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Abstract
In this study, a new solution method is proposed for the possibilistic linear programming prob-
lem. The right-hand side parameters of the constraint are considered to be multi-choice. The
cost coefficient of the objective function is considered to be triangular possibility distribution.
In this model, the possibility is characterized by the triangular possibility distribution whereas
the multi-choice is handled by the linear combination of binary variable technique. In order to
solve the proposed model, a crisp equivalent deterministic multi-objective mixed-integer linear
programming problem is established. Then, solve the model using the fuzzy programming ap-
proach. Finally, an example numerical model is provided to test the methodology and solution
procedure.

Keywords: Possibilistic linear programming problem, Multi-objective mixed-integer linear pro-
gramming problem, Triangular possibility distribution, Multi-choice parameters, Binary variables,
Fuzzy programming approach.
MSC2010: 49M37.

1 Introduction
Real-world input data or parameters of decision making problems are sometimes imprecise or er-
roneous due to missing or incomplete information. Traditional mathematical programming cannot
tackle all problems those have imprecision. Possibilistic mathematical programming problems have
provided the platform to deal with such types of real world decision making problems. Theory
of possibility includes integration of fuzzy preferences. Initially, Zadeh [1] demonstrated the im-
portance of the theory of possibility, which is connected to the theory of fuzzy sets, by defining a
possibility distribution as a fuzzy restriction. It was further developed by Dubois and Prade [2]
to play the same roles as the probability distributions in probability theory. Furthermore, various
researchers have worked in this direction towards the development of possibilistic mathematical
programming problems as follows:

Luhandjula [3] developed a linear program problem where the coefficients of the objec-
tive function are imprecision with possibility distributions. Buckley [4] suggested a mathematical
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programming problem with all the parameters may be fuzzy variables specified by their possibil-
ity distribution. Lia and Hwang [5] proposed an auxiliary multiple objective linear programming
model to solve a linear programming problem with imprecise objective and/or constraint coeffi-
cients. Inuiguchi and Sakawa [6] presented an equivalent condition between a possibilistic linear
programming problem with a quadratic membership function and a stochastic linear programming
problem with a multivariate normal distribution. Wang and Liang [7] presented a novel interac-
tive possibilistic linear programming approach for solving the multi-product aggregate production
planning problem with imprecise forecast demand, related operating costs, and capacity. An inter-
active possibilistic linear programming model established by Liang [8] for solving multi-objective
distribution planning decision problems involving imprecise available supply, forecast demand and
unit cost/time coefficients with triangular possibility distributions. Vasant et al. [9] suggested a
new method to obtain optimal solution using satisfactory approach in uncertain environment and
obtained the optimal solution by using possibilistic linear programming approach and MATLAB
software package. Phruksaphanrat [10] proposed a preemptive possibilistic linear programming ap-
proach for solving multiobjective Aggregate Production Planning problem with interval demand
and imprecise unit price and related operating costs and also attempts to maximize profit and
minimize changes of workforce. Kabak and Ülengin [11] developed a possibilistic linear program-
ming model to maximize the total profit of the enterprise and to make strategic resource-planning
decisions using fuzzy demand forecasts and fuzzy yield rates and other inputs such as costs and
capacities. Bouzembrak et al. [12] presented a possibilistic linear programming model for supply
chain network design with imprecise inputs such as market demands, supplied quantities, trans-
portation costs, opening costs, treatment and storage costs are modelled as fuzzy numbers. A new
methodology and solution procedure for solving possibilistic linear programming with trapezoidal
fuzzy numbers is developed by Wan and Dong [13] and this method is used to capture imprecise
or uncertain information for the imprecise objective coefficients and/or the imprecise technological
coefficients and/or available resources. A two-phase possibilistic linear programming approach and
a fuzzy analytical hierarchical process approach have been developed by Ozgen and Gulsun [14] to
optimize two objective functions (minimum cost and maximum qualitative factors benefit) in a four-
stage (suppliers, plants, distribution centers, customers) supply chain network within a imprecise
optimization framework. Chopra and Saxsena [15] is presented a possibilistic linear programming
problem involving multiple objectives functions. A new solution procedure of possibilistic linear pro-
gramming problem is suggested by Barik and Biswal [16] involving the right hand side parameters
of the constraints follows normal distribution and the objective function coefficients as triangular
possibility distribution. Gupta et al. [17] presented a weighted possibilistic programming approach
to solve the multi-objective multi-item vendor selection-order allocation problem with price-breaks
that integrates fuzzy multi-objective integer linear programming and analytic hierarchy process
techniques. Hamidieh et al. [18] proposed a new robust possibilistic programming approach model
for designing a sustainable closed-loop single-product multi-component multi-level logistics network
under uncertainty conditions. Fazli-Khalaf et al. [19] suggested a robust possibilistic programming
model for water distribution network design that maximizes the total profit of water distribution
as well as maximizing priority of water transferring among water customer zones. Sutthibutr2020
and [20] presented an improved fuzzy programming approach to optimism multi-objective aggre-
gate production planning problem under uncertain environments which integrates the concept of
possibilistic linear programming with Beta-Skewness Degree that decision-makers can manipulate
the best level of data fuzziness as well as maintain such fuzziness in the optimization process.

The aim of the work is to incorporating triangular possibility distributions in the cost coef-
ficient of the objective functions considering the right hand side parameters of the constraints as
multi-choice in nature. Crisp equivalent deterministic model is established and solved by using well
known fuzzy programming method.
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2 Mathematical Formulation
Mathematically, a possibilistic linear programming problem with multi-choice parameters can be
stated as:

max : z =

n∑
j=1

c̃jxj (2.1)

Subject to
n∑

j=1

aijxj ≤ bi, i = 1, 2, . . . ,m (2.2)

xj ≥ 0, j = 1, 2, . . . , n (2.3)

where the decision variables xj , j = 1, 2, . . . , n and aij , i = 1, 2, . . . ,m, j = 1, 2, . . . , n are assumed
to be deterministic. Also, it is assumed that c̃j = (cmj , cpj , c

o
j), j = 1, 2, . . . , n are imprecise with

triangular possibility distributions as shown in Figure 1 where cmj is the most possible value (pos-
sibility = 1 if normalized), cpj (the most pessimistic value), and coj (the most optimistic value) are
the least possible values. Only bi = {b1i , b2i , . . . , b

pi

i }, i = 1, 2, . . . ,m are multi-choice in nature i.e.
more than one choice has been assigned for the parameter bi.

Fig. 1: The triangular possibility distribution πcj of c̃j

3 Methodology and Deterministic Models
This Section includes the procedure to find the crisp equivalent deterministic model of the proposed
possibilistic linear programming problem and the method to remove the multi-choiceness from the
constraints right hand side parameters of the problem.

3.1 When c̃j, j = 1, 2, . . . , n are imprecise with triangular possibility dis-
tributions

Since objective coefficients c̃j , j = 1, 2, . . . , n are imprecise with triangular possibility distributions
πcj . Then the objective function of the proposed model can be stated as:

max : z =

n∑
j=1

(cmj xj , c
p
jxj , c

o
jxj) (3.1)

or
max : z = ((cm)Tx, (cp)Tx, (co)Tx) (3.2)

where x = (x1, x2, . . . , xn), cm = (cm1 , cm2 , . . . , cmn )T , cp = (cp1, c
p
2, . . . , c

p
n)

T and co = (co1, c
o
2, . . . , c

o
n)

T .
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Thus, the objective function in equation (3.2) is an imprecise objective function with a
triangular possibility distribution. Geometrically, this fuzzy objective is actually defined by three
corner points ((cm)Tx, 1), ((cp)Tx, 0) and ((co)Tx, 0) of the triangle shown in Figure 1. Thus,
maximizing the fuzzy objective can be obtained by pushing these three coordinates of the triangle
in the right-hand side direction. Since, these vertical coordinates are fixed at either 1 or 0. Then only
we consider the three horizontal coordinates ((cm)Tx, 0), ((cp)Tx, 0) and ((co)Tx, 0), respectively.
Therefore, the proposed model with objective function is solved as:

max : z = ((cm)Tx, (cp)Tx, (co)Tx) (3.3)

where ((cm)Tx, (cp)Tx, (co)Tx) is the vector of three objective functions, (cm)Tx, (cp)Tx, and
(co)Tx. To keep the normal shape of the possibility distribution as triangular, we have to make a lit-
tle change as shown in Figure 2. In order to solve the proposed model with three objective functions
as in equation (3.3), maximize (cm)Tx, minimize [(cm)Tx−(cp)Tx] and maximize [(co)Tx−(cm)Tx]
separately each instead of maximizing these three objectives simultaneously, where the last two ob-
jective functions are actually relative measures from (cm)Tx, the first objective function as shown
in Figure 2 as follows:

Fig. 2: The strategy to solve “max c̃Tx”

The three new objectives also pushing the triangular possibility distribution in the direction of
the right-hand side. This results the following crisp multi-objective linear programming problem
with multi-choice parameters from (2.1)-(2.3) as:

min : z1 = (cm − cp)Tx (3.4)

max : z2 = (cm)Tx (3.5)

max : z3 = (co − cm)Tx (3.6)

Subject to
n∑

j=1

aijxj ≤ bi, i = 1, 2, . . . ,m (3.7)

xj ≥ 0, j = 1, 2, . . . , n (3.8)

The above crisp multi-objective linear programming problem with multi-choice parameters
bi, i = 1, 2, . . . ,m (3.4)-(3.8) is equivalent to maximizing the most possible value of the impre-
cise profit (at the point of possibility degree = 1). At the same time, minimize the inferior side of
the possibility distribution. It means minimizing the region (I) which is equivalent to “the risk of
obtaining lower profit”. And, also maximize the region (II) of the possibility distribution, which is
equivalent to “the possibility of obtaining higher profit”. As shown in Figure 2, prefer the possibility
distribution of B̄ to that of Ā.
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3.2 When b1, b2, ..., bm are multi-choice parameter
According to Khalil et al. [21], the new technique to handle multi-choiceness as follows:

Let b1i , b2i , · · · , b
pi

i are pi number of choices for the right hand side parameter bi, i = 1, 2, 3, · · · ,m
of the i-th constraint (3.7).

Set P= Least common multiple of the number {p1, p2, ..., pm} and choose just one value among
the pi number of choices. For this, enclosing P number of binary variables w1, w2, . . . , wP to
construct a set of si = P

pi
linear combinations in the following manner as:

T 1
i = b1iw1 + b2iw2 + . . .+ bpi

i wpi
=

pi∑
r=1

briwr (3.9)

T 2
i = b1iwpi+1 + b2iwpi+2 + . . .+ bpi

i w2pi =

pi∑
r=1

briwpi+r (3.10)

T 3
i = b1iw2pi+1 + b2iw2pi+2 + . . .+ bpi

i w3pi =

pi∑
r=1

briw2pi+r (3.11)

...

T si
i = b1iw(si−1)pi+1

+ b2iw(si−1)pi+2
+ . . .+ bpi

i w(si−1)pi
=

pi∑
r=1

briw(si−1)pi+r (3.12)

Finally, the right hand side of the i-th constraint (3.7) by mathematical expression as

Ti =

si∑
j=1

T j
i =

si∑
j=1

[ pi∑
r=1

briw(j−1)pi+r

]
(3.13)

Thus, the equivalent deterministic model of the crisp multi-objective linear programming prob-
lem (3.4)-(3.8) can be stated as:

min : z1 = (cm − cp)Tx (3.14)

max : z2 = (cm)Tx (3.15)

max : z3 = (co − cm)Tx (3.16)

Subject to
n∑

j=1

aijxj ≤ Ti, i = 1, 2, 3, . . . ,m (3.17)

Ti =

si∑
j=1

[ pi∑
r=1

briw(j−1)pi+r

]
(3.18)

wu = 0/1, u = 1, 2, 3, . . . , P (3.19)
P∑

u=1

wu = 1 (3.20)

xj ≥ 0, j = 1, 2, . . . , n (3.21)

Since the above model is a multi-objective mixed-integer linear programming problem, use any
multi-objective optimization9 technique by [22] such as utility theory, goal programming, or fuzzy
programming approaches. In this paper, Zimmermann’s fuzzy programming method [23] is used
to solve the crisp equivalent multi-objective model. The solution procedure is discussed in the
following Section.
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4 Fuzzy Programming Approach
The concept of fuzzy set theory was first introduced by Bellman and Zadeh [24]. Later on Zimmer-
mann [25] used fuzzy set theory with suitable choice of membership function and developed a fuzzy
linear programming problem, which is known as maximin problem. He proves that the solutions
obtained by fuzzy linear programming technique are more accurate and efficient. Biswal [26] has
presented fuzzy programming technique to solve a multi-objective geometric programming problem
by introducing a new type of membership function. Hulsurkar [27] presented fuzzy programming
technique to solve a multi-objective stochastic linear programming problems. In this study, the
equivalent deterministic model (3.14)-(3.21) is a multi-objective mixed-integer linear programming
problem. So fuzzy programming technique is applied to find solution of the proposed model.

4.1 Solution Procedures
The steps of fuzzy programming approach is presented below:

Step-1: Select the first objective function (i.e. z1)and solve it as a single objective linear
programming problem subject to the constraints. Find the Positive Ideal Solutions (PIS) and
Negative Ideal Solutions (NIS) of the first objective function (i.e. z1). Similarly, select the second
objective function (i.e. z2) and third objective function (i.e. z3) and solve it as a single objective
linear programming problems subject to the constraints. Find the Positive Ideal Solutions (PIS)
and Negative Ideal Solutions (NIS) for both the objective functions (i.e. z2, z3).

Step-2: The Positive Ideal Solutions (PIS) and Negative Ideal Solutions (NIS) of the three
objective functions (Hwang and Yoon [28]) are as follows:

zPIS
1 = min : (cm − cp)Tx, zNIS

1 = max : (cm − cp)Tx
zPIS
2 = max : (cm)Tx, zNIS

2 = min : (cm)Tx
zPIS
3 = max : (co − cm)Tx, zNIS

3 = min : (co − cm)Tx
Step-3: Form the linear membership functions of these three objective functions using Positive

Ideal Solutions (PIS) and Negative Ideal Solutions (NIS) from Step 2 as below:
For the first objective function (z1):

µz1 =


1, if z1 < zPIS

1
zNIS
1 −z1

zNIS
1 −zPIS

1
, if zPIS

1 ≤ z1 ≤ zNIS
1

0, if z1 > zNIS
1

(4.1)

For the second objective function (z2):

µz2 =


1, if z2 > zPIS

2
z2−zNIS

2

zPIS
2 −zNIS

2
, if zNIS

2 ≤ z2 ≤ zPIS
2

0, if z2 < zNIS
2

(4.2)

For the third objective function (z3):

µz3 =


1, if z3 > zPIS

3
z3−zNIS

3

zPIS
3 −zNIS

3
, if zNIS

3 ≤ z3 ≤ zPIS
3

0, if z3 < zNIS
3

(4.3)
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Z3Z3

Z3

Z3

Fig. 3: The membership functions of the three objective functions “z1, z2, and z3”

Step-4: Use max-min operator with an augmented variable λ and formulate a single objective
crisp linear programming problem as:

max : λ (4.4)

subject to
λ ≤ µzl(X), l = 1, 2, 3 (4.5)

n∑
j=1

aijxj ≤ Ti, i = 1, 2, 3, . . . ,m (4.6)

Ti =

si∑
j=1

[ pi∑
r=1

briw(j−1)pi+r

]
(4.7)

wu = 0/1, u = 1, 2, 3, . . . , P (4.8)
P∑

u=1

wu = 1 (4.9)

0 ≤ λ ≤ 1, xj ≥ 0, j = 1, 2, 3, . . . , n (4.10)

where augmented variable λ represents the overall satisfaction level under the proposed strategy of
maximizing the most possible value.

Step-5: Solve the crisp model by using a linear programming algorithm to find an optimal
compromise solution x∗. Then evaluate all the objective functions at the optimal compromise
solution x∗.

5 Numerical Example
In this Section, consider a mathematical model of possibilistic linear programming with right hand
side parameters as multi-choice in nature as:

max z = 8̃x1 + 5̃x2 + 6̃x3 (5.1)
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Subject to
3x1 + 5x2 + 8x3 ≤ b1 (5.2)

3x1 + 4x2 + 3x3 ≤ b2 (5.3)

5x1 + 7x3 ++8x3 ≥ 34 (5.4)

xj ≥ 0, j = 1, 2, 3 (5.5)

where assume that the coefficients of the objective function 8̃ = (8, 7.5, 9.4), 5̃ = (5, 4.6, 6.5)
and 6̃ = (6, 5.4, 7.2) are imprecise number and have a triangular possibility distribution with most
possible values 8, 5, 6; most pessimistic values 7.5, 4.6, 5.4; most optimistic values 9.4, 6.5, 7.2,
respectively. Also, assume that the right-hand side parameters bi, i = 1, 2 are multi-choice in nature
as b1 = (18, 20, 22, 25), b2 = (14, 16, 18) respectively.

Now, the deterministic crisp multi-objective mixed-integer linear programming problem of the
above mathematical programming model (5.1)-(5.5) can be transformed using linear combination
technique to handling multi-choiceness as:

min z∗1 = 0.5x1 + 0.4x2 + 0.6x3 (5.6)

max z∗2 = 8x1 + 5x2 + 6x3 (5.7)

max z∗3 = 1.4x1 + 1.5x2 + 1.2x3 (5.8)

Subject to
3x1 + 5x2 + 8x3 ≤ T1 (5.9)

3x1 + 4x2 + 3x3 ≤ T2 (5.10)

T1 = 18w1+20w2+22w3+25w4+18w5+20w6+22w7+25w8+18w9+20w10+22w11+25w12 (5.11)

T2 = 14w1+16w2+18w3+14w4+16w5+18w6+14w7+16w8+18w9+14w10+16w11+18w12 (5.12)

5x1 + 7x3 ++8x3 ≥ 34 (5.13)
12∑
u=1

wu = 1 (5.14)

wu = 0/1, xj ≥ 0, u = 1, 2, . . . , 12, j = 1, 2, 3 (5.15)

Further, by using the solution procedure of fuzzy programming method as discussed in Section 4,
the above multi-objective programming problem can be transformed into a single objective mixed-
integer linear programming problem as:

max : λ (5.16)

Subject to
µz∗

1
≥ λ (5.17)

µz∗
2
≥ λ (5.18)

µz∗
3
≥ λ (5.19)

3x1 + 5x2 + 8x3 ≤ T1 (5.20)

3x1 + 4x2 + 3x3 ≤ T2 (5.21)

T1 = 18w1+20w2+22w3+25w4+18w5+20w6+22w7+25w8+18w9+20w10+22w11+25w12 (5.22)

T2 = 14w1+16w2+18w3+14w4+16w5+18w6+14w7+16w8+18w9+14w10+16w11+18w12 (5.23)

5x1 + 7x3 ++8x3 ≥ 34 (5.24)
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12∑
u=1

wu = 1 (5.25)

0 ≤ λ ≤ 1, wu = 0/1, xj ≥ 0, u = 1, 2, . . . , 12, j = 1, 2, 3 (5.26)

where µz∗
1
, µz∗

2
, and µz∗

3
are the membership functions defined as:

For the first objective function (z∗1):

µz∗
1
=


1, if z∗1 < 2.925
3.14−z∗

1

0.215 , if 2.925 ≤ z∗1 ≤ 3.14
0, if z∗1 > 3.14

(5.27)

For the second objective function (z∗2):

µz∗
2
=


1, if z∗2 > 45.33333
z∗
2−41.25
4.08333 , if 41.25 ≤ z∗2 ≤ 45.33333
0, if z∗2 < 41.25

(5.28)

For the third objective function (z∗3):

µz∗
3
=


1, if z∗3 > 8.133333
z∗
3−7.875
0.258333 , if 7.875 ≤ z∗3 ≤ 8.133333
0, if z∗3 < 7.875

(5.29)

Hence, the above single objective linear programming problem (5.16)-(5.26) can be rewritten
as:

max : λ (5.30)

Subject to

0.5x1 + 0.4x2 + 0.6x3 − 3.14 ≤ −0.215λ (5.31)

8x1 + 5x2 + 6x3 − 41.25 ≥ 4.08333λ (5.32)

1.4x1 + 1.5x2 + 1.2x3 − 7.875 ≥ 0.258333λ (5.33)

3x1 + 5x2 + 8x3 ≤ T1 (5.34)

3x1 + 4x2 + 3x3 ≤ T2 (5.35)

T1 = 18w1+20w2+22w3+25w4+18w5+20w6+22w7+25w8+18w9+20w10+22w11+25w12 (5.36)

T2 = 14w1+16w2+18w3+14w4+16w5+18w6+14w7+16w8+18w9+14w10+16w11+18w12 (5.37)

5x1 + 7x3 ++8x3 ≥ 34 (5.38)
12∑
u=1

wu = 1 (5.39)

0 ≤ λ ≤ 1, wu = 0/1, xj ≥ 0, u = 1, 2, . . . , 12, j = 1, 2, 3 (5.40)

6 Results Discussion
The above model (5.30)-(5.40) is solved by LINGO 11.0 [29] and compromise solution is obtain as
imprecise has a triangular possibility distribution of (z∗2 , z∗2 − z∗1 , z

∗
2 + z∗3) where z∗1 = 3.03080714,

z∗2 = 43.323819 and z∗3 = 8.0062009, respectively. Hence, the value of the objective function
(43.323819, 40.29301186, 51.3300199) with degree of satisfaction level λ = 0.507874 along with the
decision variables x1 = 4.215551, x2 = 0.3690946, x3 = 1.292323. Further, most possible value of
the objective function is 43.323819, most pessimistic value of the objective function is 40.29301186
and most optimistic value of the objective function is 51.3300199.
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7 Conclusion
In this paper, a new methodology and solution procedure of possibilistic linear programming prob-
lem has been developed by taking the right hand side parameters of the constraints as multi-choice in
nature and objective function cost coefficients as triangular possibility distributions. After trans-
ferring the possibilistic linear programming problem to an auxiliary crisp multi-objective linear
programming problem, the proposed model is solved by using Zimmermann’s fuzzy programming
to obtain the compromise solution. Moreover, our solution has the nature of minimizing the pos-
sibility of obtaining lower value of the objective function, maximizing the most possible value of
the objective function and maximizing the possibility of higher value of the objective function.
This model may applied in real life decision making problems. One can extended this problem by
considering the decision variables as possibility distributions.
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