https://dx.doi.org/10.4314/ijs.v24i1.8
Ife Journal of Science vol. 24, no. 1 (2022)

091

ON QUADRATIC HARMONIC NUMBER SUMS

Adegoke, Kunle and Olatinwo, Adenike”
Department of Physics and Engineering Physics, Obafemi Awolowo University, 220005 Ile-Ife, Nigeria
*Corresponding Author”s Email: aolatinwo@oauife.edu.ng
(Received: 17th November, 2021; Accepted: 12th February, 2022)

ABSTRACT

In this note, we extend aresultof Sofoand Hassani concerning the evaluation of a certain type of Euler sums.
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INTRODUCTION
Sofo and Hassani (2012) gave a closed form
evaluation for the series

) 2

S(¢g,1)= Z

T r(r+ q)

for ¢ €Z" where H, is the J" harmonic number
defined by

HZ;;

Our goal in this paper is to extend their result to
the evaluation of

© H2
S(g,m)= ) —"—,

Z‘ r"(r+q)
for gmeZ’.

Throughout this paper {(s) denotes the Riemann
zeta function, defined by

1
L()=Y =, Re(s)>1,

n=1 n
and the generalized 7" harmonic number of order
s denoted byH .18 defined by

X

Studies containing results related to quadratic and
higher order sums have also been carried out

recently by Sofo (2016), Si ez al. (2017) and Chen
and Chen (2020).

REQUIRED THEOREM AND LEMMA
Our result is given in the next section. We will
however need the following known results in the
proof of the main theorem and also for
subsequent evaluations.

Lemma 2.1 (Partial fraction decomposition)

( 1)"q " kq 1
r"(r+q) kz;‘( D Cr(r+q)

Theorem 2.1 (Euler) Lets be a positive integer greater
z‘bom unaty. Then,

Iff—<s+2)C(s+1) Zcml)c(s 7.

mel".

=1

Theotem 2.2 (Borwein et al., 1995) L .et s be a
positive integer greater than unity. Then,

ii;‘iHi’z =—(;+1j§:€ (k+1)G (s —k+1)

s=1 7 s=1 T

3L E-RYE (DG k=)
+§(s+1)(s+3)§ (s+2)+C (2)E (s).

We note that we have corrected an error in the
version of this theorem that was given in Borwein
et. al (1995).

Theorem 2.3 (Borwein et al., 1995) Letn ands be
positive integers with 8 >1 and such that (n+s) mod 2=1.

Then
230 f;(n+s>{1—<—1>"(””1]—(—1)"[“51}}
(=D R0 ()

2 n+s—2k—1

+(-1)" 22{ 0
Ls2
+(-1)" 22{

where (1) should be 1nterpreted as 0 wherever
it occurs.

JC @G (n+s=2))

—2k-1
j@ @S (n+s=2)),

Theorem 2.4 (Sofo and Hassani, 2012)
Assume that q 2 1 is an integer, and let

Fq)=H,C)+H,_ H,_,-H,_,+H
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Also forj # q let We have

CHy, 1 : 1 3@(3)+F(q)
A »J) 2 . . j-1 Hj—l,Z S(g,1)= A
@)=~ +2](q_1)@ vH,,,) @h=3 Z( ).

MAIN RESULT AND COROLLARIES

We now state our main result.

Theorem 3.1 Let g and m be positive integers. Then,

= H
-1V g™ S(g. m) =21 g™ —
(=1)"g" S(g.m) (-1)"g ) Dy
R PIEE i gty
=| r=]1 -iP-J

k-1

k=1 —1
E—] 21

+§it 1" Y L -p) T LG+ DS (p—+D)
2
3

=

+2;(232(—1)*4-"*;&)—ES@JJ.

Proof: Multiply through Lemma 2.1 by H, Corollary 3.2

over 72 | while taking into account Theorems 2.1, H rz _ _ 17
2.2and 2.4, Y =812 +8(11) - C (4).

r=1

Corollary 3.1 This is a well-known result that has been

, rediscovered by several authors (see for example
- H 17 ;

r =L 4)=3¢(3), 1 Borwein ezal., 1995).
sz) L E®-30) M

Proof. A consequence of the fact that
@ 3 (3) 50(2) 8737 ) 1
2 ( ) ?C() 2 s D T
=t r-(r+q) r(r+q) r
Proof. With m = 2 in Theorem 3.1 and using the
result Corollary 3.3
S 2 Zi‘,i =70(5)-20 (L (3)+L(2)" -11E (4)+6L (3)
2 =6 +C2n), 3  Hre '@
=1 T
o HZ
we have 1 SOZW =5[10.(5)-2¢ ) 3) [+ ¢ (2)°
r=1
q5(q.2) = 2= S(q.1), g+ BB K@) 8T o
5 6 4320
from which (1) follows. The identity (2) follows
from the fact that Proof. With m = 3 in Theorem 3.1 and using again
(3) and also Theorem 2.3 withn =2 and s = 3, we

S(1)=33) and 5(5,1)=22E0 BELIBL

(see Sofo and Hassani, 2012).
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2¢°S(¢.3) =q(76(5)-26(2)5(3))

+€’ 15 () 28(q.),
of which identities (4) and (5) are particular cases.

Corollary 3.4

© Hrz - ) i 3
6Zm 305 (20 (4)—126 (3)* +2 (2)° +68C (6)
HELQIL()-21L(9)-3 Q) +3L A-15L3), (6)

=1

+5§6C )5 3) 215 (5)}-3¢ 2)* +33¢ (4) (7)
180(3) 5C(2) 8737

1440°

Proof. Choosing m = 4 in Theorem 3.1 and using
the known result (see for example Flajolet ¢z 4/,
1998)

0

2 _ 2_1
=C0) 3C(6),

r=1
we obtain
64°S(q.4) =4¢* £300(2)C (4)-125(3)* +26 (2)° +68¢(6) }

+q 168 (26 (3) 216 (5) =30 ()" +33¢ (4) - 65(q. 1),
from which we deduce (6) and (7).

Corollary 3.5

==306 (3)5 (4)+36C (7) ~ 66 (2)C (5)+ 6L (3)C (2)°

+126(3)* ~26(2)’ - 68 (6) +30C (2)C (4)
—60(2)5(3)+215(5)+3C (2)° ~336 (4)+180 (3). (8)

2
6y —
;r5(r+1)

1254305 (3)4 (4) +365 (7) - 66 ()5 (5)+ 66 3)5 (2)° |

+25420.(3)7 - 26 (2)° - 685 (6)+30C (2)C (4) }

+5£64 (2)5 (3)+21C (5)}+3 (2)° —336 (4)
LI8C03), 5@, 8737 9)
5 2 a0

® H,Z
3750 53
r=l

Proof. The choice m =5 in Theorem 3.1 and the use
of Theorem 2.3 withn=2and s =5 leads to

64'S(¢,5) =q°[-305 (3)5 (4)+364 (7)
~6L (25 (5)+6C (3 2]
+q*(22 (3>~ 20 (2)° - 685 (6) +305 (2) (4))
+q(=66 (2)5 3)+215(5))
+30(2)* ~33; (4)+6S(q, 1),

from which we get (8) and (9).

CONCLUSION
We extended the result of Sofo and Hassani

093

(2012) for S (g,1), by deriving an explicit formula

for the evaluation of

o0

S(@m)= Z‘ (r +q)

forqmeZ".

From the statement of Theorem 3.1, it is not
possible to reduce S(g,m) to zeta values alone for
m>35, sinceitis considered highly improbable that
the linear Euler sum z H "

r>l T

can be expressed in terms of zeta values alone,
Borwein ez. al. (1995), for evenn>4.
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