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Abstract

A perfect blend of requirements for the proof of common coupled fixed point theorems in
partially ordered metric space without the assumptions of (weak) compatibility is accomplished.
Previous attempts in this direction involving these assumptions mostly ensure existence of
coupled coincidence points. In many existing works in this area, attempt have been made to
prove the existence of common coupled fixed points. However, only identity mappings can
satisfy the conditions of the theorems. The method of proof presented in this present work is
powerful in view of the fact that it guarantees the existence of common coupled fixed points
without the imposition of (weak) compatibility conditions and identity mappings. To illustrate
the results, an example is provided.

Keywords: Coupled fixed point of mappings, Partially ordered metric spaces, Common coupled
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1 Introduction

The following definitions are to be employed in the sequel.

Definition 1.1 [1-3] Let (X,d) be a metric space and let T : X x X — X be a mapping. An
element (a,b) € X x X is said to be a coupled fized point of T if a = T'(a,b) and b = T'(b, a).
Definition 1.2. [4,5] Let (X, d) be a metric space and let T: X x X = X, S : X x X — X be
mappings. An element (a,b) € X x X is said to be a common coupled fized point of T and S if
a = S(a,b) =T(a,b) and b = S(b,a) = T(b,a).

Definition 1.3 [9—11]: Consider a function 3 : * —* satisfying

(i) ¢ is monotone increasing;

(i) ¥™(t) = 0, as n — oo;
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(iil) Y07 ¥™(t) converges for all t > 0.

(1) A function ¢ satisfying (i) and (ii) above is called a comparison function.
(2) A function v satisfying (i) and (iii) above is called a (c)-comparison function.

Remark 1.4 [10,11] :
(i) Any (c)-comparison function is a comparison function.
(ii) Every comparison function satisfies ¢(0) = 0.

The notion of coupled fixed points was introduced by Chang and Ma [13]. Since then, the
concept has been of great interest to many researchers in the metrical fixed point theory.
Bhaskar and Lakshmikantham [1] proved a coupled fixed point theorem in a metric space endowed
with partial order.
They introduced the following notions of a mapping satisfying the mixed monotone property:
Definition 1.5 [1]: Let (X, <) be a partially ordered set and F : X x X — X, a mapping. The
mapping F' is said to have the mixed monotone property if F' is monotone non-decreasing in its
first argument and is monotone non-increasing in its second argument, that is, for any a, b € X,

ay,a2 € X, a3 <as= F(a1,b) < F(az,b)

and
b17b2€X7 b1§b2:>F(a,b1)ZF(a,b2).

They proved the following theorem, considering a function satisfying the mixed monotone property:
Theorem 1.6: [1] Let F: X x X — X be a continuous mapping having the mixed monotone
property on X. Assume that there exists a k € [0,1) with

d(F(a,b), F(u,v)) < =[d(a,u) + d(b,v)],V a > u,b < v.

N |

If there exists ag, bg € X such that
ap < F(ag,by) and by > F(by,ao),

then, there exist a, b € X such that a = F(a,b) and b= F(b,a).

The result has been generalised and extended by Lakshmikantam and Ciric [18], by introducing
mixed g-monotone mapping and proving coupled coincidence and coupled common fixed point
theorems for such contractive mappings in partially ordered metric spaces.

Several other authors have generalized the results of Bhaskar and Lakshmikantham [1]. Also, for
more results on coupled fixed point theorems, interested readers can check [2,3,8,12,14,20-24,26-28]
and others in the literature.

The problem of proving common coupled fixed point theorems in the setting of partially or-
dered metric spaces using the mixed monotone property has been of immense research interest.
Lakshmikantam and Ciric [18] established common coupled fixed point theorems by using g-mixed
monotone property while one of the mappings is made a proper subset of the other. They proved
the existence of coupled coincidence points while coupled fixed point can be established only by
assumption of identity on one of the mappings.

In the same line of argument, Abbas et al. [1] and Kim and Chandok [17] proved coupled coinci-
dence points of mappings using the mixed monotone property and making one of the mappings a
proper subset of the other.

Moerover, Abbas et al. [5] proved coupled coincidence point and common coupled fixed points
for w-compatible mappings in partially ordered metric spaces. Also Kadelburg et al. [16] proved
common coupled fixed points for compatible mappings in partially ordered metric spaces. Several
researchers have proved common coupled fixed point theorems employing the notions mentioned
above. For details on the common coupled fixed point theorems in partially ordered metric spaces,
see [6,7,15,17,19,25] in the reference section of this paper and others in the literature.
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In this paper, we establish that it is possible to prove common coupled fixed point of mappings in
the setting of partially ordered metric space without imposing the above outlined conditions on the
mappings but by enhancing the initial assumptions of the theorem of Bhaskar and Lakshmikantam
[1] together with the mixed monotone property. Our method is distinct from the existing ones in
that we have enlarged the class of mappings that can be investigated due to the following reasons:
(i) We do not assume compatibility and weak compatibility of mappings involved;

(ii) We do not make one of the mappings a proper subset of the other;

(iii) We used our method to prove common coupled fixed point theorem for family of mappings;
and

(iv) We do not impose comparison criterion a priori on the sequences involved in the computation
of the common coupled fixed points.

2 Main Results

A. Results Involving Rational-type Contractive Conditions.

Theorem 2.1. Let (X, <) be a partially ordered set and d a metric on X such that (X,d) is a
complete metric space. Let F,G : X x X — X be mappings having the mixed monotone property
such that for some A > 0, Va,b,u,v € X, d(u, F(u,v)) + d(a,u) > 0 and v, a (c)-comparison
function , we have

d(F(a,b), G(u,v)) < Md(a, F(a,b)).d(a, G(u,v)).d(u, F(a,b))

B 1+ d(u, F(u,v)) + d(a, u) +1(d(a,u)). (2.1)

Suppose that we endow the product space X x X with the following partial order:

For (a,b), (u,v) € X x X, (u,v) < (a,b) <= a > u,b < v.

If there exist ag, by € X, such that ag < F(ag,bo) < G(ag,bp) and by > F(bg, ag) > G(bo,ap). Then
all F' and G have a common coupled fixed point.

Proof. Choose ag,by € X such that ag < F(ag,bo) < G(ag,bg) and by > F(bg, ap) > G(bg, ag).

Define agy41 = F'(a2k, bar), boxt1 = F(bak, azx) and agpi2 = Gazk+1,b2r+1), bowse = G(bakt1, G2k+1)
for kK > 0.

We are to prove that aj is non-decreasing and by is non-increasing. That is, for all k£ > 0,

agk < G2g+1 < Gopt2

and
ba > b1 = bopqo.

FiI‘Stly, ag < F(ao,bo) =4ai, and bo > F(bo,ao) = b1 .
By the iterative process above,

as = G(al,bl), b2 = G(b],al).
Owing to the mixed monotone property of F' and G, we have
ay = F(ao, bo) S CTV(CL()7 bo) S G(al, bl) = az,

b1 = F(bo,ao) Z G(bo,ao) Z G(b1,a1) = b2,

Moreover,
a9 :G(al,bl) G(ag,bg) = as,

by = G(bl,a1) > G(b2;a2) = b3

IA

and
az = F(ag,bg) S F(ag,bg) = Qy4,
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b3 = F(bQ,CLQ) Z F(bg,ag) = b4.

Therefore, for n > 1,

aok+1 = F(agk, bar) < F(aok+1,bok+1) = G2k+2,
> F

bok+1 = F(bak, ask) (bok+1, a2k+1) = bagyo2,

and
agkt2 = G(a2k11,bary1) < Gagpyo, bokt2) = aopys,
bokt2 = G(bakt1, a2kt1) > G(baky2, Goky2) = bakys.
Hence,
ap < a1 <az <. <agg < agky1 <
and

bo > by > by > ... > bop > bopy1 > ...

Therefore, we deduce by (2.1) that

d(askt1, azkt2) = d(F(azk, bag), G(azk+1, bak+1))
< Ad(agk, Fagg, boy))-d(agk, G(ask+1, bok+1))-d(@ar1, F(azk, bar))
= 1+ d(a2k+17 F(agk-ﬂ7 b2k+1)) + d(a%7 a2l~c+1)
+ w(d(amw a2k+1)) (2'2)
)\d(GQka a2k+1)d(a2k, a’2k+2)~d(a2k+17 a2k+1)
- + d(a 2y A2
1+ d(ask+1, azk+2) + d(ask, ask+1) Y(d(azk, azk+1))

= w(d(aﬂc; a2k+1))~

Similarly,

d(bak+1, bakt2) = d(F(bar, asr), G(bak+1, G2k+1))
< Ad(bak, F'(bak, a2x)).d(bak, G(bag1, G2k+41))-d(baky1, F(bak, azr))
- 1+ d(bok+1, F(bak+1, a2i41)) + d(bak, bag+1)
+ Yd(bak, bak+1) (2.3)
Ad(bak, bag+1)d(bak, bakt2).d(bak+1, boaks1)
— + d(bak, b
1+ d(bak+1, bak+2) + d(bag, bag+1) Yd(bak, bar+1)

= Y(d(bak, bar+1))-

Therefore,

d(agk+1, a2k+2) < P(d(azk, asrs1)) (2.4)

and
d(bart1,b2n42) < Y(d(bak, bag+1)) (2.5)

Similarly, proceeding as above, we have

d(azk+2, a2k+3) < P(d(a2k41, azk+2)) (2.6)

and
d(bak+2,b2k43) < Y(d(bags1,bary2)). (2.7)
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Hence, it can be deduced from (2.4),(2.5), (2.6) and (2.7) that

d(askt2, a2k+3) + d(bakt2, bakts) < Y(d(agk+1, aokt2)) + ¥(d(bak+1, bakt2))
< ¢*(d(agk, azkr1)) + ¥ (d(bak, baks1))
<. <¥"(d(ao,a1)) + " (d(bo, b1)).

Thus, it follows that

d(ant1,an) + d(bps1, bn) < Y™ (d(ao,a1)) + "™ (d(bo, b1)). (2.8)

Furthermore, for n,r € N, using (2.8) inductively and repeated application of triangle inequality,
we have

[d(a’n’ an-‘rl) + d(bn; bn+1)]

d(ap, anyr) + d(bp, bpyr) <

+ [d(ant1, ant2) + d(bpt1, bpgo)] + ..
+ |

<

d( Aptr—1, an+r) + d(bn—i-r 1, bn+r)]

P (d(ag, 1)) + " (d(bo, b1)) + " (d(ao, a1))
+ " (d(bo, b1)) + ... + " T (d(ag, a1)) + " (d(bo, br))
= ¢"(d(ag,a1)) + " (d(ag, a1)) + ... + """ (d(ag, ar))
+ 9™ (d(bo, br)) + " T (d(bo, b1)) + ... + " (d(bo, b))
n+r—1 n+r—1
= Z ¢*(d(ag, ar)) Z " (d(bo, b1))
”ir: ntr—1

= Z Y*(d(ag, ar)) Zi/) (ag,a1)) + Y ¥*(d(bo, b))
k=0

—Zw d(bo,b1)) —0asn— oo

since 1 is a (c)-comparison function. Therefore, {a,},{a,} are Cauchy sequences in (X, d).
Furthermore, since (X, d) is a complete metric space, there exist a*,b* € X such that

lim a, = a*
n— o0

and
lim b, = b*

n—oo

We now show that (a*,b*) is a coupled fixed point of F' and G.
By condition (2.1) again, and noting that 1(0) = 0, we have

d(a*,G(a*,b%)) < d(a*,aznt1) + d(agnt1, G(a™,b"))
=d(a*, asnt1) + d(F(az2n, b)), G(a*,b"))
)\d(agn, F(agn, bgn)).d(agn, G(a*, b*))d(a*, F(agn, bgn))
1+d(a*, F(a*,b*)) + d(a*, az,)

IN

d(a*, a2n+1) +
+ ¥ (d(azn,a”))

M(agy, aspi1)d(as,, G(a™,b%)).d(a*, asy,
_ d(a*, ama) + (azn, azn+1)d(azn, G(a*,b")).d(a”, azn+1))

1+d(a*, F(a*,b*)) + d(agn, a*)

+ ¥(d(azn, a”))

—0asn— oo.
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Therefore d(a*, G(a*,b*)) = 0, with the consequence that a* = G(a*,b*).
Again by (2.1), we have

A", G(b",a")) < d(b2ny1,G(b",a"))

b*, boni1) +
+ ( (bZnaaQn) G(a*ab*))
+

d(
d(b*v b2n+1
( )\d(bgn, (bgn,agn)).d(bgn,G(b*,a*)).d(b*,F(bgn,GQn))
1+d(b*, F(b*,a*)) + d(b*, bay)

IN

d

+

( (b2n7 * )
— (6", bamsr) + Ad(ban, bani1)d(ban, G(b*, a*)).d(b*, bani1))

)
)
an+1)
)
) 1+ d(b*, F(b*,a*)) + d(bay, b*)

+77[}(d(b2n7b*))
— 0 asn— oo.

Therefore d(b*, G(b*,a*)) = 0, implying that b* = G(b*, a*).
Hence, (a*,b*) is a coupled fixed point of G.
Next is to show that (a*,b*) is a coupled fixed point of F too. By (2.1), we have

d(F(a*,b"),a") = d(F(a*,b"),G(a",b"))
< Ad(a*, F(a*,b*)).d(a*, G(a*,b*)).d(a*, F(a*,b%))
- 1+ d(a*, F(a*,b*)) + d(a*,a*)
_ Ad(a*, F(a*,b*)).d(a*,a*).d(a*, F(a*,b*))
1+d(a*, F(a*,b*)) + d(a*,a*)

+¢(d(a”, a%))

+9(0) =0,
implying that d(F'(a*,b*),a*) = 0, and by extension, a* = F'(a*,b*).

Similarly by (2.1), we have

d(F(b*,a%),b) = d(F(b*, a*), G(b",a"))
_ A F(5,a)d(b", G a*)d(b, F(b",a*))
- 1+ d(bx, F(b*,a*)) + d(b*,b*)
@, F(0*,a®)d(b*, b).d(b, F(b*, %)) -
=T dl PO a) de by O=0

implying that d(F(b*,a*),b*) = 0, therefore, b* = F(b*,a*).

Thus, (a*,b*) is a common coupled fixed point of F' and G.

Example 2.2. Let X = [0,4] be endowed with the usual metric. Let ¢(t) = 3¢, for all t € X.
Clearly, (t) is a (c)-comparison function. Define F,G : [0, 4] x [0,4] — [0, 4] by:

+¢(d(b%,0%))

F(a,b) = 3a — 2b,

2a —b+1, ifa>0b;
G(a,b)z{la +1, 1ifa>b

7 1fa,<b

Clearly, F' and G have the mixed monotone property.

Letaozg,bo—geX
F(ag, by) = F(? 3= 3(%) - 2%) =1
F(bo, a0) = F(gy §) = 3(3) -2(3)=4¢.
G(ag, bo) = G(? g) =2(3)—-(3)+1=4
F(bo, ag) = G(§7 §) = %
Thus,
§<1<%and§>%>%.
Hence,
ap S F(ao,bo) < G(CL(),bo) and bo > F(bo,ao) > G(bo,ao).
Consider the contractive condition (2.1) in Theorem 2.1. Let a = %, b= %, A=2,u= % and v = %
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’I;%len71€1(aab24: F(%v %) = 1?27 G(ualv) - G(%a %) - %a d(Féga,b%E)G(u,v)) = d(F(%v% 7611(%7 %g) =
‘1? -2 =1, F(uiv) 203(3)38— 2(5) =2, df“’lz avb)g =31 =2 d(avci(uav)) :6|§ - 2| =
15 d(u, F(a,b)) = |3 = F[ = F, d(a,u) = |3 — 5| = {5 and d(u, F(u,v)) = |5 - 2| = 3.
Hence, contractive condition (2.1), i.e

A(F(a,b), G(u,v)) < 2AGF(@0) A0, Gl 0) dlw. Fa.B) iy ), (29)

- 1+ d(u, F(u,v)) + d(a,u)

16 ., 38
2X2X 15 X {¢

implies that j5 = 0.9333 < 1S 4 3(55) = G + 55 = 42211

Since all the assumptions of Theorem 2.1 are satisfied, F' and G have a common coupled fixed point
in X =[0,4].

Corollary 2.3. Let (X, <) be a partially ordered set and d a metric on X such that (X,d) is a
complete metric space. Let F,G : X x X — X be mappings having the mixed monotone property
such that for some A > 0, u € [0,1) and Va, b, u,v € X, where d(u, F'(u,v)) + d(a,u) > 0, we have

Ad(a, F(a,b)).d(a,G(u,v)).d(u, F(a,b))
d(F(a,b), Glu,v)) < 1+ d(w, F(u,0)) + d(a, u)

+ pd(a, u). (2.10)

Suppose that we endow the product space X x X with the following partial order:

For (a,b), (u,v) € X x X, (u,v) < (a,b) <= a > u,b < v.

If there exist ag, by € X, such that ag < F(ag,by) < G(ag,bo) and by > F(bg,ag) > G(by,ag).
Then all F and G have a common coupled fixed point.

B. Results Involving Contractive Conditions of Non-Rational-Type.

Theorem 2.4. Let (X,d) be a complete metric space and (X, <) a partially ordered set.
Suppose {T},cy With T, : X x X — X is a family of mappings and J is an index set. If there
exists a fixed § € J such that for each a € J,

d(To(s,r), Ts(u,v)) < ad(s,u) + bld(s, Ta(s,r)) + d(u, Ts(u,v))]

T cfd(s, T (u,0)) + d(u, To(5,7))] (211)

Vs, r,u,v € X, for some a,b,c > 0 and a + 2b+ 2¢ < 1.

Suppose that we endow the product space X x X with the following partial order:

For (s,7), (u,v) € X x X, (u,v) < (s8,7) <= s > u,r < v.

If Yoo € J, there exist sg,r9 € X, such that so < T, (s0,70) < T3(s0,70) and 19 > To(ro, So) >
T3(ro, 80). Then all T,, have a common coupled fixed point.

Proof. Choose sg,79 € X such that so < T, (s0,70) < Ts(s0,70) and 79 > To (1o, s0) > Tp(ro, So)-
and define sequences {s,} , {r,} in X in the following way:

Soan+1 = T, (327“ 7‘2n)7 Ton+1 = T, (T2na 32n)

Sont2 = TB(S2n+1,T2n+1)s T2nt+2 = T(ront1, S2n+1)
We are to prove that {s,} is non-decreasing and {r,} is non-increasing. That is, for all n > 0,
Son < Sont1 and ran > ronta
Firstly, we set
s0 < Tu(s0,70) = 51,

(say) and
ro > Tu(ro, 80) =11
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N

(say).
By the iterative process above,

So = T[g(sl,Tl), To = T,B(Tlasl)-
Owing to the mixed monotone property of T, and Ty, we have
51 = Ta(80,70) < Tp(s0,70) < Tp(s1,71) = 52,

r = Ta(To,So) Z TB(TQ,S()) Z Tg(rl,sl) = Ta.

Moreover,
s =Tp(s1,7m1) < Tp(s2,72) = 53,

ro = Tp(r1,51) > Tps(re, 52) =73,

and

Therefore, for n > 1,

Son+1 = Tu(S2n:T2n) < Ta(S2n+1,Tont1) = Son+2,
Tont1 = Ta(Ton, S2n) = Ta(Tant1, S2nt1) = T2nt2,

and
Sont2 = T8(Son+1, ron+1) < Tp(Son+2, Ton+2) = Son+3,

Tont2 = I18(ron+1, S2nt1) = Tp(ront2, Sont2) = Tont3.

Hence,
S0 <81 <82 < ... < Sop < Sopt1 <oy
To 2 T12T2 2 o 2 Top 2 Toptl = eeee

Therefore, we deduce by (2.11) that

(Ta(s2n:m2n), Tp(S2n+1, T2n+41))

(820, S2n+1) + b[d(S2n; Ta(S2n:72n)) + d(S2n41, T3(S2n+15T2n41))]
(820, T (S2n+1,T2n+1)) + (82041, Ta(S2n: 72n) )]

(S2n, S2n+1) + b[d(S2n, S2n+1) + d(S2n+1, S2n+2)]
(
(

d(82n+1; S2n+2) =

2

[

)

d
d
d

+ IAN + A
N

)

[d(s2n; S2n42) + d(S2n+1, S2n+1)]

d(S2n, Sont+1) + 0d(S2n, Sont1) + bd(S2n+1, Sant2) + cd(S2n, S2n+2) (2.12)
< ad(s2n, s2n41) + bd(S2n, S2n+1) + bd(S2n+41, S2042) + cd(S2n, S2n41)

+ cd(S2n+41, S2nt2)

< +b+c
T 1-b—c
= qd(s2n, S2n41),

I
o

d(s2n, S2n+1)

where
a+b+ec

1= 1-b—c
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Similarly by (2.11),

d(rant1,m2n42) = d(Ta(r2n, s2n), Ta(ran+1, S2n+1))

d(ron, ran+1) + bld(ran, Ta(r2n, s2n)) + d(r2nt1, Ta(ran+1, S2n41))]

d(ron, T, (T2n+1a Sont1)) + d(r2n+1, To(r2n, 32n))]

d(r2n, T2an+1) + b[d(r2n, T2n41) + d(r2n41, T2n+2)]

cld(ran, ran+y2) + d(r2nt1, m2n+1)]

ad(ran, T2n41) + 0d(r2n, T2nt1) + bd(rant1, r2n+2) + cd(ran, r2nt2) (2.13)
< ad(ra2n, r2n+1) + bd(r2n, r2n+1) + bd(T2n+1, Tent2) + cd(ran, T2nt1)

+ cd(Ton+1, Tan+2)

< ad(ron, ron+1) + bd(ron, ran+1) + bd(ront1, ronts) + cld(ron, rons1)

+ d(r2n+1,T2n+2)]

<@ +b+c
“1-b-—c

&::

+\/\+I/\
Q

d(ran, rony1) = qd(ran, r2ny1)-
Now, adding (2.12) and (2.13), we have
d(s2n+1; S2n+2) + d(ran+1,Tan+2) < qld(S2n, S2n+1) + d(T2n; T2n+1)]
Similarly by (2.11),

d(s2n, Sont1) = Ad(Tw(S2n—1,T2n-1), Tp(S2n, T2n))

< ad(szn—1, S2n) + b[d(s2n—1, Ta(S2n—-1,T2n-1)) + d(S2n, T3(S2n,T2n))]

+ cld(s2n—1, T (s2n:720)) + d(520, Ta(S2n—-1,T2n-1))]

< ad(san—1, $2n) + bld(s2n—1, S2n) + d(S2n, S2n+1)]

+ c[d(s2n_1, S2nt1) + d(S2n, 520)] (2.14)
< ad(s2n—1, S2n) + bd(S2n—1, S2r) + bd(S2p, S2n+1) + cd(S2n—1, S2n)

+ cd(s2n, Sant1)

< (jji;jjzd(SQn—hSQn) = qd(52n—1, 52n)-

Furthermore, by (2.11), it follows that
(T

a(ran—1,52n-1), Ts(r2n, S2n))
Ton, Ton—1) + b[d(ran—1, Ta(ren—1, S2n—1)) + d(ron, T(ron, S2n))]
(ron—1, T (r2n, s20n)) + d(r2n; Ta(r2n—1, s2n—1))]
Ton—1,T2n) + b[d(ron—1,r2n) + d(ron, Ton+1)) (2.15)
+cld(r2n—1,72n+1) + d(r2n, T20)]
< ad(ran—1,72n) + bd(ran—1,7on) + bd(ran, ront1) + c[d(ran—1,T2n+1)
<@ +b+c
“1-b-—c

Also, from (2.14) and (2.15), we have

d(T2n7T2n+1) d
<ad(
+cld
< ad(

a

d(T2n» 7"2n+1) = qd(r2n717 7’2n)~

d(SQna 52n+1) + d(”‘Qny r2n+1) S q[d(32n—17 SQn) + d(r2n—17 T2n)]- (216)

If we let
en = d(S2n, S2n+1) + d(r2n, T2n+1),

then by (2.16), we have
en < gep_1. (2.17)
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Thus,

0<éen<gen1<q*n_s<..<q . (2.18)

If g = 0, then (sg,r0) is a coupled fixed point of T'. Suppose that 9 > 0. Then for each m € N,
we obtain by repeated application of triangle inequality and (2.18) that

d(52n7 52n+m) + d(TQna T2n+m) S [d(52n7 52n+1) + d(TQna 7’2n+1)]+

[d(82n+1, 82n+2) + d(T2n+1, 7‘2n+2)] =+ ...

+ [d(52n+m717 Son4m) + d(T2ntm—1, r2n+m)]

=éntént1t ... tentm—1

<o+ q"Meg 4. F g T e

<q"so+q"eg + ..+ ¢ e
g"(1=¢™ Neo

=" 3 0asn— 0.
1—gq

(2.19)

Therefore, {s,},{r,} are Cauchy sequences in (X, d). Since (X, d) is a complete metric space, there
exist s*,r* € X such that lim,, _,o s, = s* and lim,, o, = 7.
We first show that (s*,7*) is a coupled fixed point of Tjs. By condition (2.11) again, we have

d(s™, Tp(s", "))

< d(s", san+t1) + d(s2n+1, Tp(s", 7))
= d(s", san+1) + d(Ta(s2n,T2n), Tp(s™, 7))
< d(s 752n+1) + ad(32na ) + b[d(52n7 Toc(s2na T2n)) + d(5*7 Tﬁ(S*a T*))}
+ c[d(s2n, Tp(s™, 7)) + d(s™, To(S2n,T2n))]
= d(s™, Son+1) + ad(san, s¥) + b[d(S2n, S2n+1) + bd(s™, Tp(s*,7™))]
+ c[d(san, Tp(s™, 7)) + d(s*, san+1)]
< d(s", sant1) + ad(san, 8¥) + b[d(s2n, $*) + d(s™, san+1) + bd(s™, Tp(s*,1™))]
+ c[d(s2n, s*) +d(s*, Tp(s*, 7)) + d(s*, s2n41)]
< d(s*, san+1) + ad(s2,, s*) + b[d(s2n, 5*) + d(s*, s2741)]
- 1-b—c
cld(san, %) + d(s*, sap+1)]
1-b—c
— 0 asn — oo.

+

(2.20)

Therefore d(s*,Tg(s*,7*)) = 0, implying that s* = Tz(s*,r*).
Similarly,

d(r*,

Tg(’r‘*

s))

r T2n+1)

(
(7“* Ton+1
(r

)
" )

IN

(ront1, Tp(r", s*))
(Ta(r2n, s20), Tg(T 5"))
,Tona1 d(ron, ) + bld(ren, Ta(ron, son)) + d(r*, Ts(r*, s*))]
[d(r2n, Ta(r", s*)) + d(r*, Ta(rzn, s2n))]
d(r*,ropn+1) + ad(ron, ™) + bld(ran, ront1) + bd(r*, Tp(r*, s*))]
cld(ran, Ta(r*, ")) + d(r", r2n+1)]
d(r*, rong1) + ad(ran, ™) + b[d(ren, r™) + d(r*, rops1) + d(r*, Ta(r*, s))]
cld(ron, ™) +d(r*, Ta(r*, s*)) + d(r*, ran+1)]
< d(r*, rop41) + ad(r2n, 7*) + b[d(ren, r*) + d(r*, ron41)]
- 1-b—c
cld(ran, r*) + d(r*, rops1)]
1-b—c
—0 asn— oo,

d +d
d +d
d +a
‘ X

+ IA

+ IN +

_|_
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implying that
d(r*, Tg(r*,s*)) =0
and thus
r*=Tg(r",s").

Therefore, (s*,7*) is a coupled fixed point of Tp.
We now show that (s*,7*) is a coupled fixed point of {T,} too.
Let o € J be arbitrary, then by (2.11), we have

A(To(s*,r"),s%) = d(Ta(s*,r), Ta(s*, %))
< ad(s*,s*) 4+ bd(s*, To(s*, 7)) + bld(s*, Ta(s", 7))
+cd(s*, Ta(s*,r"))] + cd(s*, Tu(s™,7"))
=bd(s*, T (s%,7%)) + cd(s*, To(s*,77))
= (b+ o)d(s*, Tu(s",r")).

Since b+ ¢ < 1, we get d(s*, To(s*,7*)) = 0, that is, s* = T, (s*,r").
On further employing (2.11), it follows that

d(To(r*, 8*),1r*) = d(Th(r, s*

<ad(r*,r*) + bd(r*, To(r*,s%)) + bd(r*, Ta(r*, s*))

+ cd(r*, Ta(r*, s*)

=bd(r*, T, (r*, s")

= b+ o)d(r*, To(r*,s%)).

—
=
—
S
*
»
*
~—
~—

Since (b+ ¢) < 1, we get d(r*, T (r*,s*)) = 0, that is r* = T, (r*, s*).
Thus, (s*,r*) is a coupled fixed point of T, too.
Hence, (s*,7*) is a common coupled fixed point of T;, and Tjg.

Remark 2.5. Theorem 2.5 is a variant of Theorem 2.1 of Abbas et — al [5] to the common
coupled fixed point setting, involving family of mappings.

Remark 2.6. Furthermore, Theorem 2.5 generalizes and extends Theorems 2.5 and 2.6 of Sabet-
ghadem et al. [23], to the common coupled fixed point setting in partially ordered space, the latter
consisting of coupled fixed point in cone metric space setting.
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