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Abstract
In this paper, the existence and uniqueness theorem for the solutions of the initial value problem (1.1), (1.2) and

(3.12) shall be proven, where the function f, in (1.1) and (3.12) satisfy generalized Lipschitz continuous.
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1. Introduction .
Let R"denotc the real Euclidean n-dimensional space and R denote the real interval —oo <f <o
We shall consider here the system of real differential cquation of the form -

MO = S1x(1) (1.1y
wherexe R, teRandf :R™" - R".

The dots here, as clsewherc, stand for differentiation with respect to independent variable t. Assume some
smoothness condition on f, say f is carathéodory in t and x. The initial valuc problems consist of finding a
solution x(t, t, x ) for givent, € R, x, € R", which reduce to x at t = t_that is '

X (t, t(), X()) = X0 (I 2)

In [31, [5], [6], [10] and | 11] the existence and uniqueness theorem for the solutions (1.1) satisfying (1.2)
with the function f{t, x) in (1.1) satisfying Lipschitz condition

| fit, x() - fit, y®) | < Lix(r) - p0)] (13)
for some coustant L > 0, has been considered.
In [10; Chapter S, 133-140], Ladas and Lakshmikantham, discussed (local) existence and uniquencss of
solutions of (1.1) satisfying (1.2) in Banach space with function f in the right hand sides of (1.1)-satislying
(1.3). Hochstadt in [6; Chapter 6, 204-206], also established conditions for the existence of a unique solution
of (1.1) satisfying (1.2), where the function f in the right hand side of (1.1) satisfies (1.3).
In [5; Chapter 1, 7-45], Cronin considered two versions of the basic existence theorem for the solutions of
(1.1) satisfying (1.2). In both versions, the concept of a constant Lipschitz condition (1:3) was used. Himmelberg
and Van vleck [9] discussed an existence theorem for (1.1) and (1.2) under Lipschitz carathéodory condition.

Let (¥, " ") be a Fréchet space,

f:10,t] x F — F continuous and x, ¢ F. Then the initial value problem (1.1) and (1.2), where f in (l I)
satisfies (1.2) for all (t, X) , (t, y) € [0, t]xF, and L is a row finite matrix with.nonnegative entries was
considered in [7] and [8]. Here, the author established criteria for an existence and uniqueness for the initial
value problem (1.1) and (1.2) in Fréchet spaces using Lipschitz conditions formulated with a generalized
distance and row finite matrices.
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In[1] Agarwal and Bahuguna, considered the following nonlocal nonlinear functional differential equation in
a rcal reflexive Banach space x, ‘

W)+ Au(®) = f(t, u(t), u(b, (V) u(b, (), (b, (), te (0, T]
. h@). = ¢, on|-7,0] - (14)
WhCl'C 0 < '[‘ < (73, ¢() € C() = C(l-z-a 0‘7 X)s
thic nonlinear operator A is singled-valued and m-accretive defined from the domain - D(A) < X into X,
the nonlinear map I is defined from [0, T] x X™'into X and map h is defined from
C, = C([-r, T];X) into Cr.

Here, method of lines was applied to establish the existence and uniqueness of a strong solution. The [in
(1.4) is assumed to satisfics a local Lipschitz-like condition

Hf(t, ULy, uy ), (s, v, AU m+,)“ < L, [Jt-s] +Z“u v ||| (1.5)
forall(uy, uy, -, uy, ) (v, Vas oo, v ) EB, X™ Xy, Xy, 2 Xg»)

and t,s ¢ [0,T] where L: R"— R’ is a non-decreasing function. Dhage, Saluunkhe, Agarwal and Zhang in
[4]. considered the first order functional differential equation '

’

Cx® ) »
(f(t, x(t))} = g(t,x,)act e [ (16)

x() = p(t),t € 1,
where £:Ix R — R -{0}iscontinuous, g:I1xC —> R
and the functionx, (8) : I, = C is defined by x,(0) := x(t +Z))\7() el,.

In this paper, we shall be concerned with existence and uniqueness of solutions for the initial valuc problem
(1.1)(1.2)and (3.12) with fin (1.1) and (3.12) satisfying gencralized Lipschitz continuity, that is L in (1.3)
being a real-valued function. In which case (1.3), is a partlculal case. The motivation for the present work
has come from the work mentioned above.

In some other apphcatlons generalized Gronwall mequahty has been proved and will be extensively used
here for the prove of uniqueness of solutions of equation (1.1) and (3.12).

2. Preliminaries
In this section we shall consider some definitions and notions as will be used in subscquent section.
Definition2.1:
Let f be a function ;

f:R"" — R" be carathéodory in a domain D < R""".
fis said to be generalized Lipschitz continuous (with respect to x) if for every two points (t,x).(Ly)eD
there exists an integrable function K. K:IcR—R
such that K(1) is bounded for all t€ L, and

| e, %) -t y) [ <K@l -yl

Remark 2.2:
The known L;psclm/ continuity is cquwalcnt to the one above for K(t) = L for somie constant L > 0.

Definition 2.3:
Let (X, d) be a metric space. A function f:X -» X is called a contraction il there exists a real posmvc

number, 0 <o <1 such that d(f(x), f(y)) Sad(x,y) forallx,yeX.
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Theorem 2.4:
Every contraction mapping on a complete metric space has a unique fixed point. Proof. I()l

Theorem 2.5: :
LetXbea complctc metric space and A: X — X. Supposc that for some n> 1, A" has a umquc fl\Ld poml,
. Then x is a fixed point of A. - '

1’1 oof.
Supposc that A™(x) = x,. We know that

A[A"(x)] = A™[A(x)] (2.1)
forall x € X. : ‘

Since this is true for all x e X then this is true for x,, that is
Alx,) = A[A“” (x(,):l

= AW [A(x())J from (2.1)

= A" (x,) |

Xy

I

3. Main Results
In this section we shall state and prove the existence and uniqueness theorems for initial value problem (1.1)
and (3.12) such that f satisfies generalized Lipschitz condition.

Theorem 3. 1:

Suppose , . . . . . «
f:R"" — R" be defined and continuous in a certain domain D < R""!

and that f be as in Definition 2.1.
Then forevery point (t,,, X, ) € D there cxists a unique solution x = ¢(t) Qi’,(l.]) defined in some.

interval containing t, and which satisfies ¢ ((, ) = x N

Proof: ;

Let fbe a carathéodory function of the variable (t, x). Then the initial value problem<(1.1) satisfying 1 1.2) has
a solution .
‘ x(t)= x(t. t,.x,) on <R (1, € I, Tan open interval).
Itis also known in [4] that x is a continuous solution of the integral cquation

x(0) = x, + ff(r, (7 ))dr (3.1)

and conversely. Thus the existence problem for (1.1) satisfying (1.2) is equivalent to-that for (3.1). Now let
u(t) be such that f(t, u(t)) is defined and continuous on I such that t, € 1. Then

[fzx(zpdr (32)

defines a continuously differentiable. function F(t), say, on I such that F(t ) = x . Thus (3.2) gives rise to an
operator A which maps the function u(t) onto the function IF(t). That is S

[A(u)](t) =X, + f f(z, x(r)dr
=B (1) (33)
forallt e1. Thus if x is a solution of (3.1) so that

X, + ff(r x(r)dr = x(t).

Then [A(W)](1) = x(t) and so the solutions of (3.1) arc fixed pointé of the operator A. Since (t,, X,)€ D,
D is an open connected subset of R"“ therc exist posmvc numbers >0, r> 0 such that

{(t x) Jt-t,] <, | x- XOH } (3.4)

liesinD (i.e. Sc D).
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Since S is conﬁpact and f is continuous on S, there exists M > 0 such that
e, x) | <M (39)
forall (t, x) e S.

Let u=u(t) be an arbitrary function for which A (u) is defined. Then

| A - A |= | [ e e ar

so that A(u) is continuous whenever it is defined. This suggests that we consider as domain for A a function
space consisting of all continuous vector functions defined on some suitable interval of real line containing t,.
Note that in view of (3.4) it is suffices to prove the existence of a unique function

x = x(t) €S, which is defined on some interval I, t, € I
and contained in |t-t,| < T, T < g,such that x(t) satisfies (3.1).

Let q > 0 be an arbitrary number and

<M, -t (3.6)

Cq = {¢:¢:R > R", which are defined and continuous on |t-t,| < q}
such that, |

lp@ - x,]< r (37)
and q<T.Forany f, ge C, define the metric p by

P 8) = sup () - g0,

’H,,'Sq .

C, is a complete metric space. For any g € C,, Ap is defined by -

Ap= X, + If(r, o(t ))dr. (38
We now show th;t subject to suitable restriction on g, that
(i) ifpeC, thenApe C,
(ii) if ¢, @, € C,, then there exists, 0<a <1 such that

PAG,; Apy) <ap(p.¢,).
Let peC,, then by (3.8) -

| Ap-x, |<| [ IRz, oz D] dr| < oM | g
Since |t - t,| <q. Therefore | Ag -x, || < r if
q< — (3.9) =

M
Thus A : C, — C,. If (3.8) is satisfied and ¢, @, € C,, then by (3.6).

ags - A< [ I, g 0 - e g e
o dlfkelee- de e
<HLk@f 0.0>- 4 @l) ae
(Cauchy Schwartz inequality)
S K"M.(" 2,(t ) o (7)) dr

‘for some K, > 0a bound of K (1)) |
<ak, swie®-a0]

f-tyl<q
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Thus provided , o
q S%,OSa<1 : (3.10)

0
PADy, Ap) < ap(9,, ).
Let g <7 be fixed such that (3.9) and (3.10) hold, that is
g <min T,I—,«O—l— .
MK,

Then A: Cq — Cq and A is a contraction on Cq, since Cq is complete there exists x g Cq such that Ax = x.
Finally, we need to establish the uniqueness of this solution. Suppose the solution is not unique, then there
exists another solution z(t) = z(t, t, x,) for (1.1) satisfying ‘

z(t,)= X, on |t — t,| <q.By (3.1)we have
x(®) = x(t,) + [ f(r, x(r ))dz

z(t) = z(t,) + ff(r, z(t ))dr

By definition (2.1), we have that

20| S:||z(t0)-x(t;,)" + [ e, 2z efexlde

IA

ety x| + [ K@tz )-x(r)]de
lz(t,)x(t)| + K, f lz(z )x(z)|dz

for some K, > 0, where K is a bound of K(t). Now set

V(t)= “z(t)-x‘(t)“ (31

IN

then the last‘inequ'ality becomes,
V) V() +K, j‘”v (s)ds.
By generalized Gronwall’s inequality, we have that
V(1) SV (t,)exp [Ky|tt,[] .
But V (t,)=| z(t,) - X(t,)| = 0. Therefore, V(t) <0.By (3.11) V(t)#0, hence
V(t) =0
z(t) = x(t). |
Thus the solution x(t) = x(t,t,, X, ) of (L1) satisfying(1.2) exists and is unique.
Next, we consider n-vectors equations o
x(t) = f(t,x(t),,u)
X (1o, g, Xos g ) = X (3.12)
where gt =col (g, 1y, = 1 1) x =col(X;,X,, " ", X, - -‘xn),
teR x,eR",andf: Q—>R", Qc R""™

Theorem 3.2: _ -
Let f be a carathéodory function defined on  Q of the space variables (t,x, #) < R"™"™

suppose t|1at for arbitrary points (t, x,,u), : (t, y,,u) €Q,
f satisfies _
Ifce, x, p) - £t v, )] < K@Jx - ]|
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where K(t) is the function defined in Definition 2.1. Then there exist positive constants r, p such that {or
I - p} < p the unique solution x = ¢ (t, p) of the initial value problem (3.12) is defined for jt- t | <rand is
carathéodory in t, x, p.

Proof:

Similar to the proof of Theorem 3.1 hence, it is omitted. This completes the proof of Theorem 3.2

Example 1:
Given that I is a multi-valued map, defined on & subsct

DcR" thatisT': DR 5 R"

such that F(t,x) = R" for cach (1.2 )e D.
Supposc I is absolutely continuous, there cxists a continuous sclection fof I such that fsatisfics the gencralized
Lipschitz condition (Definition 2.1). Then the differential inclusion

x (1) € (1, x)

x(1,) =x, (3.
has a solution in the domain D.
Proof:

|95)
2
N—

F(t, \) = {f(t, X):(t,x)e D} for every continuous selection { of I¥

X() =x, + _r {(r. x(r))dr (sincc I' is absolutely cominuous)

which is a form of Theorem 3.1, since f satisfies gencralized Lipschitz continuous condition. [Hence there
exists a solution to differential inclusion (3.13).
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