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Abstract

This paper presents a comprehensive survey on some multivalued ρ−contractive type mappings
in the framework of modular function spaces, in which case, existence of fixed points are proved
and the various ρ−contractive type mappings considered are compared in the framwork of
modular function spaces. Our results complement the results obtained on normed and metric
spaces in literature. Also, our method of proof serves as a guide to obtain several similar
improved results for nonexpansive, pseudo-contractive and accretive type mappings.
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1 Introduction and Preliminaries
The concept of modular space emanated in 1950 from Nakano [1]. Musielak and Orlicz [2] in 1959
created a theoretical premise of Nakano [1]. The modular function space was introduced as a more
general space because it helps one with the apparatus to go much further, the operator itself is
used for the construction of a function modular and thus of a space in which this operator has
required properties (Khamsi [3]). This unique method is needful in solving several mathematical
and fixed point related problems to bring out many complementary results. The modular function
spaces have wide range of applications in the field of integral and differential equations and also in
machine learning. They are useful tools for constructing the existence and approximation of fixed
points and the results complement those in normed and metric spaces.

Many authors have contributed to the development of modular function spaces, chief among them
are the results of: Chistyakov [4], Chistyakov [5], Okeke and Khan [6], Okeke et al. [7], Okeke and
Francis [8], Okeke et al. [9] and many others, like [10–16]. For instance, in 2010, Chistyakov [4],
defined the notion of a modular on an arbitrary set, developed the theory of metric spaces gener-
ated by modulars, called modular metric spaces and, on the basis of it, defined new metric spaces
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of multivalued functions of bounded generalized variation of a real variable with values in metric
semigroups and abstract convex cones. In Chistyakov [5], the author gave some applications to
superposition operators. Okeke and Khan [6] proved fixed point results for the class of multivalued
ρ-quasi-contractive mappings in modular function spaces. Okeke et al. [7] further contributed to
the theory of modular function spaces by proving useful fixed point theorems for a class of α− ν -
Meir – Keeler – type contraction mapping in modular extended b-metric spaces. For other relevant
and comprehensive research work done by Okeke, Francis and Abbas, see [8], [9] and several ref-
erences therein. Numerous fixed point results involving contractive and contractive-type mappings
in metric and normed linear spaces have been proved in literature, some that are relevant to this
study are: [17–50]. For example, the author [49], proved the existence of a unique fixed point of a
mapping satisfying rational type contractive inequality conditions in complex-valued Banach spaces
while in [50], Okeke et al. established ρ − T stable results with respect to a generalized operator
satisfying contractive conditions of integral type in modular function spaces. The main aim of the
present paper is to consider some fixed point results on multivalued ρ−contractive mappings and
compare these mappings in the framework of spaces of measurable functions, known in literature
as modular function spaces.

The following definitions will be helpful in proving our main results.
Let Ω be a nonempty set and Σ be a nontrival σ−algebra of subsets of Ω, P be a δ−ring of subsets
of Ω such that E ∩ A ∈ P for any E ∈ P and A ∈ Σ. Assume there exists an increasing sequence
(Kn)n∈N ⊂ P such that Ω =

⋃
n∈N Kn, let IA represent the characteristic function of the set A in

Ω, ϵ represent the linear space of all simple functions with supports from P and M∞ represent the
space of all extended measurable functions, that is all functions f : Ω → [−∞,∞] such that there
exists a sequence {gn} ⊂ ϵ, |gn| ≤ |f | and g(ω) → f(ω) for all ω ∈ Ω.

Definition 1 ( [1]). Let ρ be a nonzero regular convex function modular defined on Ω.
(i) Let r > 0, ϵ > 0. Define D1(r, ϵ) = {(f, g) : f, g ∈ Xρ, ρ(f), ρ(g) ≤ r, ρ(f − g) ≥ ϵr}. Suppose,
δ1(r, ϵ) = inf {1 − 1

rρ(
f+g
2 ) : (f, g) ∈ D1(r, ϵ)} if D1(r, ϵ) ̸= ∅ and δ1(r, ϵ) = 1 if D1(r, ϵ) = ∅. We

say that ρ satisfies (UC1) if for every r > 0, ϵ > 0, δ1(r, ϵ) > 0. Observe that for every r > 0,
D1(r, ϵ) ̸= ∅, ϵ > 0 small enough.

(ii) We say that ρ satisfies (UUC1) if for every s ≥ 0, ϵ > 0, there exists η1(s, ϵ) > 0 depend-
ing only on s and ϵ such that δ1(r, ϵ) > η1(s, ϵ) > 0 for any r > s.

(iii) Let r > 0, ϵ > 0. Define D2(r, ϵ) = {(f, g) : f, g ∈ Xρ, ρ(f), ρ(g) ≤ r, ρ( f−g
2 ) ≥ ϵr}. Sup-

pose, δ2(r, ϵ) = inf {1− 1
rρ(

f+g
2 ) : (f, g) ∈ D2(r, ϵ)} if D2(r, ϵ) ̸= ∅ and δ2(r, ϵ) = 1 if D2(r, ϵ) = ∅.

We say that ρ satisfies (UC2) if for every r > 0, ϵ > 0, δ2(r, ϵ) > 0. Observe that for every r > 0,
D2(r, ϵ) ̸= ∅, ϵ > 0 small enough.

(iv) We say that ρ satisfies (UUC2) if for every s ≥ 0, ϵ > 0, there exists η2(s, ϵ) > 0 depend-
ing only on s and ϵ such that δ2(r, ϵ) > η2(s, ϵ) > 0 for any r > s.

(v) We say that ρ is strictly convex (SC), if for every f, g ∈ Xp such that ρ(f) = ρ(g) and
ρ( f+g

2 ) = ρ(f)+ρ(g)
2 , there holds f = g.

Definition 2 ( [3]). Let ρ : M∞ → [0,∞] be a nontrivial, convex and even function. We say
that ρ is a regular convex function pseudomodular if
(1) ρ(0) = 0;
(2) ρ is monotone, that is, |f(ω)| ≤ g|(ω)| for any ω ∈ Ω implies ρ(f) ≤ ρ(g), where f, g ∈ M∞;
(3) ρ is orthogonally subadditive, that is, ρ(fIA∪B) ≤ ρ(fIA) + ρ(fIB) for any A,B ∈ Σ such that
A ∩B ̸= ϕ, f ∈ M∞;
(4) ρ has Fatou property, that is, |fn(ω)| ↑ |f(ω)| for all ω ∈ Ω implies ρ(fn) ↑ ρ(f), where f ∈ M∞;
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(5) ρ is order continuous in ϵ, that is, gn ∈ ϵ and |gn(ω)| ↓ 0 for all ω ∈ Ω implies ρ(gn) ↓ 0.

Definition 3 ( [3]). Let ρ be a regular function pseudomodular;
(a) we say that ρ is a regular convex function modular if ρ(f) = 0 implies f = 0 ρ -a.e.
(b) we say that ρ is a regular convex function semimodular if ρ(αf) = 0 for every α > 0 implies
f = 0 ρ -a.e.

ρ also satisfies the following properties ( [13]):
(1) ρ(0) = 0 iff f = 0 ρ -a.e.
(2) ρ(αf) = ρ(f) for every scalar with |α| = 1 and f ∈ M.
(3) ρ(αf + βg) ≤ ρ(f) + ρ(g) if α+ β = 1, α, β ≥ 0 and f, g ∈ M .
ρ is called a convex modular if, in addition, the following property is satisfied:
(4) ρ(αf + βg) ≤ αρ(f) + βρ(g) if α+ β = 1, α, β ≥ 0 and f, g ∈ M.
The class of all nonzero regular convex function modulars on Ω is denoted by ℜ.

Definition 4 ( [3]). The convex function modular ρ defines the modular function space Xρ

as: Xρ = {f ∈ M : ρ(λf) → 0 as λ → 0}. In general terms, the modular ρ is not subadditive and
therefore does not behave as a norm or a distance. Nevertheless, the modular space Xρ can be
furnished with an F−norm defined thus: ∥f∥ρ = inf {α > 0 : ρ( fα ) ≤ α}.
In the instance ρ is convex modular, ∥f∥ρ = inf {α > 0 : ρ( fα ) ≤ 1} defines a norm on the modular
space Xρ. This type of norm is known as the Luxemburg norm.

Definition 5 ([6]). A nonzero regular convex function ρ is said to satisfy the ∆2− condition,
if supn≥1ρ(2fn, Dk) → 0 as k → ∞ whenever {Dk} decreases to ∅ and supn≥1ρ(fn, Dk) → 0 as
k → ∞. If ρ is convex and satisfies ∆2-condition, then Xρ = Eρ.

Definition 6 ([6]). Let Xρ be a modular space. The sequence {fn} ∈ Xρ is called:
(1) ρ-convergent to f ∈ Xρ if ρ(fn − f) → 0 as n → ∞;
(2) ρ-Cauchy, if ρ(fn − fm) → 0 as n,m → ∞.

Remark 7. ρ-convergent sequence implies ρ-Cauchy sequence if and only if ρ satisfies the ∆2-
condition. However, ρ does not satisfy the triangle inequality.

Definition 8 ([6]). Let Xρ be a modular space. A function f ∈ Xρ is called a fixed point of
a multivalued mapping T : Xρ → Pρ(D) if f ∈ Tf. The set of all fixed points of T is represented
by Fρ(T ).

Definition 9 ( [13]). Let Xρ be a modular space. A subset D ⊂ Xρ is called:
(1) ρ−closed if the ρ−limit of a ρ−convergent sequence of D always belongs to D;
(2) ρ−a.e. closed if the ρ−a.e. limit of a ρ−a.e. convergent sequence of D always belongs to D;
(3) ρ−compact if every sequence in D has a ρ−convergent subsequence in D;
(4) ρ−a.e. compact if every sequence in D has a ρ−a.e. convergent subsequence in D;
(5) ρ−bounded if diamρ(D) = sup{ρ(f − g) : f, g ∈ D} < ∞.

Several authors have used different contractive-type mappings in the framework of metric spaces to
prove fixed point results with lots of applications in Mathematics and mathematical sciences. We
shall give the definition of multitude of them in this section. Let X be a complete metric space and
T : X → X be a self map. T is called:
Banach contraction map if there exists δ1 satisfying δ1 ∈ [0, 1) such that

d(Tx, Ty) ≤ δ1d(x, y), ∀x, y ∈ X. (1)

Stefan Banach in 1922, employed the contraction condition (1) to obtain unique fixed point in the
celebrated Banach contraction principle which is remarkable in its simplicity, but it is perhaps the
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most widely applied fixed point theorem in all of analysis with special applications to the theory of
differential and integral equations.

Rakotch contraction map ( [17]), if there exists a monotone decreasing function ϕ : (0,∞) → [0, 1)
such that

d(Tx, Ty) ≤ ϕ(d(x, y)), ∀x, y ∈ X, x ̸= y. (2)

Edelstein contractive map ( [18]), if

d(Tx, Ty) < d(x, y), ∀x, y ∈ X, x ̸= y. (3)

Kannan contraction map ( [20]), if there exists δ2 satisfying δ2 ∈ [0, 1
2 ) such that

d(Tx, Ty) ≤ δ2[d(x, Tx) + d(y, Ty)], ∀x, y ∈ X. (4)

Kannan [20] proved that if X is complete, then a Kannan mapping has a fixed point.

Bianchini contraction map ( [22]), if there exists δ2 satisfying δ2 ∈ [0, 1) such that

d(Tx, Ty) ≤ δ2 max{d(x, Tx), d(y, Ty)}, ∀x, y ∈ X. (5)

modified Bianchini contraction map ( [22]), if

d(Tx, Ty) < max{d(x, Tx), d(y, Ty)}, ∀x, y ∈ X, x ̸= y. (6)

Reich contraction map ( [23]), if there exists δ1, δ2, δ3 satisfying δ1 + δ2 + δ3 < 1 such that

d(Tx, Ty) ≤ δ1d(x, y) + δ2d(x, Tx) + δ3d(y, Ty), ∀x, y ∈ X. (7)

Geraghty-Reich contraction map ( [24]), if there exist monotonically
decreasing functions ϕ1, ϕ2, ϕ3 satisfying ϕ1(t) + ϕ2(t) + ϕ3(t) < 1 such that

d(Tx, Ty) ≤ ϕ1(d(x, y))d(x, y) + ϕ2(d(x, y))d(x, Tx)

+ϕ3(d(x, y))d(y, Ty), ∀x, y ∈ X. (8)

Chatterjea contraction map ( [26]), if there exists δ3 satisfying δ3 ∈ [0, 1
2 ) such that

d(Tx, Ty) ≤ δ3[d(x, Ty) + d(y, Tx)], ∀x, y ∈ X. (9)

modified Chatterjea contraction map ( [26]), if there exists h satisfying h ∈ [0, 1) such that

d(Tx, Ty) ≤ h max{d(x, Ty), d(y, Tx)}, ∀x, y ∈ X. (10)

Chatterjea contractive-like map ( [26]), if

d(Tx, Ty) < max{d(x, Ty), d(y, Tx)}, ∀x, y ∈ X, x ̸= y. (11)

extended Chatterjea contraction map ( [26]), if there exist δ1, δ2, δ3 satisfying δ1 + δ2 + δ3 < 1 such
that

d(Tx, Ty) ≤ δ1d(x, y) + δ2d(x, Ty) + δ3d(y, Tx), ∀x, y ∈ X. (12)

A map T : X → X, is called Sehgal contraction map ( [28]), if

d(Tx, Ty) < max{d(x, y), d(x, Ty), d(y, Tx)}, ∀x, y ∈ X, x ̸= y. (13)
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Zamfirescu contraction map ( [29]), if there exists δ1, δ2, δ3 satisfying δ1 ∈ [0, 1), δ2 ∈ [0, 1
2 ), δ3 ∈

[0, 1
2 ) such that one of the following is true

(i) d(Tx, Ty) ≤ δ1d(x, y)

(ii) d(Tx, Ty) ≤ δ2[d(x, Tx) + d(y, Ty)]

(iii) d(Tx, Ty) ≤ δ3[d(x, Ty) + d(y, Tx)], ∀x, y ∈ X. (14)

Combining conditions (i), (ii) and (iii) in (14), we obtain

d(Tx, Ty) ≤ δd(x, y) + 2δd(x, Tx), ∀x, y ∈ X. (15)

Where δ = max{δ1, δ2
1−δ2

, δ3
1−δ3

}.

modified Zamfirescu contraction map ( [29]), if

d(Tx, Ty) < max{d(x, y), 1
2
[d(x, Tx) + d(y, Ty)],

1

2
[d(x, Ty) + d(y, Tx)], ∀x, y ∈ X, x ̸= y. (16)

Osilike contraction map ( [31]), if there exists δ, L, satisfying δ ∈ [0, 1) and L ≥ 0 such that

d(Tx, Ty) ≤ δd(x, y) + Ld(x, Tx), ∀x, y ∈ X. (17)

Imoru and Olatinwo contraction map ( [33]), if there exists δ, satisfying δ ∈ [0, 1) and a monotone
increasing function φ : R+ → R+ with φ(0) = 0 such that

d(Tx, Ty) ≤ δd(x, y) + φ(d(x, Tx)), ∀x, y ∈ X. (18)

Hardy and Rogers contraction map ( [34]), if there exist δ1, δ2, δ3, δ4, δ5 satisfying δ1 + δ2 + δ3 +
δ4 + δ5 < 1 such that

d(Tx, Ty) ≤ δ1d(x, y) + δ2d(x, Tx) + δ3d(y, Ty) + δ4d(x, Ty)

+δ5d(y, Tx), ∀x, y ∈ X. (19)

Ciric contraction map ( [35]), if there exists h satisfying h ∈ [0, 1) such that

d(Tx, Ty) ≤ h max{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty),
d(y, Tx)}, ∀x, y ∈ X. (20)

modified Ciric contraction map ( [35]), if

d(Tx, Ty) < h max{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty),
d(y, Tx)}, ∀x, y ∈ X, x ̸= y. (21)

The corresponding contraction definitions (1) to (21) can be written in the framewok of a Banach
space as follows: Let (E, ∥.∥) be a Banach space and T : E → E be a self map of E.
T is called Banach contraction map if there exists δ1 satisfying δ1 ∈ [0, 1) such that

∥Tx− Ty∥ ≤ δ1∥x− y∥, ∀x, y ∈ E. (22)

T is called Rakotch contraction map ( [17]), if there exists a monotone decreasing function ϕ :
(0,∞) → [0, 1) such that

∥Tx− Ty∥ ≤ ϕ(∥x− y∥), ∀x, y ∈ E, x ̸= y. (23)
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T is called Edelstein contraction map ( [18]), if

∥Tx− Ty∥ < ∥x− y∥, ∀x, y ∈ E, x ̸= y. (24)

T is called Kannan contraction map ( [20]), if there exists δ2 satisfying δ2 ∈ [0, 1
2 ) such that

∥Tx− Ty∥ ≤ δ2[∥x− Tx∥+ ∥y − Ty∥], ∀x, y ∈ E. (25)

T is called Bianchini contraction map ( [22]), if there exists δ2 satisfying δ2 ∈ [0, 1) such that

∥Tx− Ty∥ ≤ δ2max{∥x− Tx∥, ∥y − Ty∥}, ∀x, y ∈ E. (26)

T is called modified Bianchini contraction map ( [22]), if

∥Tx− Ty∥ < max{∥x− Tx∥ − ∥y − Ty∥}, ∀x, y ∈ E, x ̸= y. (27)

T is called Reich contraction map ( [23]), if there exists δ1, δ2, δ3 satisfying δ1 + δ2 + δ3 < 1 such
that

∥Tx− Ty∥ ≤ δ1∥x− y∥+ δ2∥x− Tx∥+ δ3∥y − Ty∥, ∀x, y ∈ E. (28)

T is called Geraghty- Reich contraction map ( [24]), if there exist monotonically decreasing functions
ϕ1, ϕ2, ϕ3 satisfying ϕ1(t) + ϕ2(t) + ϕ3(t) < 1 such that

∥Tx− Ty∥ ≤ ϕ1(∥x− y∥)∥x− y∥+ ϕ2(∥x− y∥)∥x− Tx∥
+ϕ3(∥x− y∥)∥y − Ty∥, ∀x, y ∈ E. (29)

T is called Chatterjea contraction map ( [26]), if there exists δ3 satisfying δ3 ∈ [0, 1
2 ) such that

∥Tx− Ty∥ ≤ δ3[∥x− Ty∥+ ∥y − Tx∥], ∀x, y ∈ E. (30)

T is called modified Chatterjea contraction map ( [26]), if there exists h satisfying h ∈ [0, 1) such
that

∥Tx− Ty∥ ≤ h max{∥x− Ty∥), ∥y − Tx∥}, ∀x, y ∈ E. (31)

T is called Chatterjea contractive-like map ( [26]), if

∥Tx− Ty∥ < max{∥x− Ty∥, ∥y − Tx∥}, ∀x, y ∈ E, x ̸= y. (32)

T is called extended Chatterjea contraction map ( [26]), if there exist δ1, δ2, δ3 satisfying δ1+δ2+δ3 <
1 such that

∥Tx− Ty∥ ≤ δ1∥x− y∥+ δ2∥x− Ty∥+ δ3∥y − Tx∥, ∀x, y ∈ E. (33)

T is called Sehgal contraction map ( [28]), if

∥Tx− Ty∥ < max{∥x− y∥, ∥x− Ty∥, ∥y − Tx∥}, ∀x, y ∈ E, x ̸= y. (34)

T is called Zamfirescu contraction map ( [29]), if there exists δ satisfying δ ∈ [0, 1), such that

∥Tx− Ty∥ ≤ δ∥x− y∥+ 2δ∥x− Tx∥, ∀x, y ∈ E. (35)

T is called modified Zamfirescu contraction map ( [29]), if

∥Tx− Ty∥ < max{∥x− y∥, 1
2
[∥x− Tx∥+ ∥y − Ty∥],

1

2
[∥x− Ty∥+ ∥y − Tx∥], ∀x, y ∈ E, x ̸= y. (36)
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T is called Osilike contraction map ( [31]), if there exists δ, L, satisfying δ ∈ [0, 1) and L ≥ 0 such
that

∥Tx− Ty∥ ≤ δ∥x− y∥+ L∥x− Tx∥, ∀x, y ∈ E. (37)

Imoru and Olatinwo [33] proved stability theorems for Picard and Mann Iterative schemes using
the contractive definition:
T is called Olatinwo contraction mapping ( [33]), if there exists δ, satisfying δ ∈ [0, 1) and a
monotone increasing function φ : R+ → R+ with φ(0) = 0 such that

∥Tx− Ty∥ ≤ δ∥x− y∥+ φ(∥x− Tx∥), ∀x, y ∈ E. (38)

A map T : E → E, is called Hardy and Rogers contraction map ( [34]), if there exist δ1, δ2, δ3, δ4, δ5
satisfying δ1 + δ2 + δ3 + δ4 + δ5 < 1 such that

∥Tx− Ty∥ ≤ δ1∥x− y∥+ δ2∥x− Tx∥+ δ3∥y − Ty∥+ δ4∥x− Ty∥
+δ5∥y − Tx∥, ∀x, y ∈ E. (39)

T is called Ciric contraction map ( [35]), if there exists h satisfying h ∈ [0, 1) such that

∥Tx− Ty∥ ≤ hmax{∥x− y∥, ∥x− Tx∥, ∥y − Ty∥, ∥x− Ty∥,
∥y − Tx∥}, ∀x, y ∈ E. (40)

T is called modified Ciric contraction map ( [35]), if

∥Tx− Ty∥ < hmax{∥x− y∥, ∥x− Tx∥, ∥y − Ty∥, ∥x− Ty∥,
∥y − Tx∥}, ∀x, y ∈ E, x ̸= y. (41)

Remark 10. It is important to note that in Banach contraction mapping, the operator T : E → E
is continuous. While in Kannan contraction, it is not.

We present the generalizations of (1)− (21) for multivalued mappings in the framework of modular
function spaces. These classes of multivalued mappings are versatile tools in the study of fixed
point and possible relation to the solution of ordinary differential equations (ODE). Moreso, in this
paper, we do comparison for various classes of ρ−contractive mappings in modular function spaces.
Many fixed point results can be proved using our version of ρ−contractive definitions, thus, giving
room for wider applications. Our method of proof can also be extended to various mappings that
are non-expensive, pseudo-contractive and accretive in nature.

Let Xρ be a modular space and D ⊂ Xρ be a ρ−proximinal set, for each f ∈ Xρ there exists
an element g ∈ D such that ρ(f − g) = distρ(f,D). Let Pρ(D) represent the family of nonempty
ρ−bounded ρ−proximinal subsets of D, Cρ(D) represent the family of nonempty ρ−closed ρ−bounded
subsets of D and Kρ(D) represent the family of ρ−compact subsets of D. Let Hρ(., .) be the
ρ−Hausdorff distance on Cρ(Xρ), that is,
Hρ(A,B) = max{supf∈Adistρ(f,B), supg∈Bdistρ(g,A)}, A,B ∈ Cρ(Xρ).

A multivalued map T : D → Cρ(Xρ) is called:
Nadler contraction (or simply ρ−contraction) map, if there exists a constant δ, satisfying δ ∈ [0, 1),
such that:

(I) Hρ(Tf, Tg) ≤ δρ(f − g), ∀f, g ∈ D. (42)

ρ−Rakotch contraction map, if there exists a monotone decreasing function ϕ : (0,∞) → [0, 1) such
that

(II) Hρ(Tf, Tg) ≤ ϕ(ρ(f − g)), ∀f, g ∈ D, f ̸= g. (43)
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ρ−Edelstein contractive map, if

(III) Hρ(Tf, Tg) < ρ(f − g), ∀f, g ∈ D, f ̸= g. (44)

ρ− Kannan contraction map, if there exists δ2 satisfying δ2 ∈ [0, 1
2 ) such that

(IV )Hρ(Tf, Tg) ≤ δ2[ρ(f − u) + ρ(g − v)], ∀f, g ∈ D, ∀u ∈ Tf, ∀v ∈ Tg. (45)

ρ−Bianchini contraction map, if there exists δ3 satisfying δ3 ∈ [0, 1) such that

(V ) Hρ(Tf, Tg) ≤ δ3 max{ρ(f − u), ρ(g − v)},∀f, g ∈ D, ∀u ∈ Tf,

∀v ∈ Tg. (46)

modified ρ−Bianchini contraction map, if

(V I) Hρ(Tf, Tg) < max{ρ(f − u), ρ(g − v)}, ∀f, g ∈ D, f ̸= g,

∀u ∈ Tf, ∀v ∈ Tg. (47)

ρ− Reich contraction map, if there exists δ1, δ2, δ3 satisfying δ1 + δ2 + δ3 < 1 such that

(V II) Hρ(Tf, Tg) ≤ δ1ρ(f − g) + δ2ρ(f − u) + δ3ρ(g − v), ∀f, g ∈ D,

∀u ∈ Tf, ∀v ∈ Tg. (48)

ρ− Geraghty-Reich contraction map, if there exist monotonically decreasing functions ϕ1, ϕ2, ϕ3

satisfying ϕ1(t) + ϕ2(t) + ϕ3(t) < 1 such that

(V III) Hρ(Tf, Tg) ≤ ϕ1(ρ(f − g))ρ(f − g) + ϕ2(ρ(f − g))ρ(f − u)

+ϕ3(ρ(f − g))ρ(g − v), ∀f, g ∈ D,

∀u ∈ Tf, ∀v ∈ Tg. (49)

ρ−Chatterjea contraction map, if there exists δ3 satisfying δ3 ∈ [0, 1
2 ) such that

(IX) Hρ(Tf, Tg) ≤ δ3[ρ(f − v) + ρ(g − u)], ∀f, g ∈ D, ∀u ∈ Tf,

∀v ∈ Tg. (50)

modified ρ−Chatterjea contraction map, if there exists h satisfying h ∈ [0, 1) such that

(X) Hρ(Tf, Tg) ≤ h max{ρ(f − v), ρ(g − u)}, ∀f, g ∈ D, ∀u ∈ Tf,

∀v ∈ Tg. (51)

ρ−Chatterjea contractive-like map, if

(XI) Hρ(Tf, Tg) < max{ρ(f − v), ρ(g − u)}, ∀f, g ∈ D, ∀u ∈ Tf,

∀v ∈ Tg. (52)

extended ρ−Chatterjea contraction map, if there exist δ1, δ2, δ3 satisfying δ1+δ2+δ3 < 1 such that

(XII) Hρ(Tf, Tg) ≤ δ1ρ(f − g) + δ2ρ(f − v) + δ3ρ(g − u), ∀f, g ∈ D,

∀u ∈ Tf, ∀v ∈ Tg. (53)

ρ−Sehgal contraction map, if

(XIII) Hρ(Tf, Tg) < max{ρ(f − g), ρ(f − v), ρ(g − u)}, ∀f, g ∈ D, f ̸= g.

∀u ∈ Tf, ∀v ∈ Tg. (54)
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ρ−Zamfirescu contraction map, if there exists δ satisfying δ ∈ [0, 1), such that

(XIV ) Hρ(Tf, Tg) ≤ δmax{ρ(f − g),
1

2
[ρ(f − u) + ρ(g − v)],

1

2
[ρ(f − v) + ρ(g − u))]}, ∀f, g ∈ D,

∀u ∈ Tf, ∀v ∈ Tg. (55)

modified ρ−Zamfirescu contraction map, if

(XV ) Hρ(Tf, Tg) < max{ρ(f − g),
1

2
[ρ(f − u) + ρ(g − v)],

1

2
[ρ(f − v) + ρ(g − u))]}, ∀f, g ∈ D, f ̸= g,

∀u ∈ Tf, ∀v ∈ Tg. (56)

ρ−quasi-contractive (or ρ−Osilike) map, if there exists δ and L satisfying δ ∈ [0, 1) and L ≥ 0, such
that

(XV II) Hρ(Tf, Tg) ≤ δρ(f − g) + Lρ(u− f), ∀f, g ∈ D,

∀u ∈ Tf, L ≥ 0. (57)

ρ−quasi-contractive-like (ρ−Olatinwo) map, if there exists δ satisfying δ ∈ [0, 1) and φ : R+ → R+

a ρ−monotone increasing function with φ(0) = 0 such that

(XV III) Hρ(Tf, Tg) ≤ δρ(f − g) + φ(ρ(u− f)), ∀f, g ∈ D ∀u ∈ Tf. (58)

ρ−Hardy and Rogers contraction map, if there exist δ1, δ2, δ3, δ4, δ5 satisfying δ1+δ2+δ3+δ4+δ5 < 1
such that

(XIX) Hρ(Tf, Tg) ≤ δ1ρ(f − g) + δ2ρ(f − u) + δ3ρ(g − v) + δ4ρ(f − v)

+δ5ρ(g − u), ∀f, g ∈ D,∀u ∈ Tf, ∀v ∈ Tg. (59)

ρ−Ciric contraction map, if there exists h satisfying h ∈ [0, 1) such that

(XX)Hρ(Tf, Tg) ≤ h max{ρ(f − g), ρ(f − u), ρ(g − v), ρ(f − v), ρ(g − u)},
∀f, g ∈ D,∀u ∈ Tf, ∀v ∈ Tg. (60)

modified ρ−Ciric contraction map, if

(XXI)Hρ(Tf, Tg) < h max{ρ(f − g), ρ(f − h), ρ(g − v), ρ(f − v),

ρ(g − u)},∀f, g ∈ D, f ̸= g,∀u ∈ Tf,∀v ∈ Tg. (61)

2 Main Results

2.1 Characterizations of Results in Modular Function Spaces
Theorem 1. Let D be a ρ−closed, ρ−bounded and convex subset of a ρ−complete modular space
Lρ, and T : D → Pρ(D) be a multivalued mapping such that PT

ρ is a:
(I) Nadler contraction ( or ρ− contracton) map, satisfying contractive condition (42);
(II) ρ−Rakotch contraction map, satisfying contractive condition (43);
(III) ρ−Edelstein contraction map, satisfying contractive condition (44);
(XIII) ρ−Sehgal contraction map, satisfying contractive condition (54). Then,
(a) T has a unique fixed point f ∈ Tf .
(b) Furthermore, (I) ⇒ (II) ⇒ (III) ⇒ (XIII). That is, contractive condition (42) ⇒ (43) ⇒
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(44) ⇒ (54).

Proof:
(a) First, we prove the existence of fixed point of the multivalued map T .
Since Lρ is complete, and D is a ρ−closed, ρ−bounded and convex subset of a ρ−complete modular
space Lρ, then D is also complete.
Let f1 be an arbitrary function in D.
Consider the sequence of functions f2 = u1 ∈ PT

ρ (f1), f3 = u2 ∈ PT
ρ (f2), f4 = u3 ∈ PT

ρ (f3), . . . ,

fn+1 = un ∈ PT
ρ (fn). (62)

If this sequence converges to some f = f0 ∈ D, then, we obtain the following:
f = limn→∞fn = limn→∞fn+1 = limn→∞un ∈ PT

ρ (limn→∞fn)

= limn→∞un ∈ limn→∞(PT
ρ fn) = Tf.

Thus, f ∈ Tf, that is, f is the fixed point of the multivalued map T .

Next, we show that the sequence (62) ρ−converges to the unique fixed point f ∈ Fρ(T ) using
ρ−contractive condition (42). Also, if T satisfies (42) and (42) ⇒ (43) ⇒ (44) ⇒ (54), then,
ρ−contractive conditions (43), (44) and (54) are satisfied. To do this, we use the completeness of
D, that is, to show that the sequence is Cauchy and it converges in D.
Since T is a contraction, there exists a δ satisfying δ ∈ [0, 1) such that ρ−contractive condition (42)
holds, that is

(I)Hρ(Tf, Tg) ≤ δρ(f − g), ∀f, g ∈ D.

The following quantity ρ(fn − fm) will be estimated for the sequence defined by (62) thus:

ρ(f − g) ≤ ρ(f − u) +Hρ(Tf, Tg) + ρ(v − g)

≤ ρ(f − u) + δρ(f − g) + ρ(v − g), ∀f, g ∈ D,

∀u ∈ Tf, ∀v ∈ Tg. (63)

That is,

ρ(f − g) ≤ ρ(f − u) + ρ(g − v)

1− δ
, ∀f, g ∈ D, ∀u ∈ Tf, ∀v ∈ Tg. (64)

Inequality (64) shows that f and g are both fixed points of the multivalued map T, thus ρ(f−g) = 0,
or that f = g. This shows that the fixed point is unique.
Using (64), the Cauchy sequence {fn} is established as follows

ρ(fn − gm) ≤ [
δn + δm

1− δ
]ρ(f1 − u2), ∀f, g ∈ D, ∀u2 ∈ Tf1,m > n. (65)

Therefore, {fn} is a Cauchy sequence and it ρ-converges to f ∈ Fρ(T ).

(b) Next, we show that (I) ⇒ (II).
If there exists a constant δ, satisfying δ ∈ [0, 1) in ρ−contractive condition (42) and there exists a
monotone decreasing function ϕ : (0,∞) → [0, 1) such that (43) holds then:

Hρ(Tf, Tg) ≤ δρ(f − g) < ϕ(ρ(f − g)), ∀f, g ∈ D, f ̸= g. (66)

(66) shows that if T satisfies contractive condition (42), then T also satisfies the condition (43).
That is, (I) ⇒ (II). This ends the proof.

(II) ⇒ (III).
Let ϕ = Id, and f ̸= g, then it follows that if T satisfies contractive condition (43), then T also
satisfies the condition (44). This ends the proof.
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(III) ⇒ (XIII).
From contractive conditions (44) and (54), we see that

Hρ(Tf, Tg) < ρ(f − g) < max{ρ(f − g), ρ(f − v), ρ(g − u)}, ∀f, g ∈ D,

∀u ∈ Tf, ∀v ∈ Tg.
Thus, (III) ⇒ (XIII).

It follows that contractive condition (42) ⇒ (43) ⇒ (44) ⇒ (54). This ends the proof.

Theorem 2. Let D be a ρ−closed, ρ−bounded and convex subset of a ρ−complete modular
space Lρ, and T : D → Pρ(D) be a multivalued mapping such that PT

ρ is a:
(IV) ρ−Kannan contracton map, satisfying contractive condition (45);
(V) ρ−Bianchini contraction map, satisfying contractive condition (46);
(VI) ρ−modified Bianchini contraction map, satisfying contractive condition (47);
(XIII) ρ−Sehgal contraction map, satisfying contractive condition (54). Then, (a) T has a unique
fixed point f ∈ Tf .
(b) Furthermore, (IV ) ⇒ (V ) ⇒ (V I) ⇒ (XIII). That is, contractive condition (45) ⇒ (46) ⇒
(47) ⇒ (54).

Proof:
(a) First, we prove the existence of fixed point of the multivalued map T .
Since Lρ is complete, and D is a ρ−closed, ρ−bounded and convex subset of a ρ−complete modular
space Lρ, then D is also complete.
Let f1 be an arbitrary function in D.
Consider the sequence of functions f2 = u1 ∈ PT

ρ (f1), f3 = u2 ∈ PT
ρ (f2), f4 = u3 ∈ PT

ρ (f3), . . . ,

fn+1 = un ∈ PT
ρ (fn). (67)

If this sequence converges to some f = f0 ∈ D, then, we obtain the following:
f = limn→∞fn = limn→∞fn+1 = limn→∞un ∈ PT

ρ (limn→∞fn)

= limn→∞un ∈ limn→∞(PT
ρ fn) = Tf.

Thus, f ∈ Tf, that is, f is the fixed point of the multivalued map T .

Next, we show that the sequence (67) ρ−converges to the unique fixed point f ∈ Fρ(T ) using
Kannan ρ−contractive condition (45). Also, if T satisfies (45) and (45) ⇒ (46) ⇒ (47) ⇒ (54),
then, ρ−contractive conditions (46), (47) and (54) are satisfied. To do this, we use the completeness
of D, that is, to show that the sequence is Cauchy and it converges in D.
Since in this case T is a Kannan contraction map, there exists a δ2 satisfying δ2 ∈ [0, 1

2 ) such that
ρ−contractive condition (45) holds, that is

(IV )Hρ(Tf, Tg) ≤ δ2[ρ(f − u) + ρ(g − v)], ∀f, g ∈ D, ∀u ∈ Tf, ∀v ∈ Tg.

The following quantity ρ(fn − fm) will be estimated for the sequence defined by (67) thus:

ρ(f − g) ≤ ρ(f − u) +Hρ(Tf, Tg) + ρ(v − g)

≤ ρ(f − u) + δ2[ρ(f − u) + ρ(g − v)] + ρ(v − g),

= (1 + δ2)ρ(f − u) + (1 + δ2)ρ(g − v), ∀f, g ∈ D,

∀u ∈ Tf, ∀v ∈ Tg. (68)

Inequality (68) shows that f and g are both fixed points of the multivalued map T, thus ρ(f−g) = 0,
or that f = g. This shows that the fixed point is unique.
Using (68), the Cauchy sequence {fn} is established as follows

ρ(fn − gm) ≤ [2 + δn + δm]ρ(f1 − u2), ∀f, g ∈ D, ∀u2 ∈ Tf1,m > n. (69)
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Therefore, {fn} is a Cauchy sequence and it ρ-converges to f ∈ Fρ(T ).

(b) Next, we show that (IV ) ⇒ (V ).
It is easy to see that: if T satisfies contractive condition (45), then T also satisfies the condition
(46) from the following: If there exist δ2, δ3 satisfying δ2 ∈ (0, 1

2 ), δ3 ∈ [0, 1) respectively, then

Hρ(Tf, Tg) ≤ δ2[ρ(f − u) + ρ(g − v)] ≤ δ3max{ρ(f − u), ρ(g − v)},
∀f, g ∈ D, ∀u ∈ Tf,∀v ∈ Tg. (70)

Thus, (IV ) ⇒ (V ). This ends the proof.

Next, we show that (V ) ⇒ (V I).
If there exists δ3, satisfying δ3 ∈ [0, 1) in (46), then (46) and (47) are related as follows:

Hρ(Tf, Tg) ≤ δ3 max{ρ(f − u), ρ(g − v)} < max{ρ(f − u), ρ(g − v)},
∀f, g ∈ D, f ̸= g, ∀u ∈ Tf,∀v ∈ Tg. (71)

Thus, (V ) ⇒ (V I). This ends the proof.

Next, we show that (V I) ⇒ (XIII). From contractive conditions (44) and (54), we see that

Hρ(Tf, Tg) < max{ρ(f − u), ρ(g − v)} < max{ρ(f − g), ρ(f − v), ρ(g − u)},
∀f, g ∈ D, f ̸= g, ∀u ∈ Tf,∀v ∈ Tg. (72)

Thus, (V I) ⇒ (XIII).

It follows that contractive condition (45) ⇒ (46) ⇒ (47) ⇒ (54). The proof is complete.

Theorem 3. Let D be a ρ−closed, ρ−bounded and convex subset of a ρ−complete modular
space Lρ, and T : D → Pρ(D) be a multivalued mapping such that PT

ρ is a:
(IV) ρ−Kannan contracton map, satisfying contractive condition (45);
(VII) ρ−Reich contraction map, satisfying contractive condition (48);
(VIII) ρ−modified Reich contraction map, satisfying contractive condition (49);
(XIII) ρ−Sehgal contraction map, satisfying contractive condition (54). Then,
(a) T has a unique fixed point f ∈ Tf .
(b) Furthermore, (IV ) ⇒ (V II) ⇒ (V III) ⇒ (XIII). That is, contractive condition (45) ⇒
(48) ⇒ (49) ⇒ (54).

Proof:
(a) First, we prove the existence of fixed point of the multivalued map T .
Since Lρ is complete, and D is a ρ−closed, ρ−bounded and convex subset of a ρ−complete modular
space Lρ, then D is also complete.
Let f1 be an arbitrary function in D.
Consider the sequence of functions f2 = u1 ∈ PT

ρ (f1), f3 = u2 ∈ PT
ρ (f2), f4 = u3 ∈ PT

ρ (f3), . . . ,

fn+1 = un ∈ PT
ρ (fn). (73)

If this sequence converges to some f = f0 ∈ D, then, we obtain the following:
f = limn→∞fn = limn→∞fn+1 = limn→∞un ∈ PT

ρ (limn→∞fn)

= limn→∞un ∈ limn→∞(PT
ρ fn) = Tf.

Thus, f ∈ Tf, that is, f is the fixed point of the multivalued map T .

Next, we show that the sequence (73) ρ−converges to the unique fixed point f ∈ Fρ(T ) using
Kannan ρ−contractive condition (45). Also, if T satisfies (45) and (45) ⇒ (48) ⇒ (49) ⇒ (54),
then, ρ−contractive conditions (48), (49) and (54) are satisfied. To do this, we use the completeness
of D, that is, to show that the sequence is Cauchy and it converges in D.
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Since in this case T is a Kannan contraction mapping, there exists a δ2 satisfying δ2 ∈ [0, 1
2 ) such

that ρ−contractive condition (45) holds, that is

(IV )Hρ(Tf, Tg) ≤ δ2[ρ(f − u) + ρ(g − v)], ∀f, g ∈ D, ∀u ∈ Tf, ∀v ∈ Tg.

The following quantity ρ(fn − fm) will be estimated for the sequence defined by (73) thus:

ρ(f − g) ≤ ρ(f − u) +Hρ(Tf, Tg) + ρ(v − g)

≤ ρ(f − u) + δ2[ρ(f − u) + ρ(g − v)] + ρ(v − g),

= (1 + δ2)ρ(f − u) + (1 + δ2)ρ(g − v), ∀f, g ∈ D,

∀u ∈ Tf, ∀v ∈ Tg. (74)

Inequality (74) shows that f and g are both fixed points of the multivalued map T, thus ρ(f−g) = 0,
or that f = g. This shows that the fixed point is unique.
Using (74), the Cauchy sequence {fn} is established as follows

ρ(fn − gm) ≤ [2 + δn + δm]ρ(f1 − u2), ∀f, g ∈ D, ∀u2 ∈ Tf1,m > n. (75)

Therefore, {fn} is a Cauchy sequence and it ρ-converges to f ∈ Fρ(T ).

(b) Next, we show that (IV ) ⇒ (V II).
if T satisfies contractive condition (45), then T also satisfies the condition (48) from the following:
If there exist δ2, satisfying δ2 ∈ [0, 1

2 ) in (45) and δ1, δ2, δ3 satisfying δ1 + δ2 + δ3 < 1 in (48), then
we have

Hρ(Tf, Tg) ≤ δ2[ρ(f − u) + ρ(g − v)] ≤ δ1ρ(f − g) + δ2ρ(f − u)

+δ3ρ(g − v)},∀f, g ∈ D, ∀u ∈ Tf,∀v ∈ Tg. (76)

Thus, (IV ) ⇒ (V II). This ends the proof.

Next, we show that (V II) ⇒ (V III).
If there exist δ1, δ2, δ3 satisfying δ1 + δ2 + δ3 < 1 in (48), and there exist monotonically decreasing
functions ϕ1, ϕ2, ϕ3 satisfying ϕ1(t) + ϕ2(t) + ϕ3(t) < 1 in (49), then (48) and (49) are related as
follows:

Hρ(Tf, Tg) ≤ δ1ρ(f − g) + δ2ρ(f − u) + δ3ρ(g − v)}
≤ ϕ1(ρ(f − g))ρ(f − g) + ϕ2(ρ(f − g))ρ(f − u)

+ϕ3(ρ(f − g))ρ(g − v),∀f, g ∈ D,

∀u ∈ Tf,∀v ∈ Tg. (77)

Thus, (V II) ⇒ (V III). This ends the proof.

Next, we show that (V III) ⇒ (XIII).
If there exist monotonically decreasing functions ϕ1, ϕ2, ϕ3 satisfying ϕ1(t) + ϕ2(t) + ϕ3(t) < 1 in
(49), then (49) and (54) are related as follows:

Hρ(Tf, Tg) ≤ ϕ1(ρ(f − g))ρ(f − g) + ϕ2(ρ(f − g))ρ(f − u)

+ϕ3(ρ(f − g))ρ(g − v)

< max{ρ(f − g), ρ(f − v), ρ(g − u)},∀f, g ∈ D, f ̸= g,

∀u ∈ Tf,∀v ∈ Tg. (78)

Thus, (V III) ⇒ (XIII). This ends the proof.
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It follows that contractive condition (45) ⇒ (48) ⇒ (49) ⇒ (54). The proof is complete.

Theorem 4. Let D be a ρ−closed, ρ−bounded and convex subset of a ρ−complete modular
space Lρ, and T : D → Pρ(D) be a multivalued mapping such that PT

ρ is a:
(IX) ρ−Chatterjea contracton map, satisfying contractive condition (50);
(XII) extended ρ−Chatterjea contraction map, satisfying contractive condition (53);
(XIII) ρ−Sehgal contraction map, satisfying contractive condition (54). Then,
(a) T has a unique fixed point f ∈ Tf .
(b) Furthermore, (IX) ⇒ (XII) ⇒ (XIII). That is, contractive condition (50) ⇒ (53) ⇒ (54).

Proof:
(a) First, we prove the existence of fixed point of the multivalued map T .
Since Lρ is complete, and D is a ρ−closed, ρ−bounded and convex subset of a ρ−complete modular
space Lρ, then D is also complete.
Let f1 be an arbitrary function in D.
Consider the sequence of functions f2 = u1 ∈ PT

ρ (f1), f3 = u2 ∈ PT
ρ (f2), f4 = u3 ∈ PT

ρ (f3), . . . ,

fn+1 = un ∈ PT
ρ (fn).

If this sequence converges to some f = f0 ∈ D, then, we obtain the following:
f = limn→∞fn = limn→∞fn+1 = limn→∞un ∈ PT

ρ (limn→∞fn)

= limn→∞un ∈ limn→∞(PT
ρ fn) = Tf.

Thus, f ∈ Tf, that is, f is the fixed point of the multivalued map T .

Next, we show that the sequence (79) ρ−converges to the unique fixed point f ∈ Fρ(T ) using
Chatterjea ρ−contractive condition (50). Also, if T satisfies (50) and (50) ⇒ (53) ⇒ (54), then,
ρ−contractive conditions (53) and (54) are satisfied. To do this, we use the completeness of D, that
is, to show that the sequence is Cauchy and it converges in D. Since in this case T is a ρ−Chatterjea
contraction map, there exists a δ3 satisfying δ2 ∈ [0, 1

2 ) such that ρ−contractive condition (50) holds,
that is

(IV )Hρ(Tf, Tg) ≤ δ3[ρ(f − v) + ρ(g − u)], ∀f, g ∈ D, ∀u ∈ Tf, ∀v ∈ Tg.

The following quantity ρ(fn − fm) will be estimated for the sequence defined by (79) thus:

ρ(f − g) ≤ ρ(f − u) +Hρ(Tf, Tg) + ρ(v − g)

≤ ρ(f − u) + δ3[ρ(f − v) + ρ(g − u)] + ρ(v − g),

≤ ρ(f − u) +
δ3

1− δ3
ρ(f − g) +

2δ3
1− δ3

ρ(f − u) + ρ(v − g)

=
δ3

1− δ3
ρ(f − g) +

1 + δ3
1− δ3

ρ(f − u) + ρ(v − g)

≤ 1 + δ3
1− 2δ3

ρ(f − u) +
1− δ3
1− 2δ3

ρ(v − g), ∀f, g ∈ D,

∀u ∈ Tf, ∀v ∈ Tg. (79)

Inequality (79) shows that f and g are both fixed points of the multivalued map T, thus ρ(f−g) = 0,
or that f = g. This shows that the fixed point is unique. Using (79), the Cauchy sequence {fn} is
established as follows

ρ(fn − gm) ≤ [
2 + δn3 − δm3

1− 2δ3
]ρ(f1 − u2), ∀f, g ∈ D, ∀u2 ∈ Tf1. (80)

Therefore, {fn} is a Cauchy sequence and it ρ-converges to f ∈ Fρ(T ).

(b) Next, we show that (XI) ⇒ (XII).
If T satisfies contractive condition (50), then T also satisfies the condition (53) from the following:
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If there exist δ3, satisfying δ3 ∈ (0, 1
2 ) in (50) and δ1, δ2, δ3 satisfying δ1 + δ2 + δ3 < 1 in (53), then

(50) and (53) are related as follows:

Hρ(Tf, Tg) ≤ δ3[ρ(f − v) + ρ(g − u)] < δ1ρ(f − g) + δ2ρ(f − v)

+δ3ρ(g − u)},∀f, g ∈ D, ∀u ∈ Tf,∀v ∈ Tg. (81)

Thus, (IX) ⇒ (XII). This ends the proof.

Next, we show that (XII) ⇒ (XIII).
If there exist δ1, δ2, δ3 satisfying δ1 + δ2 + δ3 < 1 in (53), then (53) and (54) are related as follows:

Hρ(Tf, Tg) ≤ δ1ρ(f − g) + δ2ρ(f − v) + δ3ρ(g − u)}
< max{ρ(f − g), ρ(f − v), ρ(g − u)},∀f, g ∈ D, f ̸= g,

∀u ∈ Tf,∀v ∈ Tg. (82)

Thus, (XII) ⇒ (XIII). This ends the proof.

It follows that contractive condition (50) ⇒ (53) ⇒ (54). The proof is complete.

Theorem 5. Let D be a ρ−closed, ρ−bounded and convex subset of a ρ−complete modular
space Lρ, and T : D → Pρ(D) be a multivalued mapping such that PT

ρ is a:
(I) Nadler contracton mapping, satisfying contractive condition (42);
(IV) extended ρ−Kannan contraction mapping, satisfying contractive condition (45);
(XII) extended ρ−Chatterjea contraction mapping, satisfying contractive condition (53);
(XIX) ρ−Hardy and Rogers contraction mapping, satisfying contractive condition (59). Then, T has
a unique fixed point f ∈ Tf . Furthermore, (I) ⇒ (XIX), (IV ) ⇒ (XIX) and (XII) ⇒ (XIX).
That is, contractive condition (42) ⇒ (59), (45) ⇒ (59) and (53) ⇒ (59).

Proof:
(a) First, we prove the existence of fixed point of the multivalued map T .
Since Lρ is complete, and D is a ρ−closed, ρ−bounded and convex subset of a ρ−complete modular
space Lρ, then D is also complete.
Let f1 be an arbitrary function in D.
Consider the sequence of functions f2 = u1 ∈ PT

ρ (f1), f3 = u2 ∈ PT
ρ (f2), f4 = u3 ∈ PT

ρ (f3), . . . ,

fn+1 = un ∈ PT
ρ (fn). (83)

If this sequence converges to some f = f0 ∈ D, then, we obtain the following:
f = limn→∞fn = limn→∞fn+1 = limn→∞un ∈ PT

ρ (limn→∞fn)

= limn→∞un ∈ limn→∞(PT
ρ fn) = Tf.

Thus, f ∈ Tf, that is, f is the fixed point of the multivalued map T .

Next, we show that the sequence (83) ρ−converges to the unique fixed point f ∈ Fρ(T ) using
ρ−contractive condition (42). Also, if T satisfies (42) and (42) ⇒ (59), (45) ⇒ (59), (53) ⇒ (59),
then, ρ−contractive conditions (45), (53) and (59) are satisfied. To do this, we use the completeness
of D, that is, to show that the sequence is Cauchy and it converges in D. Since T is a contraction,
there exists a δ satisfying δ ∈ [0, 1) such that ρ−contractive condition (42) holds, that is

(I)Hρ(Tf, Tg) ≤ δρ(f − g), ∀f, g ∈ D.

The following quantity ρ(fn − fm) will be estimated for the sequence defined by (83) thus:

ρ(f − g) ≤ ρ(f − u) +Hρ(Tf, Tg) + ρ(v − g)

≤ ρ(f − u) + δρ(f − g) + ρ(v − g), ∀f, g ∈ D,

∀u ∈ Tf, ∀v ∈ Tg. (84)
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That is,

ρ(f − g) ≤ ρ(f − u) + ρ(g − v)

1− δ
, ∀f, g ∈ D, ∀u ∈ Tf, ∀v ∈ Tg. (85)

Inequality (85) shows that f and g are both fixed points of the multivalued map T, thus ρ(f−g) = 0,
or that f = g. This shows that the fixed point is unique.
Using (85), the Cauchy sequence {fn} is established as follows

ρ(fn − gm) ≤ [
δn + δm

1− δ
]ρ(f1 − u2), ∀f, g ∈ D, ∀u2 ∈ Tf1,m > n. (86)

Therefore, {fn} is a Cauchy sequence and it ρ-converges to f ∈ Fρ(T ).

(b) Next, we show that (I) ⇒ (II).
If there exists a constant δ, satisfying δ ∈ [0, 1) in ρ−contractive condition (42) and there exist
δ1, δ2, δ3, δ4, δ5 satisfying δ1 + δ2 + δ3 + δ4 + δ5 < 1 in (59), then (42) and (59) are related as follows

Hρ(Tf, Tg) < δρ(f − g),

≤ δ1ρ(f − g) + δ2ρ(f − u) + δ3ρ(g − v) + δ4ρ(f − v)

+δ5ρ(g − u), ∀f, g ∈ D,∀u ∈ Tf, ∀v ∈ Tg. (87)

(87) shows that if T satisfies contractive condition (42), then T also satisfies the condition (59).
That is, (I) ⇒ (XIX). This ends the proof.

Next, we show that (IV ) ⇒ (XIX).
If there exist δ2, satisfying δ2 ∈ [0, 1

2 ) in (45) and δ1, δ2, δ3, δ4, δ5 satisfying δ1+ δ2+ δ3+ δ4+ δ5 < 1
in (59), then (45) and (59) are related as follows:

Hρ(Tf, Tg) ≤ δ2[ρ(f − u) + ρ(g − v)]

≤ δ1ρ(f − g) + δ2ρ(f − u) + δ3ρ(g − v) + δ4ρ(f − v)

+δ5ρ(g − u),∀f, g ∈ D, ∀u ∈ Tf,∀v ∈ Tg. (88)

Thus, (IV ) ⇒ (XIX). This ends the proof.

Next, we show that (XII) ⇒ (XIX).
If there exist δ1, δ2, δ3 satisfying δ1+ δ2+ δ3 < 1 in (53) and δ1, δ2, δ3, δ4, δ5 satisfying δ1+ δ2+ δ3+
δ4 + δ5 < 1 in (59), then (53) and (59) are related as follows:

Hρ(Tf, Tg) ≤ ≤ δ1ρ(f − g) + δ2ρ(f − v) + δ3ρ(g − u)

≤ δ1ρ(f − g) + δ2ρ(f − u) + δ3ρ(g − v) + δ4ρ(f − v)

+δ5ρ(g − u),∀f, g ∈ D, f ̸= g, ∀u ∈ Tf,∀v ∈ Tg. (89)

Thus, (XII) ⇒ (XIX). This ends the proof.

It follows that contractive condition (42) ⇒ (45), (45) ⇒ (53), and (53) ⇒ (59). The proof is
complete.

Theorem 6. Let D be a ρ−closed, ρ−bounded and convex subset of a ρ−complete modular
space Lρ, and T : D → Pρ(D) be a multivalued mapping such that PT

ρ is a:
(XIV) ρ−Zamfirescu contracton mapping, satisfying contractive condition (55);
(XV) modified ρ−Zamfirescu contraction mapping, satisfying contractive condition (56);
(XVI) ρ− quasi-contractive mapping, satisfying contractive condition (57);
(XVII) ρ− quasi-contractive-like mapping, satisfying contractive condition (58). Then,
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(a) T has a unique fixed point f ∈ Tf .
(b) Furthermore, (XIV ) ⇒ (XV ) and (XIV ) ⇒ (XV I) ⇒ (XV II). That is, contractive condition
(55) ⇒ (56) and (55) ⇒ (57) ⇒ (58).

Proof:
The proof of the first part of Theorem 6 follows from that of Theorem 1.
Next, we show that (XIV ) ⇒ (XV ) and (XIV ) ⇒ (XV I) ⇒ (XV II).
(XIV ) ⇒ (XV ) : If there exists a δ, satisfying δ ∈ [0, 1), in (55), then (55) and (56) are related as
follows:

(XIV ) Hρ(Tf, Tg) ≤ δ max{ρ(f − g),
1

2
[ρ(f − u) + ρ(g − v)],

1

2
[ρ(f − v) + ρ(g − u))]}

< max{ρ(f − g),
1

2
[ρ(f − u) + ρ(g − v)],

1

2
[ρ(f − v) + ρ(g − u))]} ∀f, g ∈ D, f ̸= g,

∀u ∈ Tf, ∀v ∈ Tg. (90)

(XIV ) ⇒ (XV I).
If there exists a δ, satisfying δ ∈ [0, 1), in (55) and (57) respectively, then (55) and (57) are related
as follows: (55) can be simplified as:

(XIV ) Hρ(Tf, Tg) ≤ δ ρ(f − g) + 2δρ(f − u), ∀f, g ∈ D, f ̸= g,

∀u ∈ Tf. (91)

Let L = 2δ in (57), we get (91), thus

(XIV ) Hρ(Tf, Tg) ≤ δ max{ρ(f − g),
1

2
[ρ(f − u) + ρ(g − v)],

1

2
[ρ(f − v) + ρ(g − u))]}

≤ δρ(f − g) + Lρ(u− f) ∀f, g ∈ D, f ̸= g,

∀u ∈ Tf, ∀v ∈ Tg. (92)

(XV I) ⇒ (XV II).
If there exists a δ, L satisfying δ ∈ [0, 1), L ≥ 0 in (57) and δ ∈ [0, 1) and φ : R+ → R+ a
ρ−monotone increasing function in (58), then (57) and (58) are related as follows: If φ(t) = Lt,
then (58) becomes (57), thus

(XIV ) Hρ(Tf, Tg) ≤ δ ρ(f − g) + Lρ(u− f)

≤ δρ(f − g) + φ(ρ(u− f)) ∀f, g ∈ D,

∀u ∈ Tf, ∀v ∈ Tg. (93)

Thus, it follows that contractive condition (55) ⇒ (56) and (55) ⇒ (57) ⇒ (58). The proof is
complete.

Example 7. Let X the real number system, define ρ on X by ρ(f) = |f |k, k ≥ 1. Let D =
{f ∈ Lρ : 0 ≤ f(x) ≤ 1}. Let T : D → Pρ(D) be the multivalued mapping such that PT

ρ is
ρ−quasi-contractive satisfying T (f) = {δf}, where δ = 1

8 .
Clearly, D is non-empty ρ− compact, ρ−bounded convex subset of Lρ = X which satisfies (UC)
condition. Fρ(T ) = {f0}, where f0 = 0, and PT

ρ is a ρ−contraction with PT
ρ (f) = {Tf} ∀ f ∈ D.

Notice that if k = 2, then ρ(f) = |f |2 is NOT normed.
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Remark 8. The existence results in a modular function space in Theorems 1-6 above are new
results and Example 7 illustrates a multivalued ρ−quasi-contractive map in a modular function
space which do not belong to a normed linear spsce.

3 Conclusion

In conclusion, this research extends known contractive and contraction maps in metric and normed
linear spaces to multivalued types in the framework of modular function spaces. The maps were
compared through well constructed fixed point theorems with proofs. The comparison of the vari-
ous ρ- contractive and ρ-contraction mappings in modular function spaces reveals several important
insights and considerations. The choice of ρ-contraction mapping plays a significant role in deter-
mining the behaviour and convergence properties of iterative schemes in these spaces. An example
is given to show a multivalued ρ−quasi-contractive map in a modular function space which do
not belong to other particular spsces. The classes of multivalued maps considered in this study
have several applications that have good potentials for further research. In practical applications,
a thorough understanding of the properties of various contraction mappings and their interactions
with modular function spaces is essential to come up with effective numerical schemes. Researchers
should continue to explore and refine the comparison of these mappings, seeking to uncover new
insights and methodologies that can enhance the accuracy, efficiency, and applicability of iterative
schemes within modular function spaces.
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