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Analysis of A Uniform Bernoulli — Euler Beam on Winkler Foundation Subjected to
Harmonic moving load
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ABSTRACT: This paper established Galerkin Finite element method coupled with Newmark Beta time integration
method to analyze Winkler foundation subjected to a harmonic moving load on a uniform Bernoulli — Euler Beam.
MATLAB software was used to implement the Newmark time integration method to obtain the Analysis. The deflection
of the Beam increase when the acceleration of the load was change from a,, = 2m/s? to a,, = 15m/s?. Also when the
position of the load was change from n = 5 to n = 10. It was observed from the results that the position of the load and
the acceleration of the moving load affect the deflection of the Beam.
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A lot of engineering structures under moving loads
get cracked during their life span. The applications
of these structures have many magnitude of
application in almost every field. This effect appears
due to over stressing or during dynamic load.
Understanding relationship between deflection and
load on these structures is of high practical important
to engineers. There has been a continuous flow of
important contributions resulting in a vast body of
literature on Dynamic analysis of Beam. Mehmood
(2015) analysed Dynamic response of frame
structures under a moving point load. Direct time
integration method coupled with Galerkin method
was used in the analysis. Fryba (1972) is also an
excellent literature on Dynamic analysis of Beam.
Following the same approach, Mermertas (1998)
examines the interaction between curved bridge deck
and a vehicle assuming to have four (4) degree of
freedom. Different researchers have investigated
Uniform Bernoulli — Euler Beam with different load
type such as Senapl et al. (2010), Bong-Jo and Yong-
Sik (2012), Ogunyebi and Sunday (2012), Vlada et
al. (2013).

Kien and Ha (2011) studied Dynamic characteristic a
uniform Beam subjected to a moving load and axial
force on a Winkler foundation. Galerkin method and
Newmark time integration was used to obtained the
Dynamic response. The result obtained showed that
the magnificent factor was reduced during
acceleration motion by the effect of resonance but

increase during decelerated motion. In this work, the
speed of the moving load is taken to vary with
acceleration and the deflection of the load along
longitudinal axis of the beam is also considered
which make the degree of freedom at each node to
be three (3). The objective of this research work was
to investigate the effect of acceleration of load,
velocity of load and position of the load on a
Uniform Bernoulli — Euler Beam of a Winkler
Foundation subjected to Harmonic moving load.

MATERIAL AND METHODS

Figure 1 below shows a simply supported Bernoulli
— Euler Beam on a Winkler foundation with an
accelerating load. The load moves from left to right
in a variable speed
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Fig. 1: A uniform beam with pinned-pinned support on a Winkler
foundation under a moving point load

A Bernoulli — Euler Beam equation under Eccentric
axial force and a moving point load is as
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In the above model, one parameterk was used to
model the elastic support based on the classical
Winkler model.

+kw(x,t) =P(x,t) (1)

The initially condition of the Beam at rest is given
as:
w(x,0) =0

' @)
w(x,0) = _6W((;§, )
And Boundary condition
w(0,6)=0
w(L,t)=0
2wt . _ (3

B3
x atx=0andx =1L

The external load P(x,t) in (1) is defined using
Green’s function as:

P(x,t) = f cos 0t6 (x - xp(t)) 4
The reaction force f exerted by mass (M) on the

Beam when the effect of inertia of the moving loads

is considered given by the Newton’s second law as:
d?w(x,(t),t)

f=M (g ——az ) ®

Substituting eq(5) into eq(4) gives the transverse
force between the moving load and the Beam,
induced by the vibration of the Beam as

d*w(xy(t).t)

pre ) cos 8t6(x - %(t)  (6)

P(x,t)=M (g -

Also the longitudinal force between the accelerating
load and the beam, induced by the vibration as

d:w(xp(t).t)
dt’
The total differential of the function w(x, (t), t)with

respect to time t, with variable contact point x is
computed as

P(x,t)=M (am - ) cos 0t6(x - xp(t)) (7)

d*w(x,(0),t) 9w, t) | 9Pw(x,t)dx,(t)  0*w(x,t) (dx, (D))"  dw(x,t)d%x,(t) o
dt? T axdt  dt 9x2 dx ax  de? ®)
Where Fig 2. A uniform Beam element and its nodal degree of freedom.
Ay t?
x,(t) = x¢ + Vot + = 9 Let assumed the axial displacement of the Beam for
x, () the longitudinal vibration to be linear, so the shape
BT v(t) =vo+ant (10) functions for the longitudinal vibration alongx —
x, (1) axis is given as
P2 =a, 11 c
dt? m wy = N,C; = N,Cy + N,Cy = [Ny N,] {Cl} =14 (13)
4
) . Where
Substitute (10) & (11) into (8), we have x
N, =1- 7 (14)
d*w(x,(1),t)  0*w(x,b) ?w(x, t) ,0%w(x,t) _x
TR T T No=7 (5
. W;"' 2) (12) For the transverse displacement and rotation along
X

Finite Element Discretization: We need to introduce
expression for the shape function N;to be able
calculate the nodal load vector, mass matrices and
stiffness matrices

z — axis

f2 fS
JE fo 1

f] fa X — axis

/
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the z — axis, we use cubic interpolating function
known as Hermite cubic polynomial for our shape
function given as

lw, =NiC; =N,C + N3Gy + NsCs + NeCy,  1=2356 (16)
G
Cy
w, =[N; N; N5 Ng] Cs a7
Ce
Where
2x%  x3
Nz =X — l—z + 1_3 (18)
3x%2  2x3
Ny;=1—-—— (19)
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3x2  2x3 .
N5 = I2 - I3 (20) C>
i _wk(x.)]_[N, O O N, O O Cs
xz x3 wix. ) = w,(x.t)] = [o N, N; 0 N 1\'0] c [ @
Ng = += (2D Cs
T o Ce
The assumed displacement for each element is given

Then applying the Galerkin finite element method to

as
a single discretize Beam with length [is

L *w(x, t) %w(x, t) ?w(x, t)
T —_
fo (V] (EI N T P

+ kw(x, t) — P(x,t) ) dx=0 (23)

After some integration and applying the Boundary conditions gives,
T Bzw(x t) 62w(x t) T 62w(x t) aw(x, t)|"
f [dxz f [V f [ Fo ox

dx — Po[N]"
Assembling the elements we have
S ( ri[aen]” azw(x 0, 62w(x ) T 62w(x t) aw(x, )|
;UO [W f[N]T dx —f[ dx = Ry[NJT 2 |

n is the number of elements considered.
Therefore, eq(25) becomes

l l l
S { [ wersmrici + [ (el - [ TRl - IV VI,
= 0 0

+ f INTTkw(x, €)dx — f INTP(x, )dx =0 (24)
0 0

+f [N]Tkw(x,t)dx—f [NITP(x, t)dx = O] (25)
0 o

l L
+ f INTTK[NI{C)dx — f NP (x, £)dx = o} 26)
Substituting eq(6), (7) and (12) into (26) we have
n 1 1 1
> [ [ ey e + [ rmelax - [ Iv7R NI - VT INVIC
o o 0

L
+ f [NTTk[N]{C}dx

0
! ?w(x,t w(x, t ?w(x,t w(x, t
_L[N]T }M <g_< M(;g )+2v ;;(gt )+(v)2 ‘:9/,(; )+am ng )>) cothB(x—x,,(t))% dx

= 0] )

n l l 1
Z[ [ ey ey + [ INm{cax - [ VTR INHCIx - RINT INICHS
0 0 0

Jj=1

+ f INTTKINIC)dx

0
B J:[N]T [M (am _ (32w(x, t) + 2w 9*w(x,t) + @) azvgg, t) ta, aw;j t))) cos 06 (x — xp(t))} d

at? 0x0t

= 0] (28)

And can be simplified and written in familiar way as:
MI{C} + [DI{C} + [KI{c}=F (29)

Where

N 1 1
M| = N]T[N]{C}dx — N|I"™M Ot[N]{C 30
[];{fom[][]{}xfo[] cost[]{}}()
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1
[D] = Z {— J; [N]"M cos 8t2(vy + a,)[N'1{C}6(x — xp(t))dx} 3D

J=1

n L
K=y { f EIN"]T[N"){C}dx
j=1
l
+ [ PINTINICYdx = PINTTINHC)
0

L
+ f KINTTIN](C)dx

- f l[N]TM cos Bt(v, + a,t)? [N"]{C}S (x -
0

[M] Represent  the  overall —mass  matrix;
[C] Represent the overall damping matrix;
[K] Represent the overall Stiffness matrix;

{é } Represent the acceleration, Vector of the system;
{C } Represent the Velocity Vector of the system;
{C} Represent the Displacement Vector of the system

For lateral and rotation deflection

n 1
F= Z {f [N]M cos 8tgé (x — xp(t))} (23)
=10
and for axial deflection.

F= JZ;{J:[N]TM cos Bta,,6(x — xp(t))} (24)

The equation of motion (19) can be solved for
solution of displacement, velocity and acceleration at
time t+ At by using Numerical time integration
method. Beta time integration method was used
with a=§ and,8=%
Because numerical procedure produce stability issue,
using an unconditionally stable method is practical.
Average acceleration method is unconditionally
stable and does not have numerical damping

(average  acceleration).

RESULT AND DISCUSSION

The results of the equation of motion of Bernoulli —
Euler Beam on Winkler Foundation are present
graphically in the Figure below. MATLAB software
was used to obtain the mass matrix, stiffness
matrices and damping matrix. Newmark Beta
integration method is implemented in the MATLAB
software to solve the equation. The following values
were used for simulation of the results.L =
1000, = 20m,n = 50 element, E = 30 X
10°/m?,1 = 0.0234m*

g =9.81m/s?,m = 1000kg/m,M = 2000kg,

k = 4 x 105N /m?(a sandy — clay foundation)
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x, (t)) dx + J; l[N]TM cos Ota,, [N'{C}§ (x - xp(t)) dx} (32)
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Fig 1a. Beam deflection without elastic support with 6 =
10rads, k = ON/m?,a,, = 2m/s% vy = 20m/s,n = 4,P, =0
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Fig 1b. Beam deflections with elastic support with 8 =
10rads, k = 4 X 10°N/m?,a,, = 2m/s? v, = 20m/s,n =
4,P,=0
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Fig 2.a. Beam deflection with increase velocity with 0 =
10rads, k = 4 x 10°N/m?,a,, = 8m/s?,v, = 20m/s,n =
5,Py = 25.7275
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Fig 2.b. Beam deflections with increase velocity with 8 =
10rads, k = 4 X 10°N/m?,a,, = 8m/s?,v, = 60m/s,n =
5,Py = 25.7275

Figure 1 both (a) and (b) shows the effect of elastic
support on the deflection of the Beam. The
behaviour of the graph in Figure 1 (a) and (b) shows
that as the coefficient of the foundation stiffness is
varied from k=0 to k=4 X10°N/m? the
frequency of the deflection gradually increases. The
behaviour of the beam deflection is in conformity
with the work of Kien and Ha (2011). Figure 2 (a)
and (b) shows graphically the effect of increase in
initial velocity on the deflection of the beam. When
the initial velocity was vy = 20m/s in Figure 2 (a)
the amplitude of deflection of the Beam is higher as
when compare with increase initial velocity to
vy = 60m/s

Conclusion: From the finding of this work, we
conclude as follows: The elastic support of
foundation when the axial force is zero affects the
deflection of the beam, there is high effect on the
deflection of the beam when the initial velocity of

Jiya, M; Shaba, Al

the moving load increases significantly, acceleration
of the moving load over the beam, highly affects the
dynamic response of the system.
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