the ray optics and central feature of this method is the motion of rays which are
curves or straight lines. The rays are of the fundamental importance because all the functions which make up the various terms of
the asymptotic expansion can be shown to satisfy ordinary differential equations along these curves. Thus, this is the one of the
method which reduces partial differential equation to ordinary differential equation. Also on using asymptotic method, it is very
important to choose the proper signs in the solution of equation (12) so that the direction of the propagation of the wave is taken
into consideration.

On integrating Eq. (12), we get
X
ds
h(x)=h(0)+[—
2 ¢(s)
The plus sign shows the wave travelling along positive direction of x-axis and negative sign shows the waves travelling along
negative direction of x-axis.

Therefore the solution of Eq. (14) can be obtained as

A, (X)-I-%{pCLi-Fij—(logp)’x + h"(x)}ﬁh (x) :%Qn,(n =012..)

(15)

/P! hI(X)

A, (X)J“%{/’C[%Jrﬂ%]_(logp),x+(|°9 h, X), X}Ah (x) :%Qn,(n =0,1,2..)

A (x)+{m(x)—%(log 1(s)), } A (%) =%Qn,(n ~0,12..)

A, (X)+%{pc[i+iJ—(logpc)yx } A (x) :%Qn,(n ~01,2..)

m 1
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Integrating Factor

e! {m(x)fE(IOGKS)),x } _ Og |: : EO; :| exp [J: m(S)dSJ

And its solution is

X X ]/2 X
A(x)log{l( )} exp[jm(s)ds]:%Jc(s)Qn(s).log{@} exp[_[m(s)dsdeJrr

1(x) 1(x)
Where I is constant of integration.
At x=0,r = A(0)
ro= w015 ol 15 el o 5] ol fci 1 "

Which is the expression for wave travelling in the positive direction of x-axis. The expression for wave travelling in positive and
negative direction of x-axis is as

ﬁ(x)—ﬂ(o){%};eXp{J’Im ds}— I(S){ ))}lexp{iim(z)dz} Qn+(S)ds(n:o,l,z...)

Where,

c(1 1

I(x)=pc and m(x):p—(—+—j. an
2\m n,

The upper signs are associated with wave traveling in the positive direction of x and the lower signs are associated with the waves

travelling in the negative direction of x. At the end X=0 the impulse of magnitude O, is suddenly applied and thereafter

steadily maintained , that is

o(0,t) =o,H(t) (18)
From Eq. (11) and Eq. (18), we have
i,oh (0)F.{t=h(0)} =a,H (1) (19)
Thus we choose, Moodie (1973) n:O
Govvnrnnnnn ifn=0
A“(0):00 -------- if n<O0orn>0 20)
h(0)=0 and Fy=H(t) (1)

The solution of Eqg. (9), for the waves travelling in the positive direction of x is generated by boundary stress Eq. (20), is

Z'Ah {t h( )} { } Z'Ah { {t l‘c(s)} 22)

Where,
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X
ds
2 (8)

Where, A (X) are given recursively by Eq. (16) (with upper signs) in combination with Eq. (20).
The first—term approximation leads to Eqg. (23) as

ol ig)

The Eq. (24) represents a transient stress wave which starts from the end ' X = 0" with amplitude 'O'0 " and moves in the positive

(23)

N

direction of ‘x’ with velocity c(x). Hence, it is modulated by the factor

i) =l

Further terms in the approximate solution may be obtained recursively from Eq. (19)
4. Viscoelastic Model Applied to a Particular Case

For the sake of concreteness and for studying the qualitative effect of non-homogeneity on the longitudinal wave propagation in
non-homogeneous four parameter viscoelastic rods, it is assumed that density' o', rigidity 'G' and viscosity '77' of the
specimen i.e. rod are space dependent and obey the harmonic laws

p :poezialx ,G — GOEZiazx ’77 — 77092ia3x (26)
If, o, 2o, 2a, ie. density 2 rigidity > viscosity 27
Case-1
When, o, = &, = , then from Eq. (26), we get
p :periax ,G — GOeZiax ’77 — neriaX (28)
Therefore, from Eikonal equation of geometric optics
2 -
dh(x e? 1
(# L po—z.ax P _ —, = constant. (29)
X Gl G1oe GlO C0
G
or C, =, |2 (30)
Po
Since, the harmonic variation of modulus of rigidity G and density o is similar, therefore sound speed is constant i.e. non-
X
homogeneous has no effect on speed and phase of the wave is given h(X) = —. So it becomes the case of semi non-
CO

homogeneous medium (a medium when characteristics are space dependent while the speed is independent of space variable).

The amplitude function A, (X) satisfies the equation

2h'(x)A'n(x)+{po(i+ij—2iah'(x)}ﬁ(x)zQ'n, (N=012........)

The M
(31)

Where,
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Q=" 1L gigi2Cnla (G h'Y? (2ia) - 222 (h): _+%A"_—%(2ia)A'_
n n-1 (h)z n-1 1 n-2 n-2
' n

T2 2 10 20 20

As the amplitude function is given by Eq.(15), For this case

1(X) =/ 2,Gyo ™"
m(X) — —VpOZGlO[i_Fi] =m

The M

0

Im(x)dx =m,X (32)

Hence,

A (X)= A, (0)¢ exp-myx) ¢, exp{iimodz}qf(s)ds )

For this case the value of first term approximation, the stress function is given by
. X
o (x,t) = o exp {—Imods} H {t—h(x)}
0

o(x,t)=0 +ioc (34)

Where ¢ and o represents the real and imaginary parts respectively when p, G, 7, obeys harmonic laws.
The expression for the wave front at t = h(X) is as

o (x,t) = o, (cos ax)exp {—m,X}+io, (sin cx)exp {—m,x} (35)
The progressive harmonic wave which starts from the end X =0 with amplitude 0, and moves with constant velocity
Gy
Po
factor o, (Sin arx)exp {—myx} .

C = in the positive direction of Xis modulated by the factorao(cosax)exp{—mox} and attenuation by the

Case Il
a, >, >, ie. density > rigidity > viscosity, then from Eq. (25), we get

P :periaix ,G — GOeZiazx = UOeZia3X
From Eikonal equation of geometric optics

dh()) _p _ 2™ _ Py aite-a _ 1 _ [Bu gite-au)x
(FJ —_— —€ = ,Here, C= |—¢

=~ = X
G, Ge™ Gy c £o

(36)
The amplitude function A, (X) satisfies the equation

2h'(x) A, (X)+{poe2i(a1_a3” [1+1]—2ia1h'(x)+ h"(x)} A (x)=Q,,(n=0,12......... ) (37
Tho "o
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Where,

Q= A"“{ (:)2 2iay, + ZK} ALK, {(h' )2 (2iat,) f%e”(“ﬂa)* (h )2 - 2h'} AL +KA" ,—2KigA' ,(n=012......... )
10

GlO

and K, =e?(“ %) 210
GZU

. Amplitude function A, (X) is given by Eq.(16).

For this case

| N
1(X) = \[Gyo2,€"“ " =1,(x) and m(x) = 120,) S {ni+ﬂi}= m, (x)
10 20
NOwY { 1,1

h Tho 7720} i(cn-+ap—2at3) 1(x) i(arax ) h(X)
m(x)dx =— g TR ) —— =gl = 22 (38)
'([ (o, +a, —2a,) { } 1(0) { } 1,(0)
Therefore
i(ag+ay)x % - 1t Il(x) 2 h "t
A (X) = A, (0){e'+] exp{+}[ml(s)ds}4_rZlc(s){ll(s)} exp{i_[ml(z)dz} Q,*(s)ds (39)
For this case the value of first term approximation, the stress function is given by
1 )
o (18) = ) o (¢ -1 H 1 (0)
o (xt)=o,exp(-p,sin rzx)(cos%xnsin%x]{cos p, (cosr,x—1)+isin p, (cosr,x—1)} H {t—h(x)}
o(x,t)=0c +ic (40)

The equation of wave front at t = h(X) is given by

o(x,t)=o,exp(—p,sin rzx)[cos{%l X+ p, (cos rzx—l)H+ io, exp(—p,sin rzx){sin {% X+ p, (cos rzx—l)H (41)

o(xt)=o,exp(-p,sin rzx){cos{%x+ p, (cos r2x—1)H H {t ~h(x)}
+io, exp(—p, sin rzx){sin {%x+ p, (cos rzx—l)H H{t—h(x)}

The progressive harmonic wave which starts from the end X =0 with amplitude 0, and moves with constant velocity
G i(r, - )x

c= e in the positive direction of X' is modulated by  the
Po

o, exp(—p,sin rzx){cos{%x+ p, (cos rzx—l)H :

The attenuation factor is given by

factor



101 Rajneesh Kakar / International Journal of Engineering, Science and Technology, Vol. 5, No. 3, 2013, pp. 93-110

o, exp(—p,sin rzx){sin {%x+ p, (cos rzx—l)H :

Where

r=a+a,l,=1-2a,

_M{i+i}_p L
2 Tho o . I ’

5. Numerical Analysis

Here, all the mechanical properties obey harmonic laws. As X lies between 0 < X <coand also X depends upon & .Two

distinct cases are considered for taking o <1l and ¢ >1 .
Let the parameters are as
Table 1. Material Parameters

Po Go Tho 20
1.8 1.6 1.2 1.3

Case: 1
For ¢ <1, Let @ =1/2,m,=8.12

The equation of wave front at t = h(x) =1.06X is as

o _ (cosg)exp {-8.12x} +i(sin g)exp {-8.12x} (42)
O

0

The wave is modulated by the factor

(cos g)exp {-8.12x} (43)

and attenuated by the factor
(sin g)exp {-8.12x} (44)

Fora>1, Leta=2,m,=8.12
The equation of wave front at t = h(x) =1.06X is as

2 _ (cos2x)exp {-8.12x} +io (sin 2x)exp {-8.12x} (45)

Oy

The wave is modulated by the factor

(cos 2x)exp {—8.12x} (46)

And attenuated by the factor
(sin 2x)exp {-8.12x} (47)

Case: 2
For non-homogeneous case
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Table 2. Material Parameters

o a, 125! n I Py P,
a <l 1/2 Y 1/6 Ya Y 8.12 16.24
a>1 8 4 2 12 8 8.12 1.015

For ¢ <1

The equation of wave front at t = h(x) = 2.12sin§— 2.12i (Cosg—lj is as

g=exp(—16.24sin1J cos §x+16.24[cos§—1J +iexp[—16.24sin§j sin §x+16.24(c035—1)
o, 2 8 2 2 8 2

The modulated factor is given by
i=exp(—16.24sin 5) coS §x+16.24(cosi—1j (48)
o, 2 8 2

The attenuation is given by the factor
X)) . |3 X
exp[—16.24sm Ej [sm {§x+16.24(cos§—1jH (49)

The equation of wave front at t = h(x) = 0.26 Sing— 1(0.26) (cos 4x —l) is as

For o >1

7 —exp(~1.015sin 8x)[cos{6x +(1.015) (cos 8x —1)}] +iexp(~1.015sin 8x)[sin {6x+1.015(cos8x —1)}} (50)
Oy

The modulated factor is given by
exp(~1.015sin 8x)[cos {6x+(1.015)(cos8x —1)}} (51)
The attenuation is given by the factor

exp(-1.015sin 8x)[sin {6x+1.015(cos8x —1)}} (52)

To see qualitative effect of non-homogeneity on the harmonic wave propagation in non-homogeneous four parameter viscoelastic

o
rods, the various graphs are plotted between— and X. For the semi homogeneous cases Figure (2) represents the plot for
Oy
Eq.(43) and Figure (3) represents the plot for Eq.(44).1t shows that there is slight variation in the wave in the neighborhood of
X=0 As X increases the wave becomes constant. Figure (2) represents the wave in progress and Figure (3) represents its
attenuation. It is also observed that for & <1, the wave progression is near the origin and not along the X apart. The Figure (4)
and (5) also represents the similar result foraex >1 . So it can be concluded that the value of a does not impact more in the semi

homogeneous case and also that the wave progression is at near the starting point only. For the non-homogeneous cases, Figure
(6) and Figure (7) represents the plot for Eq.(48) and Eq.(49) respectively. Figure (8) and Figure (9) represents the plot for Eq. (51)

and Eq. (52) respectively for ¢ <1 and for oz >1 harmonic wave is in progress but with unequal interval of times. Thus the effect
of non-homogeneity is clearly observed for the harmonic waves in non-homogeneous four parameter viscoelastic model.
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Figure 2. Wave in progress in homogeneous case for a <1
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Figure 3. Attenuation of the wave in homogeneous case for o <1
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Figure 4. Wave in progress in homogeneous case for  >1
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Figure 5. Attenuation of the wave in homogeneous case for ¢ >1
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Figure 6. Wave in progress in non-homogeneous case for @ <1
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Figure 7. Attenuation of the wave in non-homogeneous case for ¢ <1
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Figure 9. Attenuation of the wave for non-homogeneous case for o > 1
6. Dynamic response of four parameter viscoelastic model
The following values of strain are taken for the dynamical response of four parameter model
iwt iwt

o=G*a.e",a=aye

(53)
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From Eq. (1) and Eq. (53), we get

_w2+[&+&+i]iw+% G*zGl{—w2+(GlGZ]ia) (54)
m, 1M, T i, m,

On simplifying Eq. (54), we get

G, (-0 + Ryjo){(Ry - ")~ (R + R, + R, )i}

G = (55)
A
where, A, :(Rg—a)z)2+(R5+R6+R7)2a)
G’ can be written in terms of real and imaginary parts
- G| (0°~Ry) @ +{Ry (R + Ry +R, )} @ | +i{Ry (R~ " )@+ Ry (R, + Ry + R, ) ”
= (56)
A,
or G =G +G (57)
G,|(0°-R,)o° +{R,(R. + R, + R, )} ®*
G': l|:( 9) { 8( 5 6 7)} :|, (58)
A,
. (R (R~ @)@+ Ry (R + Ry + R, ) oo”
= . (59)
(Ri—@®) +(Re+ R, +R, ) @
The loss tangent is,
G
tano =— 60
an s (60)
From Eq. (58), Eq. (59) and Eq. (60), we get
tan§=RB(Rg—a)Z)+R8(R5+R6+R7)a) oD

2
(0" =Ry )+{Ry (Rs+Rs + R, )}
The behavior of the model has been studied numerically as well as graphically, the rheological responses are discussed by plotting
a graph between G and @ and G 'verses @ for four parameter model.

Four parameter model, we have

o [Ry(Ry=@")o+{R; (R +R, +R, )} &°}
 (R-&)+(R+R+R) 0
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The values of the parameters for studying the rheological response are
G =10, G,=110, =01 17,=02 R =5 R;=55 R, =10, R;=55 R,=55
Now,

G, (0°~Ry) @ +{Ry (R +R, +R,)} & |

(Ro=@?) +(Ry+ R, +R, ) @

A graph between G verses @ is plotted by taking above equation. The parameters taken for this case are the same.

The Figure (5-6), shows that as the value of @ increases both G and G decreases, but the value of G becomes constant after
@ =55 for four parameter model.

18

I I I I I I I I I
16 — — — (I o o o - - [ [ A - ==
) I I I I I I I I
I I I I I I I I I
ity Sl s Sl M T~ T~ T~ T~ T - i B |
I I I I I I I I I
I I I I I I I I I
5 e N e e e S
I I I I I I I I I
b - — |-~ Lo\ Ll b1l _d_____a_____
R | | | | | | | | |
) I I I I I I I I I
| N S SR N Lo~ A 1o 1o [FIE [ ao -
I | I I I I I I I
I I I I I I I I
6-——f-—F———-—— PN - - - ft--——— o= - - +-—--—= 4-—---- - -
I I I I I I I I I
I I | I I I I I I
Rty it [ | T TT T~ T~ T~ T AT AT T
I I I I I I I I
P . O B N R s S LA ____a__________|
i | I | | |
I I I I I I I I T
| | | | | | | | |
10 20 30 40 50 60 70 80 90 100
Figure 10. Variation of G verses @ for four parameter model
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Figure 11. Variation of G verses @ for four parameter model
7. Conclusions
0 It can be concluded that the four parameter model possesses an excellent potential for proper representation of the time

dependent behavior of a viscoelastic medium subjected to loading and unloading. The viscous strains due to a constant
stress are found to increase linearly with time.
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0 Moreover, after the removal of stress, the viscous strain is found to remain constant with time. The use of four parameters
is mostly restricted in the field of rock mechanics. Thus, models can be used in determining the time-dependent behavior
of a viscoelastic medium.

0 When the density, rigidity and viscosity all are equal for the first material specimen, the sound speed is constant i.e. non-

X
homogeneous has no effect on speed and phase of the wave is given h(X) = — . So it becomes the case of semi non-
0
homogeneous medium (a medium when characteristics are space dependent while the speed is independent of space
G
variable). The longitudinal speed will be equal to ¢ = [—2 .
Lo

0 When the density, rigidity and viscosity are not equal for the second material specimen, the speed of sound varies

Gy i(e,-
exponential as C = |12 g'(2 )
Po
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