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Abstract

A general SIQRM epidemic model with vaccination and relapse possibility is proposed for

analysis in this work. The idea behind the proposed model is to check the effect of immunity
obtained from vaccine or treatment, quarantine effect as well as waning effect of immunity on
the transmission rate of Tuberculosis within a population that is subjected to proper education
without restricted access. Some other infectious diseases in this category include measles and
Ebola. Two equilibrium states of the proposed model are obtained as well as the effective
reproduction number (Reys). Stability analysis of the model at the Infection Free Equilibrium
(I.LF.E) state is established on the condition that R.y; < 1. Numerical simulation for the
general SIQRM model was done using specific data for Tuberculosis disease and the result
shows that proper education, vaccination and early diagnosis of an infectious individual for
quarantining is an efficient way by which the spread of Tuberculosis can be reduced in the
population while adequate medical attention yield better result for detected cases.
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Introduction

General interest in infectious diseases and their control are fueled by discovery of new infectious
disease, frequent re-appearance of plague and emergence of both preventive and therapeutic antibi-
otics to curb, manage and possibly eradicate the threat of such an infection [2]. Many fundamental
concepts and principles to model disease transmission exist and have been built upon by several
researchers to address specific infection dynamics. The most elementary of such models are the
S—I—-—R;S—1—-S5;and S— F — I — R with S as Susceptible, I as Infectious, R as Recovered
and E as Exposed. In this work, a generalized S — I — Q — R — M model is presented for analysis
where S, I, R retain their meaning and ) denotes Quarantine and M denotes Immunity. Though,
the generalized S — I — @Q — R — M model is scarcely used in literature, it however can be of im-
mense importance in predicting the course of an infection as well as proffering effective and efficient
ways by which an infection in this category can be treated and eliminated. Some of the infection
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in this category includes Tuberculosis, Lassa Fever, Measles and Ebola. These infections requires
high level of vigilance when they enter a population of susceptible individuals. The earlier these
diseases are diagonized from an individual, the better for the entire population if such an individual
is quarantined. In this work, tuberculosis shall be used as a case study to show the effect of early
detection, quarantine, vaccination and treatment of an infected individual on the overall epidemic
of the disease within the host population. These diseases have high relapse rate if the infectious
individual do not complete his dosage for treatment appropriately. Some basic definition of terms
used in this work are discussed below.

Quarantine involves separation of people with restriction of access of susceptible individuals who
were exposed to a contagious disease in order to check for infectiousness [9]. It is a measure that is
always taken to prevent the spread of a highly infectious disease like tuberculosis and Ebola from
spreading within a population. Quarantining an exposed/infected individual cannot be taken to
mean stigmatization, it is just a necessary precaution taken to reduce the spread of such disease in
the community.

Similarly, immunity to a disease is defined as the quality or state of the body system to resist a
particular disease through the presence of multi-cellular organisms known as antibodies. Sometimes,
immunity can be obtained through vaccination, treatment and personal hygiene. Vaccination offers
temporary immunity which can sometimes last for a lifetime if contact with infection is minimized
to susceptible population. However, obtaining a hundred percent vaccination of entire susceptible
group is practically impossible due to several factors. Also, successful treatment and recovery from
certain illness, like measles, offer some degree of immunity against its re-infection, thus, some ther-
apeutic treatment to certain diseases offers immunity either temporal or permanent against such a
disease.

Relapse is defined as the worsening of a clinical condition that had previously improved. This

occur most times when an individual discontinued his treatment at the earliest possible time of
recovery without completing his dosage [1]. Aside from non-adherence to drug prescription, an-
other way by which relapse can occur is due to ineffectiveness of the drug being taken to cure the
disease and some other biological factor. Relapse is different from re-infection because the latter
has to come in contact with those infected before developing the symptoms of the infection while
the former occur without any contact with infectious individual. For instance, standard treatment
for active TB requires drug treatment with at least four dosages over six months period [(].
The case of re-infection of a treated illness without a second contact with the infective class is
known as relapse. The dynamics of infection and re-infection differs from one illness to another.
Thus, to obtain a general model, it is important to take cognizance of peculiarity of each diseases
that may fall into the general category under consideration.

Tuberculosis is a contagious and infectious disease that is caused by mycobacterium tuberculosis.
This disease has always been a major challenge to mankind since it was first discovered in the 1700s
as the white plague. It has claimed lots of human lives and it is recorded as the top killer with close
to 4000 mortality cases everyday [L0]. Though, it is a preventable and curable disease, millions
of people continue to fall ill with TB each year. It was reported that an estimated 10 million
individuals got infected with TB in 2019, with 7.1 million having access to TB care while about five
hundred thousand developed a drug-resistance TB illness [10]. Fors et al., [6] developed and solved
some TB models with some clinical characteristics that include immune system response and patient
drug therapy adherence. In their work, they presented mathematical model for pharmacokinetics
by using a single compartmental system with first order absorption and elimination of drugs in the
plasma. Their study presented an integrated systems pharmacology model and simulation tool to
support prediction of outcomes of different therapies for pulmonary tuberculosis infection. Mettle,
Affi and Twumasi [11] modelled the dynamics of TB among high-burden district by using an SEIR
epidemic model with demograpphy. They also considered the effect of introducing treatment at the
exposed stage on the overall transmission dynamics of the infection in the region considered. They
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established that their model perform better in eight out of ten municipals considered in the region.
Thus, in this work, a new generalized SIQRM model shall be used to consider the overall effect
of quarantining an early detected TB carriers. Also, infant vaccination effect, effective treatment
and waning of immunity from vaccination shall be considered on the overall effective reproduction
number of TB under the SIQRM epidemic model.

MODEL FORMULATION

A non-linear deterministic model for the transmission dynamics of infectious diseases in the presence
of immunity loss and relapse is built by dividing the total human population at time t, denoted
by N(t) into five disjoint epidemiological sub-populations, which are, Susceptible (S), Infected (I),
Quarantine (Q), Recovered (R) and Partial Immunity (M). Thus, N(t) = S(¢)+1(t)+Q(t)+ R(t)+
M (t) Recruitment into susceptible compartment is assumed either through birth or immigration at
the rate of 7 and immunity loss rate «, natural mortality occurs across all compartments at the rate
1, susceptible are vaccinated at the rate x while they become infected with the force of infection
which is given as A = S11 + 52Q where (1, 52 are the contact with infective and quarantined classes
that are sufficient to bring about new infections. Infected class is treated and recovered at the rate
¢, and the rate of progression to the quarantined class is . The induced death rate of infected
class is §; and re-infection rate is 77. The quarantined class is reduced by natural mortality rate p,
induced death rate do and the recovery rate is wo. Partial immunity compartment is increased at
the rate of w; as a result of immunity obtained from recovery. The flow diagram of the model is
given in figure 1 below.

M
aM
It XS w;R
| {|J.+61} |
el '
us Yl w-Q uR
(u+8;) Q

Figure 1: Pictorial representation of the Model
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N

The above deterministic model is govern by the following non-linear system of ordinary differential
equations:

d
d—f =m7+aM —AS — (u+x)S
dl
o =AS+nR—(u+61+v+e)l
d
W sl (pt 82+ 2)Q 01)
dR
e =el +w@—(p+n+w)R
dM
Where the force of infection X is given as:

A= Bl + BoQ (0.2)

Basic Assumptions of the Model

The following assumptions are considered in constructing the model:
1. Recruitment is done only into the susceptible class.
2. The studied population is homogenous and varies with time.
3. Birth rate is greater than mortality rate.
4. The force of infection is expressed as A = 511 + B2Q)
5. Induced death rate at infected and quarantine classes are not equal.

Description of state variables, parameters value and their sources are given in table 1:

Table 1: Table of parameter value for the Model

Symbol | Description Value | Source
T Recruitment rate wux 10° | [3]
X Vaccination rate 0.3 Assumed
o Immunity loss 0.5 Assumed
I mortality rate 0.02041 | [¢]
~ quarantined rate 0.4 Assumed
01 Induced death rate of I-class 0.365 | [8]
P Induced death rate of Q-class 0.365 | [8]
7 Relapse or re-infection rate 0.1 [3]
wa Recovery rate of quarantined class 1.5 [3]
w1 Recovery rate 0.6 Assumed
€ Recovery rate 0.75 [3]
S(t) Susceptible per time Varied | Assumed
I(t) Infected per time Varied | Assumed
Q(t) Quarantine per time Varied | Assumed
R(t) Recovered per time Varied | Assumed
M(t) | Immune class per time Varied | Assumed
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Model Solution

Setting ¢1 = p+x, c2 = p+01+v+¢€, c3 = p+ds +wa, c4 =N+ p+wi, s = a+ p for compactness
of computation to obtain:

%zw—i—aM—)\S—clS

%:)\S—FUR—CQI

i@ (03)
%ZEI‘FOJZQ—&LR

dd—]\f:wlR—f—xS—Cg,M

Theorem 1:
The set
D= {(5, LQRM)e RS :N=S+I1+Q+R+M< g} is closed and positively invariant and
attracting with respect to the system (1)
Proof:
From (1), setting
dN dS  dI  dQ A dR  dM
T T R T
Such that

Solving the above with initial condition N(0)=Np to obtain
Ny < T+ (No —”) et (0.4)
[ 1

It is obvious that N(t) approaches %as t — oo, thus, it follows that the system (1) is positively
invariant and attracting in domain D. Therefore the model is mathematically and epidemiologically
well-posed in D [1], and it is sufficient to consider solutions in D.

Model Equilibrium States

Solving the system of equations in (3) at stationary points to determine the equilibrium state of
the model, it is observed that the model equations gives two independent solutions which are called
the state of infection free (Eg) equilibrium or state of no infection and endemic (E;) equilibrium
state given respectively as:

ey TX
= (SO7IO’QO,RO,MO) = (,0,0,07> (0.5)
PICET My
Ey = (51, 11,Q1, Ry, My) where
S, = necs+nyws —cac3cq
1 ca(yB2+c3pP)
I = — (H’yB2C405+HB103C4C5—om'yxwg—omexc;;+O¢XCQC3C4+n’yclcsw2+necl0305—clcQC3C4CS)C3
1 ay?BawiwatayeBacswitay frcswiwataeBrcz?wi+ny2Bacswatny e Baczcs+ny Bicacswatn € frcs?es —y Bacacscacs —Prcaca®eacs
Q= — ~Y(IIyBacacs+I1B1 cgcacs —anyxwa —anexca+axCacaca+nyC1Cswa+MeCI €305 —C1C2C3C4Cs)
1 a2 Bawiwatayefaczwitay Bicswiwetae Brez?wi+ny2Bacswa+ny € Bacscs+ny Breacswatn e Bres?es—y Bacacscacs —Picacs?escs
Ry = — (ec3+ywa)(TIyBacacs+I1B1 cgcacs —anyxwa —anexcs+axcaczca+nyci cswa+nec; 3¢5 —C1C2C3C4Cs) )
1 ca(ay?fowiwatayeBaczwitay Bicswiwata e ficg?wi+ny2facswa+ny € Bacacs+ny frcseswa+n e Brez?es —y Pacaczcacs —Picaczeacs
_ 1 2
My = ) (7B2+61§3)§4(0¢;/w1w2+2a603w1+77V05c3242rn6§3657622036405) gHV 5264w1w22—|— Ilyefacscawr +H’7610§C4u}210.)2+
Ieficieawn + n7y2xws + 2n°yexcsws + nexcs + Ny crwiws + 21yeci cawiwe — 21yXCaczcaws + Ne~c1c5w

2 2 2.2 .2
—2’[76)(026304 — 7YC1C2C3C4W1W2 — €C1C2C3C4W + X020304)
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Reproduction Number of the Model (R.yy)

The two solutions of the model can better be understood with the help of effective reproduction
number of the model (Refy) which is defined as the number of new cases of the infection that arises
from introduction of a single infective into the population of largely susceptible individuals. Some
of the ways of calculating this Re¢¢ is by the use of di-graph method, next generation matrix etc.
The basic reproduction number of the model was calculated at the Infection Free equilibrium Eg

and obtained as: g
Rojs = (Bies + B2v) So (0.6)
CoC3

Stability Analysis of the Model

Model (1) can exhibit behavioral change called bifurcation, at a point, the equilibrium may tend
towards the infection free that is, no spread of disease, whereas at some other point, it may go to
endemic state (break-out of the disease in the population). To interpret the mathematical model,
there are different forms of analysis, which include but not limited to bifurcation analysis and stabil-
ity analysis. This study consider the stability and bifurcation analysis of the model with reference
to the effective reproduction number. It is important to note that the equilibrium point of a system
is stable locally if all the associated eigenvalues of its variational matrix have negative real parts
otherwise it is unstable at such a point. The following propositions and theorem shall be established
to obtain the stability analysis of the model.

Proposition 1: R.sy <1 implies non-existence of endemic equilibrium E; and Ey = E; whenever
Repr =1.

Theorem 2: The infection-free equilibrium (I.F.E) of system (3) is locally asymptotically stable
whenever Ry <1 and unstable otherwise.

Proof: The Jacobian matrix of system (3) shall be used at the I.F.E. state to establish the above
theorem. This is obtained by partially differentiating the five equations with the five state variables
of the model and is given as:

A= C1 —ﬁlS —525 0 «
A B1S—ca B2S 7 0
JEU = 0 Y —C3 0 0 (07)
0 g w2 —Cq 0
X 0 0 w1 —Cs

Evaluating Jg, at the .LF.E and noting that A = 511 + (2@ to obtain;

-1 —B1Se P25y 0 a
0 pBiSo—ca [2So 1 0
JEO = 0 Yy —C3 0 0 (08)
0 e w2 —Cq 0
X 0 0 w1 —Cs

Definition 1: A square matrix J is called a stable matrix (Hurwitz matrix) if all eigenvalues of J
have negative real part.
Thus, following definition 1, the I.LF.E is locally asymptotically stable if the above matrix have
negative eigenvalues. It is sufficient to use the Trace-Determinant approach to establish the L.LF.E
of the model. Thus, if the trace of the Jacobian matrix Jg, is less than zero and its determinant is
greater than zero, then all the eigenvalues are real and negative. Thus, obtaining the trace of the
matrix above as:

Trace(JEO) =—(B1So+c1+eates+eatos) (0.9)

Which is obviously negative since all the parameters of the model are non-negative.
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The determinant of the matrix is given as:

|JE,| = —ax v SoB2ca — ax Sofrcaca + v SoPBacicacs + SoPficicacacs —axencs —axnyws + axcacgea+
€7]C1C3C5 + 17 C1C5Wa — C1C2C3C4Cx

(0.10)
Re-arranging and simplifying to get

|JEy| = —ax v SoBaca — ax SoBicaca + ax caczes + v Sofacicacs + SoBicicseacs — crcaczeacs + encicaes+
axedowr +axewiws +ax Y+ axnyd +axnyw: +axnp? +axnpdi+axnuds +axnpwst
axnidy +axnbiws +axypt +axypudy+axypw +axypws +axydw +axywiws +axp’+
ax poy + ax pds + ax prwr + ax plws +ax pdids 4+ o x 1wy + ax pdiws + ax pdawr + oy pwiwat

ax0100w1 + axdiwiws +anypws + XNy pwe +axepds +axepw +axepws +axep +nyplws
(0.11)
On further simplification, we obtain

|JE,| = —a x cacsey (SO <M> — 1) + cieqcs (1 — Sy <M>> +axepws +axepdy+

C2C3 C2C3
X Efw +axewiws +axnyp+axny+axnyws +axnu’+axnud +axnuds+oaxnpwt
axn o102 +ozx7751w2+ax’yu2+axﬂyu52+ax7uw1 +axypws + axydowr +ax7w1w2+axu3+
ax 28 + ax 28y + ax pPwr + ax pPws + ax p16s + ax 1 diwr + ax pdiws + ax pbaw + a X pwiwst

ax010ow1 + axdwiws +any pws + XNy phwa + axepws +axeu2 +77’yu2w2
(0.12)

|JE,| = —axcacsca (Regr — 1) +c1cacs (1 — Repp) +axepwr +axepnds + axedows +ayewiwat
axnyp+axnydy+axnyws+axnp’ +axnud +axnuds +axnpws +axnéids +axndiw+

= axyp +axypdy +axypws +axypws +axydws +axywiws + ax p® + ax p®dy + ax pPd+
ax pPwe + ax 610s + ax pdiwy + ax pdiws + ax pdawr + o X flwiws + o x 6100w 4+ a x S1wiwa+

anypws + XNy pws +axepws +ax e’ +nyplws +ax piwr
(0.13)
Which is strictly positive whenever Reyy <I1. Thus, the LF.E is locally asymptotically stable
whenever R.rs <1 and unstable otherwise.

Global Stability Analysis of the Model at Infection Free Equi-
librium

We adopt Castillo-Chavez et al., [12] to obtain the global stability analysis of the new generalized
STIQRM tuberculosis model. Suppose:

X

2 pX,2)
ddZt (0.14)
T =G(X.2), G(X,00=0

where both X € R™ and Z € R" and their components denote the number of uninfected and
infected individuals respectively and Ey = (z*,0) is the infection free equilibrium point. Then,
the fixed point Ey = (z*,0) is a globally asymptotic stable (g.a.s.) equilibrium of the system (3)
provided that Rcsy < 1 (lLa.s.) and that assumptions (H{) and (H2) below are satisfied:
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(H1) For % = F(X,0), X" is globally asymptotically stable (g.a.s.)
(H2) G(X,Z2)=AZ - G(X,Z), G(X,Z)>0for (X,Z) e

where A = D,G(X*,0) is an M —matrix (the off diagonal elements of A are non-negative) and 0 is
the region where the model makes biological sense.

Theorem 3: The equilibrium point Ey = (W*,0) of system (3) is Globally Asymptotically Stable
provided that R.fs < 1 and unstable if otherwise.

Proof: It is sufficient to establish the two criteria from Castillo-Chavez et al., (2002) to establish
the globally asymptotically stable (g.a.s.) equilibrium for the system (3). Splitting system of equa-
tions (3) into:

X=(SR M), Z=(1,Q)
T+aM —ANS —c1 S

dX
E:F(X’Z): el +wa@ — 4R
wiR+ xS —csM
e e (0.15)
T+aM —c1S
F(X,0) = 0
xS —csM
Solving the resulting equation in (15) at equilibrium to obtain
TCs X
F(X,0) = Ey = (S0, Ro, My) = ,0,
(6,0) = By = (50, o M) = (5.0 )
Also, from (15),
dsS
pri T+aM —cS
ds
=~ <m—acS (0.16)
sy < T+ (5(0) - “) et
Obviously, as;
t— o0, S(t)— % (0.17)

Similarly, solving for M from (15) to obtain M (t) < ke ' which approaches a constant value as
t — 00. Thus, condition H1 is satisfied. Now,

[ AS+nR—col 1 [ (Bl + B2Q)S +nR — ol
G(X’Z)_{ W’I—CsQQ }_[ 1 WQ’I—CsQ i ]

Put A = D,G(X*,0) (the Jacobian matrix of the infected compartment at the infection free
equilibrium state),

(0.18)

A= { B1So —c2 B250 }

Y —C3

| BiSo—c2 25 I
s [ a0 [1] o

—c3

_ [ (8150 — e2)I + B250Q ]
vI —c3Q
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From H1, SO%%:N

A7 — [ BiNI —col + 2 NQ }

v —c3Q
G(X,Z)=AZ - G(X,Z) (0.20)
A _ | BINT —col + BoNQ | | (Bl + 32Q)S + 1R — 2l
G(X’Z)‘[ T~ sQ ] [ o~ 5Q ]

At infection free equilibrium, Ry = 0. Using this for further simplification, we have;

G(X,Z) = { (511+5282)(N75) ]

_ [ (Bil + B2QIN (1— £) } - (0.21)

0

Since 0 < S < N, it is clear that G(X, Z) > 0. And since Ej is G.A.S. equilibrium of % from H1,
it follows that Fy is Globally Asymptotically Stable (G.A.S)

Bifurcation Analysis of the Model

The stability analysis of an equilibrium point determines whether a system remain near the equi-
librium point when subjected to slight adjustment (or perturbation). Thus, the solution of an
epidemic models are considered reasonable when small perturbation does not lead to large varia-
tion. In this section, we shall be considering the bifurcation analysis of the STQRM tuberculosis
model at infection free equibrium by using centre manifold theory as applied by Mukandavire et
al., 2009 [7]. For easy representation, let S =21, I =22, Q =x3, R=x4 and M = x5, then
system (3) becomes:

fi= % =7+ axrs — Ax1 — €121

f2= % = AZ1 + 1Ty — C2%2

f3= % = YTz — €373 (0.22)
Ja= % = €T + Waly — C4%4

fs = % = w1Z4 + XT1 — C5T5

Using (6) and (17), the bifurcation parameter is chosen at R.yy =1 as:

CoC3 b

b=F= 7 (Bres + B2)

The matrix (8) has a right eigenvector denoted by U = (u1, ua, us, u4, U5)T as follows:

—Bim —B3m

—C1 m m @ U
0 ﬁi” — ¢ 627” n 0 U
JRight = 0 v —c5 0 0 uz | =0 (0.23)
0 e (095 —Cq4 0 Uy
X 0 0 w; —cs Us
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Solving (23) to get,

Uo €C3 + wo
ug >0 (free), us = L, Uy = (H> Us
C3 C3Cq

cqcs (esfim + Bamy) — pwia (ecs + way)

HC3Cy
e — XCaCs (c3Bim+ Bamy) + (1 — ) pws (ecz + way)
5 =
HC3Cy

Similarly, the left eigenvector V' = (vy,ve,v3,v4,v5) is obtained from the solution of:

—c —Bim —B3m a
M log
0 ﬂler — ¢ ﬁff n 0
Jrepr=1(v1 va vz vy w5 ) 0 7y —cs 0 0 =0 (0.25)
0 3 W2 —Cy4 0
X 0 0 W1 —Cs
as:
vy >0 free7 vy = Clvl, Vg = <M> v
X csYs + Yyr
1
vy = — (77(65?-/6 + 7y8) + W1C1’Ul> vy (026)
C4 C5Ys + VY7 X
1 csYe + YYs
Vs=— YT Ys| — || n1
v C5Ys + VY7
where y5 = 217 — ¢y 4 1€y = 1T ewier o Bom L wan g g Bam +w1c1
Ys = M C2 c47y6 - cax y Y1 w ca and yg = o ca

According to Centre Manifold Theory (CMT), as applied by Mukandavire et al (2009), the dy-
namics of equilibrium of system (3) depend solely on a and b given as:

09x(0,0)
Z VeUiUj—( 7

Myl O0x;0x;
7= 9010, (0.27)
o ) 9k 070
b= Z VEU; 78331'8(#
kyi,j=1
The non-zero second order partial derivative of (3) at LF.E is given in equation (28) below:
’PH PN — 4y PhH_ PH
dx10ws  Oxa0xy 7 015081 0B10xy  n
PhH o PhH — by PhH_ PH
dx10x5  Ox301: 2 Qx30By  0Bsdrs  n 0.28)
62f2 _ anQ _ﬁ. 82f2 B 82f2 _z .
Ox10ws 00z, 0 0me0B1  0P10zs  p
Pl Pfr By: Pfa P fr ow
Ox10x3  Oxzdxy > Ox30By  0P20xs  p
Substituting (24), (26) and (28) into (27) with further simplification to obtain:
_ —2v1u3yB* [meq (5B + B2x) + wicr (¢5 + yp)] <0
XHE3Ca (0.29)
b= 2050
1
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Whenever a < 0 and b > 0, by CMT, ¢ changes from negative to positive, the equilibrium point
0 changes its stability from stable to unstable. Correspondingly, a negative unstable equilibrium
becomes positive and locally asymptotically stable. Hence, the model exhibits forward bifurcation
when R.f¢s = 1. The implication of bifurcation is that the classical requirement of having the basic
reproduction number less than unity, although necessary, is no longer sufficient to curtail the spread
of the disease within the host community.

Numerical simulation and discussion

The SIQRM model developed for analysis in this work is an entirely new model for tuberculosis
disease. Thus, the numerical analysis of the result obtained was presented in this section using
secondary data obtained from literature. Different initial values for all the state variables are used
to obtain the graphs while the values of the parameters used are as stated in Table 1. The initial
populations were chosen so that the total population N (¢) = S (¢)+1 (t)+Q (¢t)+R (t)+M (t) = 6000
The population for each curve are chosen as follows:

Curve 1: S(t) = 5000, I(t) = 200, Q(t) = 100, R(t) = 200 and M(t) = 500 while curve 2 has 3500,
1200, 400, 300 and 600 respectively, curve 3: 3000, 1000, 500, 600 and 900 respectively and curve 4
has 4500, 300, 200, 300 and 700 respectively. The graph for each compartment is plotted and the
result were given below:

80003

Susceptible Incivicual = 5(T)

0 200 300
Tme m days

[ Cuvel —=Cuwel =+= Curved« ¢« Cuved|

Figure 2: Change in S-compartment

The above figure 2 showed the rate of change in compartment S-population as time increases. The
population first increase, then it decreases until it reached the equilibrium point.
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Figure 3: Change in I-compartment

The introduction of an infected individual alters the dynamics of any population as long as the
reproduction number of the disease is greater than unity. This is obvious from the figure 3 as
I-compartment increases in population until an equilibrium position is obtained.
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Figure 4: Change in Q-compartment

The more cases of infection reported, the more the removal of people exposed, which is the reason
while figure 4 has an upward trend until the equilibrium is reached.
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Figure 5: Change in R-compartment

Recovered individuals increases due to presence of effective treatment until the equilibrium point

is attained as can be seen in the figure 5 above.

9260+
..-"'n.‘ D
92404 j.rf
i
9220 j
= ]
P, 1
Bowoq |
: |
=
2i0s]
291804 H
A 4
]
916049 3
i
91404 1
I T T T T T 1
i 19 _ 15 200 250 300
Time mn days
| Curve | == == Ciyys ] =+= Cirye3 * Cl.xt'e-ll

Figure 6: Change in M-compartment

The number of immune individuals increases with time due to immunity obtained from vaccine as
well as partial immunity obtained from effective treatment of the disease.
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Conclusion

A five-compartmental deterministic mathematical model for the transmission of infectious disease
in the presence of vaccination, immunity loss and relapse is formulated and analyzed at the disease
free equilibrium state. The model reproduction number was obtained and used to establish the
local stability analysis of the model at DFE. Simulation was done and the findings of the study
include:

1. Two equilibria states exist for the model which are the disease free and endemic equilibria
points

2. Whenever the reproduction number of the disease is less than unity, the disease cannot spread
within the community.

3. In the presence of effective treatment, the number of individual with immunity increases due
to boost in the anti-bodies.

4. Quarantine can only be effective if people are well sensitized about the sign and symptoms of
the infection, else the infection will continue to rise within the host community.
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