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Abstract

In this paper, a speci�c study of the dynamic analysis of a debonding piezoelectric sensor/actuator
layer attached to a host beam in a smart structure using �nite element method was carried out.
The results were obtained by using the Euler-Bernoulli beam theory to derive the governing
equations converted to systems of matrix equations by the Galerkin �nite element method,
and solved numerically by Maple 18 package. It was observed that increases in the bending
sti�ness and the density of the composite beam decreases the displacement of the transverse
displacement of the piezoelectric sensor/actuator layer, while increases in the axial sti�ness and
density of the composite beam increases the �exural (axial) displacement of the piezoelectric
sensor/actuator layer and thereby impacting the debonding length of the attached piezoelectric
patch, with respect to time.

Keywords And Phrases: Debonding; Piezoelectric Actuator/Sensor; Finite Element Analysis;
Axial displacement; Transverse displacement.
MSC2010: 74H15, 74S05,74k10.

1 Introduction

Certain materials produce electric charges on their surfaces as a consequence of applying mechanical
stress. The induced charges are proportional to the mechanical stress. This is called the direct
piezoelectric e�ect and was discovered in quartz by Piere and Jacques Curie in 1880. Materials
showing this phenomenon also conversely have geometric strain proportional to an applied electric
�eld. This is the converse piezoelectric e�ect. The word �piezo� means �pressure�; hence the
original meaning of the word piezoelectricity is �pressure- electricity.� Piezoelectricity is extensively
utilized in the fabrication of various devices such as transducers, actuators, surface acoustic wave
devices, frequency control and so on [1, 2]. Piezoelectric materials are classi�ed into: single-
crystal materials, piezoceramics, piezopolymers, piezocomposites and piezo�lms. Each of these
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piezoelectric materials is used as piezoelectric actuators/sensors which have become key components
in electroresistive devices such as precision positioners, miniature ultrasonic motor and adaptive
mechanical dampers. They practically work in three categories as, positioners, motors and vibration
suppressors, Sohrabi and Muliana [3]. Examples of piezoelectric actuators are zirconatetitanate
[PZT, Pb(Zr,Ti)O3], barium stannatetitanate system [Ba(Sn,Ti)O3], Lezgy-Nazargah et al. [4].
Piezoelectric actuators/sensors are designed as multilayer, bimorph and moonie, Seely and Chattopadhyay
[5]. Two of the most popular actuator designs are the multilayers and bimorphs. The multilayer,
in which roughly 100 thin piezoelectric/electrostrictive ceramic sheets are stacked toegther, has the
advantages of low driving voltage (100V), quick response (10 µs), high generative force (100 N),
and high electromechnical coupling. But the displacment, on the order of 10 µm, is not su�cient for
some applications, Shijie [6]. This contrasts with the characterisitcs of the bimorph which consists
of multiple piezoelectric and elastic plates bonded together to generate a large bending displacement
of several hundred µm, but has relatively low response time (1 ms) and generative force (1N), Neto
et al. [7]. Debonded piezoelectric actuator layer is a layer that is not perfectly bonded to the
host structure by the adhesive layer; often as a result of mechanical vibrations. When this occurs
in smart structures, it a�ects the dynamics of the structure. In Sun et al. [8], a detailed study
of the e�ect of debonding had been considered on the dynamics of piezoelectric actautors/sensors
attached to a host beam in a smart structures with signi�cant results. Boundary Element (BE)
analyses performed on delaminated composite structures repaired by active piezoelectric patches are
presented by Alaimo et al. [9],where they investigated the e�ect of the frictional contact condition
on the fracture mechanics behavior of actively repaired delaminated composite structures. The
study of Sun et al. [8] speci�cally investigated the debonding e�ects on the host beam layer of the
composite beam. Our objective in the present study is to investigate the e�ects of debonding on
the axial and transverse displacement of the piezoelectric actuator layer.

2 Formulation of the Problem

The dynamics responses of the piezoelectric actuator layer were determined using the �nite element
method that begins with discretizing the piezoelectric actuator layer into elements. The �nite
element model was then developed using linear Lagrange interpolation function and Hermite cubic
interpolation function respectively for the axial and transverse governing equations. Both the
elemental and assembled sti�ness, mass and load vector were then derived. The systems of assembled
matrix equations were then solved computationally after applying the boundary conditions. The
diagram below shows the structural set up of the host beam with bonded piezoelectrics. The
piezoelectrics are shown bonded to the host beam by adhesive on top and below. The orientation
is such that the axial axis is the x-axis while the transverse axis is the z-axis [10].
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Figure 1: The beam and piezoelectric layers with debonding [8].

In deriving the governing equation, we assumed that there is no stress transferring between the
host beam and piezoelectric actuator layer through the adhesive layer. And contact and friction
between the debonded surfaces are not considered for simplicity. From the above diagram, it can
be seen that the composite beam can be divided into segments, the segments containing only the
host beam, and the segments including the host beam bonded with two piezoelectric patches on its
upper and lower surfaces. So, the free body diagram of the piezoelectric actuator layer, adhesive
layer and host beam were shown in Fig. 2.

Figure 2: Free body diagram of the piezoelectric, the adhesive and the host beam [8].

Now we derive the governing equations for axial and transverse displacement of the the piezoelectric
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actuator layer, by using the Euler-Bernoulli beam theory in line with work of D. Sun et al. [8].
From �g. 2, the following equations of motion were obtained for the actuator layer and host beam
using the momentum principle:

ρ1A1
∂2u1
∂t2

=
∂T1
∂x

+ bτ, (2.1)

ρ1A1
∂2w1

∂t2
=
∂Q1

∂x
+ bσ, (2.2)

∂M1

∂x
+
bh1
2
τ −Q1 = 0, (2.3)

ρ2A2
∂2u2
∂t2

=
∂T2
∂x
− bτ + fl(x, t), (2.4)

ρ2A2
∂2w2

∂t2
=
∂Q2

∂x
− bσ + ft(x, t), (2.5)

∂M2

∂x
+
bh2
2
τ −Q2 = 0. (2.6)

From �gure 2 and equations (2.1 to 2.6) the subscripts 1 and 2 represent the sensor layer and the
host beam respectively; where u is the longitudinal displacement in mid plane, w is the transverse
displacement, h denotes the thickness, b is the width of the composite beam, τ and σ are the shear
and peel stress of the adhesive layer, T , Q and M are the axial force, transverse shear force and
bending moment respectively, fl(x, t) and ft(x, t) are the axial and transverse loads per unit length
on the host beam. The equivalent mass densities per unit length of the sensor and the host beam
are

ρ1A1 = ρ1bh1 +
ρadbhad

2
, (2.7)

ρ2A2 = ρ2bh2 +
ρadbhad

2
, (2.8)

respectively, with half of the mass of the adhesive layer added. The axial stress resultant and the
bending moment for the actuator layer can be written respectively as:

T1 = G
∂u1
∂x
− be31V, (2.9)

M1 = −D∂
2w1

∂x2
− be31r1V, (2.10)

where r1 is the z-coordinate value of the mid plane of the actuator layer from its neutral plane and
V is the voltage applied on the actuator along its thickness direction, e31 is the piezoelectric stress
constant of the actuator layer. G and D are the axial and bending sti�ness respectively.
Using the constant shear and peel strain assumption [4] the shear and peel stress in the adhesive
layer are given by:

τ = kb
Yad

2(1 + vad)had
γ, (2.11)

σ =
kbYad(1− Vad)

(1− 2vad)(1 + vad)had
(W2 −W1). (2.12)

Where kb is a parameter characterizing the bonding conditions and had is the thickness of the
adhesive layer, Yad and Vad are the Young's modulus and Poisson's ratio of the adhesive layer
respectively, and γ is the shear strain which takes the form:

γ =
1

2

(
∂w1

∂x
+
∂w2

∂x

)
+

1

2had

(
h1
∂w1

∂x
+ h2

∂w2

∂x

)
+
u2 − u1
had

. (2.13)
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From equation (2.3),

Q1 =
∂M1

∂x
+
bh1
2
τ.

Substituting equations (2.7), (2.9 - 2.12) into (2.1) and (2) yield

ρ1A1
∂2u1
∂t2

−G∂
2u1
∂x2

− bkbPad

2

[
∂w1

∂x
+
∂w2

∂x
+

1

had

(
h1
∂w1

∂x
+ h2

∂w2

∂x

)

+2
u2 − u1
had

]
= −be31

∂V

∂x
, (2.14)

ρ1A1
∂2w1

∂t2
+D

∂4w1

∂x4
− habkbPad

4

[
∂2w1

∂x2
+
∂2w2

∂x2
+

1

had

(
h1
∂2w1

∂x2
+ h2

∂2w2

∂x2

)
+

2

had

(
∂u2
∂x
− ∂u1

∂x

)]
− kbYadb

had
(w2 − w1) = −be31r1

∂2V

∂x2
. (2.15)

In the present study kb = 0, for the debonded part. The equation of motion with the surviving
subscript 1 removed becomes, for the sensor layer only:

− ∂

∂x

(
G
∂u

∂x

)
+ ρA

∂2u

∂t2
+ q1 = 0, (2.16)

∂2

∂x2

(
D
∂2w

∂x2

)
+ ρA

∂2w

∂t2
+ q2 = 0, (2.17)

where

q1 = be31
∂V

∂x
,

q2 = be31r1
∂2V

∂x2
.

Equations (2.16) and (2.17) are the governing equations representing the axial and transverse
displacement of the sensor layer respectively.

3 Finite Element Formulation

The weak forms of the equations (2.16) and (2.17) over a typical element of length ∆e = (0, le), of
the discretized domain (the length of the sensor layer) are developed by �rst multiplying equation
(2.16) and (2.17) by the weight functions V1(x) and V2(x) respectively and integrating over the
element's length ∆e = (0, le).
For equation (2.16): ∫ le

0

V1

[
− ∂

∂x

(
G
∂u

∂x

)
+ ρA

∂2u

∂t2
+ q1

]
dx = 0, (3.18)

∫ le

0

V1

[
− ∂

∂x

(
G
∂u

∂x

)]
dx+

∫ le

0

V1ρA
∂2u

∂t2
dx+

∫ le

0

V1q1dx = 0. (3.19)

Integrating the �rst term by parts and rearranging gives∫ le

0

[
G
∂V1
∂x

∂u

∂x
+ ρAV1

∂2u

∂t2
+ V1q1

]
dx− V1

[
G
∂u

∂x

]le
0

= 0. (3.20)
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The coe�cient of the weight function in the boundary terms are the secondary variables and are
speci�ed as the natural boundary conditions. That is∫ le

0

[
G
∂V1
∂x

∂u

∂x
+ ρAV1

∂2u

∂t2
+ V1q1

]
dx− V1(le)S

e
2 − V1(0)Se

1 = 0, (3.21)

For equation (2.17): ∫ le

0

V2

[
∂2

∂x2

(
D
∂2w

∂x2

)
+ ρA

∂2w

∂t2
+ q2

]
dx = 0, (3.22)∫ le

0

V2

[
∂2

∂x2

(
D
∂2w

∂x2

)]
dx+

∫ le

0

V2ρA
∂2w

∂t2
dx+

∫ le

0

V2q2dx = 0. (3.23)

Integrating the �rst term by part twice and rearranging all terms, give∫ le

0

[
D
∂2V2
∂x2

∂2w

∂x2
+ V2ρA

∂2w

∂t2
+ V2q2

]
dx+

[
V2

∂

∂x

(
D
∂2w

∂x2

)
− ∂V2

∂x

(
D
∂2w

∂x2

)]le
0

= 0. (3.24)

The boundary term consists of two essential boundary conditions and two natural boundary conditions.
That is ∫ le

0

[
D
∂2V2
∂x2

∂2w

∂x2
+ V2ρA

∂2w

∂t2
+ V2q2

]
dx

− V2(le)Q
e
3 +

∂V2(le)

∂x
Qe

4 − V2(0)Qe
1 +

∂V2(0)

∂x
Qe

2 = 0. (3.25)

In equations (3.21) and (3.25),V1(x) and V2(x) are the weight functions; Se
i (i = 1, 2) as de�ned in

equation (3.26), are the compressive and tensile forces at the boundaries; and Qe
i (i = 1, 2, 3, 4) as

de�ned in equations (3.27) to (3.30), are the shear forces and bending moments at the boundaries.

Se
1 = −G∂u

∂x

∣∣∣∣
x=0

;Se
2 = G

∂u

∂x

∣∣∣∣
x=le

, (3.26)

Qe
1 =

∂

∂x

(
D
∂2w

∂x2

)∣∣∣∣
x=0

= −V (x0), (3.27)

Qe
2 =

(
D
∂2w

∂x2

)∣∣∣∣
x=0

= −M(x0), (3.28)

Qe
3 = − ∂

∂x

(
D
∂2w

∂x2

)∣∣∣∣
x=le

= V (le), (3.29)

Qe
4 = −

(
D
∂2w

∂x2

)∣∣∣∣
x=le

= M(le). (3.30)

Now, employing the Ritz technique, the weight function V1(x) is de�ned for the approximation
function Φ(x) obtained from equation (3.21) using the Lagrange interpolation; and V2(x) is de�ned
for the approximation function Ψ(x) obtained from equation (3.25) using the Hermite cubic interpolation.
These are respectively:

u(x, t) =

2∑
j=1

φj(x)uj(t), (3.31)

w(x, t) =

4∑
j=1

ψj(x)wj(t), (3.32)
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where

Φ1(x) =

(
1− x

le

)
; Φ2(x) =

(
x

le

)
; (3.33)

Ψ1(x) = 1− 3
(x
l

)2
+ 2

(x
l

)3
; Ψ2(x) = −x

(
1− x

l

)2
;

Ψ3(x) = 3
(x
l

)2
− 2

(x
l

)3
; Ψ4(x) = −x

((x
l

)2
− x

l

)
. (3.34)

Equation (3.31) in (3.21) and (3.32) in (3.25) yield the following set of equations of motion,
respectively for the axial and transverse displacement, for a typical element

2∑
j=1

kijuj +

2∑
j=1

mij üj = −Fi +Qi, (3.35)

4∑
j=1

k∗ijwj +

4∑
j=1

m∗ijẅj = −F ∗i +Q∗i . (3.36)

The terms in equations (3.35) and (3.36) are as de�ned in equations (3.37) and (3.38) respectively.
They are the element sti�ness matrices, element mass matrices, the element applied force and the
element internal generalized forces.

kij =

∫ le

0

Gφ′iφ
′
jdx; mij =

∫ le

0

ρAφiφjdx and

Fi =

∫ le

0

φiq1dx; Qi = φi(le)Q
e
2 − φi(0)Qe

1, (3.37)

k∗ij =

∫ le

0

Dψ′′i ψ
′′
j dx; m∗ij =

∫ le

0

ρAψiψjdxF
∗
i =

∫ le

0

ψiq2dx and

Q∗i = ψi(0)Qe
1 + ψi(le)Q

e
3 − ψ′i(0)Qe

2 − ψ′i(le)Qe
4. (3.38)

Evaluating equations (3.37) and (3.38) using (3.33) and (3.34) respectively, the matrices and applied
forces in (3.37) and (3.38) becomes

k =
G

le

(
1 −1
−1 1

)
; m =

ρAle
6

(
2 1
1 2

)
; F =

q1le
2

{
1
1

}
. (3.39)

k∗ =
2D

l3e


6 −3le −6 −3le
−3le 2l2e 3le l2e
−6 3le 6 3le
−3le l2e 3le 2l2e

 ; m∗ =
ρAle
420


156 −22le 54 −13le
−22le 4l2e 13le −3l2e

54 −13le 156 22le
13le −3l2e 22le 4l2e

 ;

F ∗ =
q2le
12


6
−le
6
le

 . (3.40)
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4 Finite Element Models

Following the standard procedure of the �inite element method, Reddy [10], the elemental equations
of motion (3.35) and (3.36) are assembled. The clamped boundary conditions of equations (4.41)
and (4.42) are imposed respectively for the axial and transverse equations.

u(0, t) = u(L, t) = 0; Q1
1 = −Q2

2 = −
[
a
du

dx

]
;Q1

2 +Q2
1 = 0; (4.41)

w(0, t) =
dw(L, t)

dx
= 0; Q1

3 +Q2
1 = Q1

4 +Q2
2 = 0. (4.42)

The �nite element model for the axial loading is obtained by substituting the approximation function
(3.31) into the weak form (3.21). That is

∫ le

0

Gdφi
dx

d

dx

 2∑
j=1

φjuj

+ ρAφi
d2

dt2

 2∑
j=1

φjuj

+ φiq1

 dx− φi(le)Qe
2 − φi(0)Qe

1 = 0, (4.43)

that is

2∑
j=1

[∫ le

0

(
G
dφi
dx

dφj
dx

uj + ρAφiφj
d2uj
dt2

)
dx

]
+

∫ le

0

φiq1dx− φi(le)Qe
2 − φi(0)Qe

1 = 0, (4.44)

this yieds
2∑

j=1

[Kijuj +Mij üj −Qi] + Fi = 0. (4.45)

Where

Kij =

∫ le

0

G
dφi
dx

dφj
dx

dx, Mij =

∫ le

0

ρAφiφjdx, Qi =

2∑
i=1

φi(xi)Q
e
i , Fi =

∫ le

0

φiq1dx (4.46)

The �nite element model for the transverse loading is similarly obtained by substituting the
approximation function (3.32) into the weak form (3.25). That is

∫ le

0

Dd2ψi

dx2
d2

dx2

 4∑
j=1

ψjwj

+ ψiρA
d2

dt2

 4∑
j=1

ψjwj

+ ψiq2

 dx
− ψi(0)Qe

1 +
dψi(0)

dx
Qe

2 − ψi(le)Q
e
3 +

dψi(le)

dx
Qe

4 = 0, (4.47)

4∑
j=1

∫ le

0

(
D
d2ψi

dx2
d2

dx2
wj + ρAψiψj

d2wj

dt2

)
dx+

∫ le

0

ψiq2dx

− ψi(0)Qe
1 − ψi(le)Q

e
3 +

dψi(0)

dx
Qe

2 +
dψi(le)

dx
Qe

4 = 0, (4.48)

4∑
j=1

[∫ le

0

(
D
d2ψi

dx2
d2ψj

dx2
wj

)
dx+

∫ le

0

ρAψiψj
d2wj

dt2
dx+

∫ le

0

ψiq2dx−Qe
i

]
= 0. (4.49)

This yields
4∑

j=1

[Kijwj +Mijẅj ] =

4∑
i=1

[−Fi +Qe
i ] (4.50)
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Where

Kij =

∫ le

0

(
D
d2ψi

dx2
d2ψj

dx2

)
dx, Mij =

∫ le

0

ρAψiψjdx, Fi =

∫ le

0

ψiq2dx

Qi = ψi(0)Qe
1 + ψi(le)Q

e
3 −

dψi(0)

dx
Qe

2 −
dψi(le)

dx
Qe

4, (4.51)

The resulting �nite element model for the axial loading from equation (4.45) is a system of three
equations in three unknowns, while the model for the transverse loading from (4.50) is a system of
six equations in six unknowns. They are both given as equations (4.52) and (4.53) respectively.

KU +MÜ = L, (4.52)

K∗W +M∗Ẅ = L∗. (4.53)

where K and M are the structural sti�ness and mass matrices respectively; U and Ü are vectors
of the axial structural displacement and acceleration respectively; W and Ẅ are vectors of the
transverse structural displacement and acceleration respectively; L (L∗) is the addition of the
assembled applied forces vector F (F ∗) and the assembled internal generalized forces vector Q
(Q∗).
The Newmark method was used to fully discretize the semidiscrete second order time derivatives in
(52) and (53), after �rst rewriting them in two time steps, and subtracting the previous time from
the current time, as follows:

K∆ui +M∆üi = ∆Li, (4.54)

K∗∆wi +M∗∆ẅi = ∆L∗i . (4.55)

Newmark's method with the linear acceleration option (β = 1
6 ) transforms of equations (4.54) and

(4.55) to:

K̂∆ui = ∆L̂i, (4.56)

K̂∗∆wi = ∆L̂∗i , (4.57)

where

K̂ =

(
K +M

1

β∆t2

)
, ∆L̂i = ∆Li +M

1

β∆t
u̇i +M

1

2β
üi, (4.58)

K̂∗ =

(
K∗ +M∗

1

β∆t2

)
, ∆L̂∗i = ∆L∗i +M∗

1

β∆t
ẇi +M∗

1

2β
ẅi. (4.59)

In equations (4.58) and (4.59), β de�nes the variation of acceleration over a time step and determines
stability and accuracy, typically 1

6 ≤ β ≤
1
4 , ∆t = ti+1− ti. According to Chopra [11], the stability

requirement for the Newmark method is

∆t

Tn
≤ 1

π
√

2

1√
0.5− 2β

, (4.60)

where Tn is the natural period of vibration. For this study, the method is stable if

∆t

Tn
≤ 0.551. (4.61)

This was achieved with ∆t = 0.1 . Shorter time steps than 0.551Tn gives more accurate representation
of the excitations and responses.
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5 Numerical Investigation and Result

Using the fully discrete �nite element models of (56) and (57), the responses of the piezoelectric
sensor layer of the beam is considered. The host beam is made of a [00, 900] composite material. The
average thickness of the beam is 1.94mm, and the ply thickness is 0.161mm. The beam is clamped
at its left end and its e�ective length is 30cm. A 10.3cm long and 0.0762mm thick piezoelectric
sensor is bonded on the upper surface of the composite beam and its left ends are 3.4cm away from
the clamped end of the host beam. The mass density of the beam and the piezoelectric actuator
are 1507kgm−3 and 5000kgm−3 respectively. The Young's modulus of the piezoelectric sensor is
6.9GPa. The equivalent bending sti�ness and extension sti�ness for the composite beam with unit
width are calculated as D = 45.5196Nm2 and G = 1.19795 × 1010N . In our calculation, the
thickness of the adhesive layer is taken as 0.1mm. The axial displacement is obtained using the
parameter values: ρ = 1000, G = 1.19795 × 1010, le = 0.2, and q1 = 100. These parameter values
were also used in the study of Sun et al. (2001) [8].
From �g. 3, by increasing the values of G we observed that the axial displacement values increased
as time increased. Similar trends were observed by raising the values of A on axial displacement as
can be seen from �g. 4, and �g. 5 - by increasing the density ρ values in �g. 5.

Figure 3: E�ect of Extension Sti�ness (G) on the Axial Displacement.
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Figure 4: E�ect of Area (A) on the Axial Displacement.

Figure 5: E�ect of Pressure (ρ) on the Axial Displacement.
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Table 1: Computations showing the comparison of Newmark with some numerical methods for
the Axial Displacement, U.

For all cases, by increasing the speci�ed physical parameter values, the axial displacement of the
debonded piezoelectric actuator layer increased with respect to time.
The parameter values for the composite beam used to obtain the transverse displacement according
to [8] are: ρ = 1000, D = 49.5196, le = 0.5, A = 5 and q2 = 100.
Following a similar approach, by varying(increasing) the Axial sti�ness D, as can be seen in �g. 6,
the transverse displacement of the debonded piezoelectric sensor layer tends to increase, and then
losses control after time t = 0.3s). The same is observed from �g. 7, by increasing the Area A,
and �g. 8, by increasing the Density ρ. In both �g. 7 and �g. 8, the transverse vibration of the
debonded piezoelectric sensor layer also losse control and becomes boundless.
The e�ects of these parameters on the transverse displacement of the debonded piezoelectric sensor
layer, as shown in �gs. 6, 7, and 8, are indications that the actuator layer loses contact with the
host beam due to increase in the debonding length caused by the increases of the Bending sti�ness,
Area, and Density of the composite beam respectively.
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Figure 6: E�ect of Bending Sti�ness (D) on the Transverse Displacement.

Figure 7: E�ect of Area (A) on the Transverse Displacement.
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Figure 8: E�ect of Pressure (ρ) on the Transverse Displacement.

6 Concluding Remarks

A dynamic analysis has been carried out to study the e�ects of some physical parameters on a
debonding piezoelectric using the �nite element method. The results obtained in the study reveal
the following:

1. An increase in axial sti�ness of the composite beam increases the axial displacement of the
debonding piezoelectric actuator layer.
2. An increase in area of the composite beam enhances the axial displacement of the debonding
piezoelectric actuator layer.
3. The axial displacement of the piezoelectric actuator layer also increase as a result of an increment
in the composite beam's density.
4. Increasing the value of the bending sti�ness of the composite beam decreases the transverse
displacement of the debonding piezoelectric actuator layer. With a boundless swing noticed from
t = 0.3s.
5. An increase in the area of the composite beam also decreases the transverse displacement of the
debonding piezoelectric actuator layer. A boundless swing was observed after t = 0.3s for A = 5,
t = 0.4s for A = 10, and at t = 0.6s for A = 20.
6. An increment in the density of the composite beam results in a decrease in the transverse
displacement of the piezoelectric actuator layer. And a boundless swing was observed after t = 0.3s
for ρ = 1000, t = 0.4s for ρ = 1500, and at t = 0.5s for ρ = 3000.

The impact of the variations of the speci�ed physical parameters, especially on the transverse
displacement, has far reaching implications on the debonding of the piezoelectric actuator layer in
the composite beam. As seen in �gs. 6, 7, and 8, the displacements become boundless after some
time. This situation will worsen the control of the host beam because it will result in there being
no contact between the host beam and the piezoelectric patches. This will negatively impact on
the control function of the smart structure.
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Table 2: Computations showing the comparison of Newmark with some numerical methods for
the Tranverse Displacement, W.
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