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Abstract

The present paper focuses on the impacts of stretching surface inclination, magnetic field
and thermal radiation on natural convection heat transfer of nanofluids over a surface in a
porous medium. The flow and heat transfer models are solved using multi-step differential
transformation method. From the parametric study, the results show that the velocity of the
nanofluid increases as the plate inclination increases while the temperature of the nanofluid
decreases as the plate inclination increases. Also, the flow velocity of the fluid attains minimum
value when the plate assumes horizontal position while it reaches maximum value when the
plate is at vertical position. The velocity of the fluid decreases as the magnetic field parameter
increases. However, the temperature gradient of the flow increases as the magnetic field
parameter increases. The viscous and thermal boundary layers increase with the increase
of thermal radiation parameter. The present study will help in the design of flow equipment
in various industrial and engineering various applications.

Keywords and Phrases Free convection; flat plate inclination; Magnetic field; Nanofluid; Thermal

radiation.
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1 Introduction
Flow over flat surfaces are dominated in various applications such as solar extrusion, coating,

aeronautics, solar energy, melt spinning, cooling of metallic plates, glass-fiber production, food
processing, mechanical forming, reactor fluidization, foodstuff processing, drawing of a polymer
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sheet, aerodynamic, cooling of gas turbine rotor blades, continuous casting, rolling, heat treatment,
tinning of copper wires, etc. In these applications, the fluid flow and heat transfer analyses are very
important as the quality of products in the processes depends considerably on the flow and heat
transfer characteristics of thin liquid films over the stretching sheets. A common application of fluid
flow over flat surface in renewable energy applications is the fluid flow over a photovoltaic solar
panel as shown in Fig. 1. Consequently, flow and heat transfer of fluids over flat surfaces has been
a subject of study over the past decades [1]-[11]. Also, in a recent study, Na and Habib [12] adopted
parameter differentiation method to examine the free convection boundary layer flow problem over
a vertical surface. Merkin [13] submitted the similarity solutions for natural convection on a vertical
plate while Merkin and Pop [14] used finitedifference method to have insight into the conjugate free
convection problem of boundary-layer flow over a vertical plate. Ali et al. [15] presented a numerical
investigation of free convective boundary layer in a viscous fluid while Motsa et al. [16] utilized
homotopy analysis method to solve the flow problem but with the inclusion of mass transfer. Also,
spectral local linearization approach was used by the same author [17] to the problem while Ghotbi
et al. [18] developed analytical solutions to the problem using homotopy analysis method. The
previous studies on the problem under investigation are based on the flow of viscous fluid over a
vertical surface without considering the effects of plate inclination on the flow behaviour. To the
best of the author’s knowledge, a study on the coupled effects of plate inclination, magnetic field
and thermal radiation on the free convection boundary-layer flow and heat transfer of nanofluids
over a vertical plate using multi-step differential transformation method has not been carried out
in an open literature. Therefore, the present study provides insights on the coupled effect of
stretching plate inclination, magnetic field and thermal radiation on natural convection heat transfer
of nanofluids over a surface with thermal radiation using multi-step differential transformation
method. The developed analytical solutions are used for parametric studies and the results are
presented and discussed.
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Figure 1: Power generation through an inclined photovoltaic solar panel
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2 Problem Formulation and Mathematical analysis

Consider a laminar natural convection flow of an incompressible electrically conducting nanofluid
past a plate embedded in a porous medium which is inclined to the horizontal with an acute angle
~v measured in the anticlockwise direction and situated in an otherwise quiescent ambient fluid at
temperature T, as shown in Fig. 2. A transverse magnetic field of strength B is applied normal to
the inclined plate as shown in the figure.

Figure 2: Velocity and temperature profiles in free convection flow of nanofluid over an inclined
plate embedded in a porous medium

For the steady, incompressible, two-dimensional laminar flow, the equations for continuity, momentum
and energy are given as

Oou  Ov
%+8—y70 (2.1)
ou ou 0%u o £U
I T — Ty) siny — o B2u — =22 2.2
s (WG4 05 ) = g G+ 9 0) (7 = To) siny — B — 2L (22

or 8T>_ O*T  0q, 23)

(pcp)nf <u8m + Uﬁiy nfaiyz oy

Using Rosseland’s approximation, the radiation term at the RHS of Eq. (2.3) can be expressed as

Oq. 4o OT* N 160,4aT2 02T

= o~ _TT7Tal7s T - 2.4
Oy 3K Oy 3K 0y? (24)
Therefore, the energy equation in Eq. (2.3) becomes
or = or 160,412\ O*T
il =)=k, TTAts ) 2.5
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Under no slip conditions, the appropriate boundary conditions are given as

u=0, v=0, T=T, at y=0
u=0, T=T, aty— o0 (2.6)

The various physical and thermal properties of the nanofluid are presented as follows:

Pnf = Pf (1 - ¢) +ps¢
(pep)ny = (pcp) s (1= phi) + (pcy), ¢

(PB)ny = (PB)f (1 = @) + (pB), ¢ (2.7)
Hnf = # (2.8)

g [Re 2k = 20 (ky — k)
T Tk + 2k + 6 (ky — k)

s{z - 1}o
! , (2.10)
5r2po-{g -1}
From Eq. (2.1), (2.2) and (2.3), introducing a stream function, v (x,y) such that

_o %
u = oy V= (2.11)

and using the similarity and dimensionless variables as

Onf =0f 1—|—{

1
4

1/4
_ P%f (9Bnt (Tw — To))  Appg P%f (98ns (T — Too)) 2
77 - 4 2 I w - 4 2 f (77)7
gﬁnfvnf (Tw _Too) T-T, HnfCp
= = — P = —
Gr s , 0 T T r Ty
R— 4UradT§o7 a2 _ O'nfBgUnf7
3kK Pnful Gr
2 K
Da = YeBeCr (2.12)
Up g

fully coupled third and second orders ordinary differential equations are derived as

(=g +0(2)] (35 s ) - 207" 0)?)

UUR U (= 6)+6[(08), / (08),]] 0 ) simry

- (Ha2 + Dla) f(m)=0 (2.13)
4\ ., 1 ks +2ky —2¢ (ks — ks) r_
<1+3R)0 o [(1=0)+6[(eC), / (0Cy)]] {ks—i-%ff"'(b(k?ff— ksJ Prig =0 @14

and the boundary conditions as

f=0, f/=0, 6=1, whenn=0
/=0, =0, whenn=c (2.15)
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3 Basic Concepts of Multi-Step differential transform method

The basic concept, the definitions of classical differential transformation method and multi-step
differential transformation method can be found in our previous publication, Sobamowo and Yinusa

[19].
With the aid of the operational properties of the classical differential transformation method in
[19], the differential transformations of the flow equation in Eq. (2.13) is given as

(p+1)(p+2)(p+3)F(p+3)
[32 =l + D) —I+2)F()F(p—1+2) }

+(1—¢)*? 23 (4+1)(p—1+1)FU+1)F(p—1+1) =0 (3.1)
+a20 (p )smv — (Ha? + Da™') F (p)
Also, for Eq. (2.14),
(p+1)(p+2)0(p+2)+ {3agpr§p:(z+1)@(z+1)F(p—1)} =0 (3.2)
=0

We can write Eq. (3.1) as

1—¢)5/2 {22 o+ (p—1+1)F(+

DF(p—1+1)
3 L olp—=1l+1)(p—1+2)F()F(p—1+2) ]

F(p+3) = Grip oo (3.3)
e —a20 (p )smw + (Ha® + Da™') F (p)
And Eq. (3.2) as
o +2)—LPT ZP: OU+1)F(p—1) (3.4)
Pro o+ | & '
where
o= (1-0)+0 (%)
= [(1=0)+0[(08), / (8)]]
o — 1 |:ks+(m71)kff(m71)¢(kffks)]
3 [(1=¢)+9[(pCp), /[ (pCp),]] ks+(m=1)ks+¢ (ks —ks)
The recursive relations for the boundary conditions in Eq. (2.15) are
F(p)=0=F(0)=0, (p+1)F((p+1)=0 =F(1)=0,
O(p)=1 =60)=1, F(2)=a, 0(1) =D, (3.5)

where a and b are unknown constants which will be found later.

It should be noted that the transformations which included “a” and“bd” are established from values

off (0) =a and ¢’ (0) = b.

Therefore, from Eq. (3.5), we have the following boundary conditions in differential transform
domain
Fl0]=0, F[1]=0, 0[0]=1 F[2=a, 60[1]=b (3.6)

Using p=0, 1, 2, 3, 4, 5, 6, 7... in the above recursive relations in Eq. (3.3), the following
equations are obtained

1 5
F3] = % (1— )" ansiny
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1

— (1 452 :
F[4] = o4 (1—¢)"" bagsiny
a (2(1 (1—¢)*? a1Da + Ha*Da + 1)
Pl = 60Da
Flo = (DaHa? +1) (1 - ¢)5/2 Qo siny
B 720Da

(1- ¢)5/2 agbsiny ( —40Da (1 — ¢)5/2 Rdaoy —30(1 — qS)S/Q araDa )

+4DaHa?Rd — 18DaPraas + 3DaHa? + 4Rd + 3
(15120 + 20160Rd) Da

6a + 8Da?Ha*Rda + 16DaHa*Rda — 144 (1 — ¢)*/* a1a®Da

+312Da%a3 %12 — 1560Da%a’ ¢ a1 ? + 3120Da?a¢3an?

—3120Da’a3 %12 4 1560Da?a®pa? — 416 Da’® Rda3 o 2

—192Da?Ha? (1 — ¢)5/2 Rda*ay — 15Da? (1 — ¢)5/2 b (siny)® ag g

—9Da2Prb (siny)? ax?as + 100Da? (1 — (;5)5/2 Rdb (siny)? oy ag?

—200Da? (1 — ¢>)5/2 Rdb (siny)* ¢2on a2

—100Da? (1 — q§)5/2 Rdb (siny)? ¢t ag?

+200Da? (1 — ¢)5/2 Rdb (siny)* ¢3 o a2

+20Da? (1 — ¢)*'? Rdb (sinv)? ¢°ayan? — 192Da (1 — ¢)*/? Rda2a,

Fl§ = . —144Da%Ha? (1 — ¢)*/% a®ay — 4160Da® Rda3 $2a, 2
(120960+161280Rd) Da® | 19080 Da’ Rda’pon? + 4160Da®Rda’¢®ar? + 416 Da® Rda® ¢° a1

—2080Da?Rda’¢*a1? + 8Rda + 12DaHa%a — 312Da?a3 2

+6Da’Ha*a — 20Da? (1 — ¢)5/2 Rdb (siny)* oy az?

+75Da? (1 — ¢)5/2 b (siny)® payas?

+150Da? (1 — ¢)5/2 b(siny)? ¢3 oy as?

—150Da? (1 — (/5)5/2 b (siny)? $2oqan?

+15Da? (1 — ¢)°/? b (siny)? ¢®ayan?

—75Da? (1 — ¢)5/2 b(siny)? ¢raras? + 9Da?Prb (siny)? ¢Pazas

—45Da?Prb (siny)® ¢ras2as + 90Da? Prb (siny)® ¢Paszas

—90Da2Prb (siny)® ¢*as?as + 45Da2 Prb (siny)® ¢pasas

3—252(1— ¢)5/2 ajaDa + 216 Da%a?¢% a2 — 1080Daa? ¢t a2
+2160Da’a’¢p3aq? — 2160Da’a?p?>a1? 4+ 1080Da?a? a2
—288Da’Rda®0;? — 15Da2b2¢5a1a25m7 + 75Da2b2¢4a1a25m7

(1—)5/2 iz siny +200Da? Rdb?¢%ay apsinyy + 100Da® Rdb? ¢ty apsiny
(1088640+1451520Rd) Da® | —1440Da’Rda?¢*a1? — 200Da? Rdb? ¢ o apsingy
+9Da? (1 — ¢)5/2 Prb2asassiny — 20Da?Rdb?¢° o aasiny
—100Da2 Rdb2pay assiny — 336Da (1 — ¢)*'? Rdacs

Flo) = -

—2880Da2 Rda? ¢ 2 + 1440 Da2 Rda2 g 2 + 2880 Da? Rda? ¢ a2
+6Ha?Da + 3Da?Ha* + 4Da> Ha* Rd — 216 Da”a?a;? + 4Rd
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—75Da?b? paq agsiny — 336 Da?Ha? (1 — q5)5/2 Rdaoy + 8DaHa?Rd

+288Da?Rda’¢°a,® + 15Da*b*arassiny — 252Da’Ha? (1 — ¢)°* acy
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—77760Da? Rda?bpo? + 9b + 5832Da%a?bo; ? + 16 Da? Ha* Rd%b
+24Da’Ha*Rdb + 32DaHa? Rd*b + 48DaH a? Rdb 4 378 Dacvy ava sinsy
—378Da’Ha’¢° o agsiny + 1890Da?Ha?¢* oy Qo 8Iny
—672DaRd2¢5a1agsz’n7 — 3780Da?Ha? g3 o ansiny
+3360DaRd?¢* a1 ansiny — 1008 DaRdd® aq ceasiny
+672Da?Ha? Rd? o apsiny — 6720DaRd% g3 o aasiny
+5040DaRdg* oy aasiny — 10368 Da? Rd%abg®an
+51840Da?Rd?a®b¢* o ? — 15552Da? Rda?bg® oy 2
—103680Da?Rd%ab¢3aq? 4+ 77760Da’ Rda’bd* a2
+103680Da’Rd?a®bg? o ? — 155520Da2 Rdabgan

—51840Da’ Rd?a?bpar ? + 155520 Da® Rda’bp? a1 2

+5328Da? (1 — ¢)*/? PrRda®boy s + 3780Dag? o iz siny
+672DaRd20¢10¢2$in7 +378Da?Ha’ay Qo SINy
+3360Da?Ha?Rd%> ¢ oy aasiny — 3780 Dag> o cavasingy
+1890Da¢* a1 aasiny + 3240Da? Prabas? — 378 Dag®aq aasiny

sz +10080Da?Ha?Rdd?ay aasiny — 3360Da? Ha? Rd? pon s sinsy

F[10] = — 36;818};323 TirarDpar | —10080Da? Ha?Rdg® o agsiny + 6720 Da? Ha? Rd* ¢ ay g siny
+5040Da? Ha? Rdsinyg* oy g — 6720Da? Ha? Rd? siny > o oy
—1008Da? Ha? Rd$® oy g siny — 3408 Da (1 — ¢)5/2 Rdaba
+3780Da? Ha%¢2 oy ansiny — 2272Da (1 — ¢)°/? Rd2abay
—1278Da*Ha? (1 — (;5)5/2 abay — 5040DaRdpay g siny
—144DaPrRdabos + 10080 DaRdd?aq cisiny — 3360DaRd? pon ceasiney
—10080DaRd®>at cgsiny + 6720DaRd? p? oy ap siny—
1890Da? Ha? poy avasiny + 1008 Da? Ha? Rdo ap siny
—672Da?Ha’Rd%¢° oy apsiny — 108 Da? Ha? Prabas

+9Da*Ha*b + 18DaHa?b — 1278Da (1 — ¢)*'? aboy — 108 DaPrabas
+1008DaRday casiny — 1890Dada aasiny + 58320Da?a?bg?an
—29160Da?a?bpar? + 29160Da?a?bg*an? — 58320Da’a?bg3 a2
—5832Da?a?bp 1?2 + 10368 Da’ Rd?a?bai 2 4 15552Da? Rda?bov 2
+16Rd?b + 24Rdb — 5040Da? Ha? Rdga apsiny — 144Da? Ha? PrRdabas
+3996Da? (1 — ¢)*'? Pra2bayas — 3408Da?Ha? (1 — ¢)*/* Rdaba,
—2272Da’Ha? (1 — ¢)*/? Rd%abay

In the same manner, the expressions for F [11], F[12], F[13], F[14], F[15] are found but they are
too large to be included in this paper.
Also, taking p=0, 1, 2, 3... in the above recursive relations in Eq. (3.1), the solutions are derived

h 0[2]=0
0[3]=0

3 (azPrab
Ol =-3 (314Rd>

~ BazPr(1— ¢)5/2 b agsiny

OBl 120 + 160Rd
o6 = azPrb? (1 — ¢)5/2 Qo siny
N 240 + 320Rd
onPrba [ 3+8Da(l—)°? Rdaay +6 (1 — ¢)”* araDa
3 +4DaHa?Rd — 180DaPraas + 3DaHa? + 4Rd

280 (3 + 4Rd)* Da
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azPr (1 — ¢)**bay (4DaHa>Rd — 630DaPraas + 3DaHa? + 4Rd + 3) siny

O8] = 2
4480 (3 + 4Rd)” Da
4DaHa? (1 — ¢)*/* Rdb — 1026a Prba (1 — ¢)*/* Da—
315DaPr¢°asazsiny + 40DaRdab¢®ay + 3DaHa? (1 — ¢)*/* b+
1575DaPro*asassiny — 200DaRdabd* a1 + 30Daabg®an +
o9 = g Prbagsiny 150Daabpa; — 30Daabay, — 3150DaPr¢3asassiny + 400DaRdabg3 oy

T 40320(3+4Rd)*Da —150Daabd* a1 + 3150DaPro?asaszsiny — 400 DaRdabgp? oy
+300Daabg®a; + 4 (1 — ¢)5/2 Rdb — 1575 DaProasazsiny
+200DaRdabpay — 300Daabd?ay + 3b (1 — ¢)*/?

+315a3 PrasDasiny — 40DaRdabay
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o[10] =

asz Prb

" 403200(34+4Rd)® Da?

—1152Da2Ha? (1 — ¢)*? Rda?a; — 450Da? (1 — ¢)°/ b (sin)? $2a;as?
+18a — 9072a3Pra’®Da + 48Da’Ha*Rda + 96 DaH a? Rda—

432 (1 — q’))5/2 ara’Da + 936Da%ad® a2 — 4680Da’a ¢t aq 2+
9360Da’a?¢3an? — 9360Da’a® ¢y ? + 4680Da’a’ pan

—45Da? (1 — ¢)5/2 b (siny)* ayas? — 12096 Da? Ha? PrRda2os
—18144Da? (1 — ¢)*'? Pradajas — 768Da2Ha? (1 — ¢)°'? Rd%a%a,
—12096DaPrRda?as — 9072Da? Ha? Pra®as

+450Da? (1 — ¢)5/2 b (siny)? pPoras?

—225Da? (1 — (;5)5/2 b (siny)? ¢*aras? 4+ 45Da? (1 — ¢)5/2 b(siny)? Py as?
+3429Da2 Prb (siny)® ¢5as2as

+34290Da2 Prb (siny)? ¢33 — 34290Da2 Prb (siny)? ¢2as2ars
—80Da? (1 — q5)5/2 Rd?b (sin7)2 a1’ — 4572Da?PrRdb (sirw)2 as’as
—17145Da®Prb (siny)” ¢*as?as — 120Da? (1 — q5)5/2 Rdb (siny)* oy a?
—24192Da? (1 — ¢)*/? PrRda®ay a3 + 225Da? (1 — ¢)* 2 b (siny)? o
+600Da? (1 — ¢)5/2 Rdb (siny)? oy ag?

—1200Da? (1 — ¢)5/2 Rdb (siny)? ¢?ay s

+1200Da? (1 — ¢)5/2 Rdb (sinv)? ¢3aya?

—600Da? (1 — ¢)*'? Rdb (siny)? ¢y

+120Da? (1 — (;5)5/2 Rdb (siny)® ¢°ora0? + 32Rd%a + 18Da2 Hata
—1152Da (1 — ¢)*? Rda?ay — 432Da?Ha? (1 — ¢)*/% a2y
+12480Da?Rda>pa1? — 936Da%a® 12 — 3429Da?® Prb (sirw)2 o
+17145DaPrb (siny)? pas?as + 400Da? (1 — ¢)*/* Rd2b (siny)? o ag?
+36DaHa?a + 800Da? (1 — ¢)5/2 Rd2b (sinry)® ¢3 o an?

—800Da? (1 — ¢)5/2 Rd2b (siny)? ¢ oo

+80Da? (1 — (;5)5/2 Rd2b (siny)? ¢°oq an?

—400Da? (1 — ¢)5/2 Rd2b (sinv)? ¢ oy

—45720Da? PrRdb (sin’y)2 o’ as’as + 22860Da? PrRdb (sin’y)2 pas’as
+4572Da®PrRdb (siny)” ¢°asas

—22860Da?PrRdb (sin’y)2 ooy + 45720Da® PrRdb (sin7)2 dav’as
—24960Da’ Rda®$? a1 2 + 24960Da?Rda® g3 a2

—12480Da? Rda®¢* oy ? + 2496 Da® Rda®¢® oy ? + 8320Da? Rd%a® o, 2
+181440Da?Pra’as? + 48Rda

+16640Da? Rd%a3¢3a1? — 16640Da’ Rd%a®¢? a2

—8320Da’Rd2a3 a2 — 768Da (1 — ¢)*'? Rd2a2ay
+1664Da?Rd?a®¢®a1? — 2496 Da® Rda o1 ? + 64DaHa®Rd?a
+32Da?Ha*Rd?a — 1664Da” Rd?a3 o1 2

In the same manner, the expressions for® [11],0 [12], © [13], © [14], ©[15]... are found but they
are too large to be included in this paper

From the definition of DTM, the solutions of Egs. (2.13)and (2.14) are developed as

f(n) = F[0] + nF[1] + n*F[2] + n*F[3] + +n*F[4] + n° F[5]
+18F[6] + 0 F[7] + n®F[8] + n° F[9] + +n'°F[10] + ... (3.7)

0 (n) = ©[0] + nO[1] + n*O[2] + n°O[3] + +n*O[4] + n°O[5]
+1°0[6] + n7O[7] + n*0[8] + n°0[9] + +1n°0[10] + ... (3.8)
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Now, consider similar fully coupled third and second orders ordinary differential equations presented
in Egs. (2.13) and (2.14), but at this time, we take a=1 and b=1

g"(m) + (1= ¢)** { 1 (399" (1) =247 ()") + 0 o) comy } =0 (3.9)
— (M2 + Da’l) g(n)
0" (n) + 3azPrg (n) ¥ (n) =0 (3.10)
With initial conditions as
g=0, ¢=0 ¢g'"=1, 9=1, ¥ =1 whenn=0 (3.11)

Following the similar solution procedures of Eqgs. (2.13) and (2.14), the solutions of Egs. (3.9) and
(3.10) are
g(n) = G0] +nG[1] + n*G[2] + n’G[3] + +n*G[4] + nGF[5]

+18G[6] + 07 G[7] + n*G[8] + n°G[9] + +n'°G[10] + ... (3.12)
and
9 (1) = @[0] + (1] + *®[2] + 7’ ®[3] + +7*@[4] + 7°P[5] (3.13)
+ 100 (6] + 1R[] + 7P[8] + 0 (9] + +0'°D[10] + ... :
where

<nm:o,<ﬂu=o,,epp:; o0 =1, O[] =1
G[3] = - (1—¢)"* azsiny

G4 = ~51 (1- ¢)5/2 Qo siny

(2 (1—¢)*?a1Da + Ha’Da + 1)
60Da

(DaHa® +1) (1 — ¢)*? agsiny
720Da

—40Da (1 — ¢)*? Rdoy — 30 (1 — ¢)*? a1 Da
+4DaHa?>Rd — 18DaPras + 3DaHa? + 4Rd + 3
(15120 + 20160Rd) Da

ale) = -

(1- (;5)5/2 asbsiny <
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6a + 8Da?Ha*Rda + 16DaHa?Rda — 144 (1 — ¢)°? a1 Da + 312Da2¢ a, 2
—1560Da?¢*a1? + 3120Da’¢>a1? — 3120Da?¢% a2 + 1560Da’pa; ?
—416Da?Rda,? — 192Da? Ha? (1 — ¢)*’? Rda,
—15Da? (1 — ¢)*'? (siny)* aras? — 9Da?Prb (siny)* az2as
+100Da? (1 — )5/2 Rd (sin7y)? gpa oy
—200Da? (1 — ) % Rd (siny)” %y
—100Da? (1 — ) ® Rd (siny)” ¢*ayan?
+200Da? (1 — ¢)* Rd (sm’y) PParan?

Gls| = ! +20Da? (1 — ¢)*'? Rd (siny)? ¢°aras? — 192Da (1 — ¢)*/% Rdoy

(120960+161280Rd) Da?

—144Da*Ha? (1 — ¢)*'? ay — 4160Da®Rdp? a2

+2080Da2 Rdpan? + 4160Da2 Rddar? + 416 Da® RdgP a2
—2080Da’Rd¢*an? + 8Rd + 12DaHa? — 312Da’ a2

+6Da?Ha* — 20Da? (1 — ¢)5/2 Rd (sin7y)® aya?

+75Da? (1 — ¢)5/2 (siny)? dayas? + 150Da? (1 — (l))s/2 (siny)? ¢ g
—150Da? (1 — (;5)5/2 (siny)® p2aras? 4 15Da? (1 — ¢)5/2 (siny)? @B g
—75Da? (1 — ¢)5/2 (siny)” ¢*anas? 4+ 9Da2Pr (siny)” ¢Pasas
—45Da?Pr (sin7)2 d*an?as +90Da’ Pr (sin'y)2 av’as

—90Da?Pr (siny)® ¢2az?as + 45Da® Pr (siny)? gasass

3—252(1 — ¢)*? ayDa + 216Da2¢®a, 2 — 1080 Da a2
+2160Da?¢3aq? — 2160Da’ %12 + 1080Da’ par 2
—288Da?Rdoy? — 15Da?¢Paq ansiny + 75Da2¢4o¢1agsinfy
—150Da2¢%ay agsiny + 150Da%¢? o apsiny + 20Da? Rdan aig sinvy
—75Da?paiansiny — 336 Da’Ha? (1 — ¢)5/2 Rdaoy

(1 — ) agsiny +8DaHa?Rd + 200Da® Rd$? oy aasiny + 100Da? Rdg* oy aa siny

Gl9) = —

(1088640 + 1451520Rd) Da2? | —1440Da?Rd¢*ay? — 200Da? Rdg® oy aup simry

+9Da? (1 — ¢)5/2 Prasassiny — 20Da? Rd¢® g apsiny
—100Da?Rdgpa casiny — 336 Da(1 — $)>/? Rdoy +
288Da’Rd¢®a? + 15Da oy asiny — 252Da?>Ha?(1 — $)* 2y
—2880Da? Rd¢?a? + 1440Da® Rdpa? + 2880Da’ Rd¢?* o
+6Ha?Da + 3Da’Ha* + 4Da’Ha*Rd — 216 Daa? + 4Rd
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—77760Da’ Rdgpai? + 9 + 5832Da%an % + 16 Da’Ha* Rd? + 24Da’Ha* Rd
+32DaHa’Rd? + 48DaHa?Rd + 378 Dac ansiny
—378Da’Ha?¢° o aosiny + 1890Da2Ha2q54041a25in7
—672DaRd?¢° o agsiny — 3780Da® Ha? 3 oy cvp sinry
+3360DaRd?¢* a1 ansiny — 1008 DaRdd® an ceasiny
+672Da?Ha? Rd? o apsiny — 6720DaRd% g3 o aasiny
+5040DaRdg* oy aasiny — 10368 Da? Rd%¢° vy 2
+51840Da?Rd?¢* 12 — 15552Da? Rd¢® o1 2
—103680Da’Rd?*¢3 12 + 77760Da? Rdp* v, 2
+103680Da’Rd?a’bg? i ? — 155520Da?Rd g3 a2
—51840Da’ Rd? a2 + 155520 Da? Rd¢?an
+5328Da? (1 — ¢)°/? PrRdayas + 3780Dag? ar aosinvy
+672DaRd2a1agsmfy +378Da?Ha’ay Qo8I
+3360Da?Ha?Rd?>¢* o1 ansiny — 3780Dag3 o aasiny
+1890Da¢* a1 apsiny + 3240Da? Pras? — 378 Dag® o ansiny
sz +10080Da?Ha?Rdd?a aasiny — 3360Da? Ha? Rd? pon g sinsy
G[10] = — (362(818*0‘323 Tir7paz | —10080Da? Ha? RdgPay apsiny + 6720Da® Ha? Rd? ¢ o iy simry
+5O40Da2Ha2Rdsin’y¢4o¢1a2 — 6720Da2Ha2Rd25in'y¢3a1 Q9
—1008Da2 Ha® Rd¢® ayapsiny — 3408 Da (1 — ¢)*'? Rdoy
+3780Da2Ha% ¢y assiny — 2272Da (1 — ¢)*? Rd?a,
—1278Da2Ha? (1 — ¢)*/* ay — 5040 DaRdpa assiny
—144DaPrRdas + 10080DaRdp? oy ansiny — 3360DaRd? pa cva siny
—10080DaRd®>ay aasiny + 6720DaRd? p?aq cp sinvy
—1890Da”Ha?pou aosiny + 1008Da2Ha2Rda1agsin’y
—672Da?Ha’Rd%¢° oy ansiny — 108 Da? Ha? Pros + 9Da?Ha*
+18DaHa? — 1278Da (1 — (;5)5/2 a1 — 108DaPras + 1008 DaRday cg sinsy
—1890Dagan assiny + 58320Da%a’p?a1? — 29160Da P ?
+29160Da2¢4a12 —58320Da’¢3 02 — 5832Da¢p% ;2
+10368Da’Rd%a? + 15552Da’?Rdoi? + 16 Rd? + 24Rd
75040Da2Ha2Rd¢0410525in’y — 144Da?Ha?PrRdas
+3996Da? (1 — ¢)*'? Prajas — 3408Da?Ha? (1 — ¢)°'? Rdoy
—2272Da?Ha? (1 — ¢)** Rd2on

Similarly

~ BazPr(1— ¢)5/2 Qo siny

P

1] 120 4+ 160Rd

6] = asPr (1 — ¢)5/2 Qo siny
B 240 + 320Rd

wnpr [ 3+8Da(1 =) Rday +6(1 - ¢)*% a1 Da
3 +4DaHa?Rd — 180DaPras + 3DaHa? + 4Rd

280 (3 + 4Rd)> Da
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o8] =

asPr (1 — ¢)°? ay (ADaHa?Rd — 630DaPrag + 3DaHa® + ARd + 3) siny

asPragsiny

@ [9} = 5
40320 (3 + 4Rd)” Da

_ asz Pr
o [10] T 403200(3+4Rd)®Da?

4480 (3 + 4Rd)” Da

4DaHa? (1 — ¢)°/* Rd — 102603 Pr (1 — ¢)*'? Da — 315DaPr¢®asassiny
+40DaRd¢®ay + 3DaHa? (1 — ¢)*'? + 1575 DaPré*asassiny
—200DaRd¢*aq + 30Dag’aq + 150Daga; — 30Dac;
—3150DaPr¢3asazsiny + 400DaRd¢?a; — 150Dag* oy
+3150DaPré?asazsiny — 400DaRd¢? o + 300Dag3 o

+4(1 = ¢)*% Rd — 1575DaProasassiny + 200DaRdéa,

—300Dad?a; + 3 (1 — ¢)°/? + 31503 Pras Dasiny — 40DaRday

—1152Da*Ha? (1 — ¢)*'? Rday — 450Da? (1 — ¢)*/? (sinv)? ¢2a10n?
+18 — 90723 PrDa + 48Da? Ha* Rd + 96 DaHa? Rd

—432 (1 — ¢)°/* a1 Da + 936 Da%¢5 a2 — 4680Da¢* a2

+9360Da’¢3 01?2 — 9360Da %o ? + 4680Da? P

—45Da? (1 — (;5)5/2 (siny)? ayas? — 12096 Da? Ha? PrRda2 s

—18144Da? (1 — ¢)*/* Prajas — 768Da?Ha? (1 — ¢)*'* Rd20

—12096 DaPrRdas — 9072Da? Ha? Pros

+450Da? (1 — ¢)5/2 (siny)? PPy a? — 225Da? (1 — (;5)5/2 (siny)? ¢ron oy
+45Da? (1 — ¢)5/2 (siny)” $Paran? + 3429Da? Pr (siny)® ¢°an2ass
+34290Da?Pr (siny)* ¢33 — 34290Da2 Pr (siny)” 2 asas

—80Da? (1 — ¢)5/2 Rd? (siny)? ayag® — 4572Da2 PrRd (siny)” an?as
—17145Da2 Pr (siny)? ¢*as2as — 120Da? (1 — ¢)5/2 Rd (siny)? ayo?
—24192Da? (1 — ¢)°/* PrRdoyas + 225Da? (1 — ¢)°'? (siny)? dayas?
+600Da? (1 — ¢)5/2 Rd (sin7y)? oy org?

—1200Da? (1 — ¢)5/2 Rd (sin7y)” % ay g

+1200Da? (1 — q5)5/2 Rd (siny)® ¢Paan?

—600Da? (1 — ¢)5/2 Rd (siny)? ¢*ayan?

+120Da? (1 — ¢)*'? Rd (sinv)? ¢°araz? + 32Rd? + 18Da? Ha*

—1152Da (1 — ¢)*? Rdoy — 432Da?Ha? (1 — ¢)*/* oy + 12480Da2 Rdga, 2
—936Da2a; 2 — 3429Da®Pr (siny)” as?as + 17145Da® Pr (siny)* pas2as
+400Da? (1 — ¢)5/2 Rd? (sinv)? ¢payan? + 36 DaHa?

+800Da? (1 — ¢)5/2 Rd? (siny)? ¢3ay g

—800Da? (1 — ¢)*/* Rd? (sinv)? ¢p2ary

+80Da? (1 — ¢)5/2 Rd? (siny)? ¢5 oy g

—400Da? (1 — ¢)*'? Rd? (sinv)? ¢p*ayan? — 45720Da®PrRd (siny)? ¢2asass
+22860Da%PrRd (siny)? ¢as2as + 4572Da? PrRd (siny)? ¢Pazas
—22860DaPrRd (siny)” ¢*an2as 4+ 45720 Da® PrRd (siny)* ¢3as2as
—24960Da? Rd¢? a1 + 24960Da? Rd¢® a1 ? — 12480 Da® Rdg* ay?
+2496 Da® Rd¢® a1 + 8320Da? Rd? vy ? + 181440 Da® Praz? + 48 Rd
+16640Da’ Rd*>¢® a2 — 16640Da? Rd*¢? a2 — 8320Da’ Rd%¢* vy 2
—768Da (1 — ¢)*? Rd%a; + 1664Da?Rd2¢° a2 — 2496 Da? Rdo 2
+64DaHa?Rd? + 32Da?Ha*Rd?a — 1664Da? Rd? a2

The functions in Eq. (3.9) and (3.10) and that in Eq. (3.12) and (3.13) have relations as follows:

f(n) = d"g(a™) = f'(n) = a"*ig'(a'n) — f'(c0) = a"g/(c0) (3.14)
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and
0(n) = b'9(b°n) — 6(c0) = b'Y(00) (3.15)
From Eq. (2.12), f'(c0) = 0 and 0(c0) = b'd(00)
Since a # 0 and b # 0 — ¢'(c0) = 0 and ¥(c0) = 0.
4 Applying Multi-step DTM

The domain [0, c0) is replaced by [0,7c). The solution domain is divided to N equal parts (H =
Moo /IN). Therefore, one can write
B)s

(1-
gt (ni) + (1= ¢)** E (-0 e [()
—(M? + Da g

( gi () g (n:) — 2 (91 (m:)) )
H ) cosy =0 (4.1)

(t—1)H <mn; <iH, for i <i<N.

e+ (m—1) ks —(m—1)$(k; k. )
v; (m)+3[ [a- ¢)+¢[<pcp> 1] { Fot (m— Dot a(ke—Fs) ] }Pmi(m)ﬁi(m)=0 (4.2)

(PCp)t

With the application of multi-step DTM on Eq. (4.1) and Eq. (4.2)

D
2y ELG 1+ )G (p -1+ 1)

H
. (1= T H? oy 1:010
Gilp+3) = DD —33 Gy @D Gy g 4 9) (4.3)
=0
—agli(p)cosy — (M? + Da™")Gi(p)
_3H2Pr P+
0 o+2) = e { oy & o+ G- ) (4.4

for i <i < N.
The initial conditions are considered for the first sub dormain (¢ = 1). The differential transform
for the initial conditions are

G1(0) = g2(0) =0, G1(1) = Hg}(0) =0, G1(2) =L gy =1

U1(0) =91(0) =1, (1) = HI(0) =

The boundary conditions of each subdormain are continuity of the

9imi)s  gi(mi),  gi i), O(mi),  O(m) (4.6)

The above boundary conditions can be obtained as

ginis) = 3 Gi(k)
k=0

Gi+1(Mi+1) = Gi41(0) = Gi41(0) = >_ Gi(k)
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92(77#1) = Z %Gz(k)
P m (4.8)
9i(Miy1) = %U =G (1) = 1;—21 kG (k)
g (nie1) = > MED G (k)
S m (4.9)
gl i) = 2952 5 G (2) = 3 2 (k= 1)Gilk)
=1

¥ (77i+1) = ]gjo ’I/Jz(k)

m (4.10)
Vit1(Mit1) = it1(0) = ¥i41(0) = ];O ¥i(k)
192‘(77i+1) = i %wi(k?)
k=1 . (4.11)
Pilnisn) = 2HE = G (1) = 3 k()
The values of the ¢'(1) and ¥(1) are calculated as
04(00) = glse) = ghlnn 1) = > G (k)
k=1 (4.12)
Ui(00) = Vi(ne) = Vi(nn1) = kzo Un (k)

Now, Eq. (2.13) and (2.14) are solved with a similar process like Eqgs. (4.1) and (4.2) using the
multistep DTM. The only difference is that the condition f”(0) = a is replaced by the condition

g"(0)=1.

5 Results and Discussion

Comparison of present results with the results in literature are shown in Table 1. the past works
are of viscous fluid where the volume fraction of the nanoparticle is zero (¢ = 0). The excellent
agreements between the results show the high accuracy of the developed solution by the method in
the present study. the table presents the effects of Prandti number on the viscous fluid flow process.

Table 1: Comparison of results for the skin friction parameter when ¢ =0

/"(0)

Pr Sparrow Kuiken|[8] Present

& Gregg|5] study
0.003 1.0223 1.0151 1.
0224
0.008 0.9955 0.9801 0.9955
0.020 0.9590 0.9284 0.9591
1.30 0.9384 0.8966 0.9384
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5.1 Impact of plate inclination on nanofluid velocity and temperature
distributions

Fig. 3 and 4 shows the impacts of flat plate inclination on the nanofuid flow velocity and temperature
profiles. It is shown in the figures that as the plate inclination (angle of inclination to the horizontal
of the stretching sheet), v increases, there is recorded increase in the nanofluid flow velocity and the
flow is increasingly accelerated. This is because, increasing the inclined surface angle strengthens
the buoyancy term and the buoyancy force become more pronounced as well as the wall shear force
become increased. This leads to increase in the free flow of the fluid which consequently, increase the
fluid velocity and decrease fluid temperature within the boundary layer as the momentum boundary
layer becomes thicker (increase in the momentum boundary layer thickness). However, the thermal
boundary layer turns out to be slightly thinner (the thermal boundary layer thickness decreases)
due to the increased inclination of the flat surface.

Also, from the governing equations, the angle of inclination, v appears only in the buoyancy term
(as sin~y) of the momentum equation. Therefore, the gravitational effect as well as the flow velocity
of the fluid attains its maximum values when the plate assumes vertical position i.e when the angle
of inclination of the plate, v = 7/2 and the effect of gravity on the flow and the flow velocity reaches
minimum values when v = 0 i.e when the plate assumes horizontal position. The horizontal and
vertical position of the plate are the limiting cases of the inclined stretching sheet problem. The
results clearly reveal that the inclination of the stretching sheet can be effectively used to obtain a
desired temperature.

——y-0

— =6

0.035[ !
’ — ) ——r=0
t ——mr nalt ow
0.03 —

T=m4

e
T ey,

3 35 4

Figure 3: Effects of inclination angle on velocityFigure 4: Effects of inclination angle on
profile temperature profile

5.2 Impact of magnetic field on nanofluid velocity and temperature distributions

Although the flow of the fluid is enhanced with the flow medium porosity or permeability, the
magnetic field strength is very effective in retarding and controlling the flow of the fluid as the
velocity of the fluid decreases as the strength of the magnetic field increases. However, increase
magnetic field results in increase temperature of the fluid within the boundary layer. This is due to
the interaction of magnetic field with nanofluid particles which generates heat in the fluid region and
creates a hot fluid layer within the boundary layer. It should also be added that the magnetic force
reduces the temperature difference between the plate and ambient fluid. The effects of nanoparticles
on fluid velocity and heat transfer show that as the concentration of the nanoparticle in the base
fluid increases, the velocity of the fluid decreases and the temperature increases due to the increase
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in shear stress, skin friction and the thickness of thermal boundary layer.

——H.

- —

oooo

0.8 \ ——H.

Figure 5: Effects of magnetic field on the velocityFigure 6: Effects of magnetic field on temperature
profile profile

5.3 Impact of thermal radiation parameter on nanofluid velocity and
temperature distributions

by

Figure 7: Effects of radiation parameter on theFigure 8: Effects of radiation parameter on
velocity profile of the nanofluid temperature profile of the nanofluid

Figs. 7 and 8 illustrates the effects of thermal radiation on the nanofluid flow velocity and
temperature. The figure reveals that as the thermal radiation increases, the velocity and temperature
of the fluid increase which infer that both viscous and thermal boundary layers increase with the
increase in thermal radiation parameter. This is because as the radiation is increased, the heated
plate releases more heat energy released to the fluid in both momentum and thermal boundary
layers. This consequently increases the buoyancy force and the momentum boundary layer thereby
the fluid motion is augmented and the temperature is enhanced.
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6 Conclusion

In this work, the coupled effects of stretching plate inclination, magnetic field and thermal radiation
on natural convection heat transfer of nanofluid over a surface have been investigated theoretically
using multi-step differential transformation method. From the parametric studies, the following
observations were established.

(i) The velocity of the fluid increase as the plate inclination, v increases. Also, the flow velocity
of the fluid attains maximum value when the plate inclination, v = /2 and the fluid velocity
reaches minimum value when the plate inclination, v = 0.

(ii) The fluid temperature decreases as the plate inclination, v increases. Also, the flow velocity
of the fluid attains minimum value when the plate inclination, v = 7/2 and the fluid velocity
reaches maximum value when the plate inclination, v = 0.

(iii) The velocity of the fluid decrease while the temperature increase as the magnetic field strength
increase.

(iv) The viscous and thermal boundary layers increase with the increase of radiation parameter.

The study will help in such understanding nanofluid flow over a flat surface, design of flow equipment
and controlling of the flow over flat surfaces.

Nomenclature

C), specific heat capacity

k  thermal conductivity

m  shape factor

Pr Prandti factor

u  velocity component in z-direction

v velocity component in z-direction
y axis perpendicular to plates

x  axis along the horizontal direction
y axis along the vertical direction
Symbols

£ volumetric extension coefficients
p  density of the fluid

4 dynamic viscosity

n  similarity variable

A sphericity

¢ volume fraction or concentration of the nanofluid
# Dimensionless temperature
Subscript

f fluid

s solid

nf nanofluid
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