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ABSTRCT: Human immunodeficiency virus is an incurable disease which attacks and destroys the human immune
system thereby making the body susceptible to all kinds of illnesses. If left unattended to, it can lead to the damaging of
body organs such as the brain, kidney and the heart which can result to death. Unfortunately this disease has no known
cure till date but through counseling and administering of antiretroviral drugs, the likelihood of dying from it becomes
minimal. This study presents the deterministic HIV transmission model. The model has a unique endemic equilibrium

point which is locally asymptotically stable if Ro > 1, DFE of the model was obtained and is shown to be Local

asymptotically stable when the associated basic reproduction number was R > 1. We established the numerical
simulation of the model which shows that the effective use of condom, counseling or the use of anti-retrovirus drug can
lead to effective reduction on HIV transmission. Finally, we discussed that the ART treatment rate will reduce the basic

reproduction number Ro hence, leading to the extinction of HIV/AIDS.
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Human immunodeficiency virus (HIV) infection
destroys the body immune system, damages body
organs such as the brain, kidney, heart etc. and causes
death. Unfortunately, this disease has no cure. Human
immunodeficiency virus (HIV) is thought to have
originated in non-human primates in sub-Saharan
Africa and was transferred to humans late in the 19th
or early in the 20th century. Both HIV-1 and HIV-2
are believed to have originated in West-Central Africa
and to have jumped species (a process known as
zoonosis) from non-human primates to humans. Once
HIV enters the body, its main target is the white blood

cell, known as CD4 * T cell; however, it can take two
to ten weeks for an individual exposed to HIV to
produce measurable quantities of antibody. When the

CD4 " T cell count which is normally around 1000mm
reaches 200mm or below in an HIV infected patient;
then that is classified as having AIDS. Because of the

central role of CD4 * T cells in the immune regulation,
their depletion has widespread deleterious effects on
the functioning of the immune system as a whole and
lead to the immunodeficiency that characterized
AIDS. HIV transmission as a result of sexual
intercourse accounts for about three-quarters of all
HIV infection world-wide (WHO 1993), HIV is

therefore a sexually transmitted disease (STD).
Although transmission through intercourse between
men occurs in most parts of the world, the majority of
the world's infections have been acquired through
intercourse between men and women (heterosexual
transmission) Studies have shown that the likelihood
of being infected increases statistically with the
number of sexual partners and with anal receptive
intercourse [Gaodert F. et al (1944), Pickering, J.
(1986)]. As with some other STDs, HIV infection can
also be transmitted through blood, the transmission of
HIV from mother to child includes transmission
during pregnancy, during delivery and through breast-
feeding (World Health Organization (2008)). Several
investigations have been conducted to study the
dynamics of HIV/AIDS, in particular, Srinivasa Rao
Srinivasa Rao, A.S.R. (2003) presented a theoretical
framework for transmission of HIV/AIDS epidemic in
India. It is pointed out that the screening of infectives
has substantial eSect on the spread of AIDS.
Mathematical model of disease outbreaks can be
helpful by providing forecasts for the development of
the epidemic that account for the complex and
nonlinear dynamic of infectious disease and by
rejecting the likely impact of proposed intervention
before they are implemented. Therefore, the objective
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of this paper is to mathematically model the dynamics
of HIV/AIDS transmission depicting the importance
of counseling and treatment

Model formulation: In this model, the total population
of size N(t)is divided in to seven (7)
epidemiological  classes  namely  susceptible
population S(t) with natural death rate of 45, the
population of exposed individuals E (t) natural death
rate g, the infected individuals with counseling

¢ (t) with natural death rate £, the non-counseling
infected individuals with natural death rate p, the

A (1) with
natural death rate 4 and death cause by the virus @, ,
the AIDS class of non-counseling infected individual
A, (t) with two death rate that is natural death rate

AIDS individuals with counseling

and death by the virus at u andw, also treatment

class T (t) with natural death rate and death rate cause
by a virus as well. The total population which is
denoted N (t) by is obtained as below

N(B) =S +EQ)+1c (M) +1, O+ A )+ A, @) +T(0)

The susceptible population can be infected when they
come in contact with infected individuals and is
increased by the recruitment of individuals (assumed
susceptible) into the sexually-active population at a
rate z . These individuals acquire HIV infection,
following effective contact with infected individuals in

the E, Ic’ |N , AC,AN T classes, at a rate A. The

recruitment of susceptible is assumed to occur at a
constant rate for, the rate at which susceptible
individuals acquire infection is given by

,_Ba-aa)[ly +hA +6,(1c +1,A) +1T]
N

Is the force of infection. The population of the
susceptible class is given as;

Z—?:ﬂ—(/t+,u)5+t92E

The differential equation that describes that population
of exposed group is given as

dE—AS (0, +0,+0,+u)E

dt

The population of exposed group is reduced is three
ways, either by natural death or they move to the

infected group under counseling |. and non-

counseling infected individuals | at the rate of O,

and 0,

The population of counseling infected individuals is
reduced in three ways either moved to treatment class,
death naturally or moved to AIDS class of non-
counseling infected individuals.

stC=§1E—(k+p+,u)|C + vl

The population of non-counseling infected individuals
is reduced in three ways either moved to treatment
class, death naturally or moved to AIDS class of non-
counseling infected individuals

di,
dt

The population of AIDS class with counseling infected
individuals is reduced either by natural death rate,
death caused by virus or moved to treatment class.

dAt

=0,E—(y+u+e+v)l

=Ay (o + u+E)A

The non-counseling infected AIDS class is reduced in
three ways whether death caused virus, natural death
or they move to treatment class

d
d;l‘;N: N (@, + utE)A

The treatment class is reduced in two ways, either by
natural death rate or death caused by virus

d—Tk+el

+ + A
I A ta

— (@3 + )T
AIDS and treated individuals suffer additional disease-
induced mortality at a rate @, @,and @,

respectively and natural mortality occurs in all classes
at a rate L.
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Table 1: Variable of the Model

Variable Variable  Description
S (t) (Sl)JsceptibIe population at a given time
t
E(t) Population of exposed individuals at a
given time (t)
I (t) Population of infected individuals with
c counseling at a given time (t)
I (t) Population of non-counseling infected
N individuals at given time

Population of AIDS individuals with
counseling at a given time (t)

Ac (1)

A (t) Population of AIDS individuals with
N non-counseling at a given time (t)
T (t) Treatment class at a given time (t)

Table 2: Parameters of the Model and their Description

Parameter Description
V4 Recruitment rate
IB Effective rate contact
51 Progression rate from  E (t) to lc ()
52 Progression rate from E(t) to | N (t)
Vv Progression rate from I N (t) to |C (t)
€ )

Progression rate from | N (t) toT (t)
/4 Progression rate from | N (t) to AN (t)
P Progression rate from | C (t) to AC (t)
& .

Progression rate from AN (t) to T (t)
é: Progression rate from AC (t) to T (t)
92 Progression rate from E (t) to S(t)
k Progression rate from | c to T
Iu Natural mortality rate
N Total population

Death rate caused by virus
@, , (0, and @,
I I and | Are relative risk of infection by

17240 s Ay, AT
0 Modification parameter which is assumed to be
1 infected individuals that modify their sexual

behavior positively 01 <1
o Measures complience in condom use
a Condom efficacy

e

Fig. 1. Schematic Diagram of the Model

The model equations: In summary, the model for HIV
transmission consists of the following deterministic
system of non-linear differential equations (see Figure
1 above for a flow chart diagram of the model; the
associated variables and parameters are described in
Tables 1 and 2, respectively). HIV transmission
dynamic between the compartments will be illustrated
by the system of DE which we solved to obtain both
the disease free equilibrium state and endemic
equilibrium state. Hence, using the schematic flow
diagram of HIV in figure 1 we obtained the following
system of equation which illustrates the dynamics of
HIV.

ﬂ;izg_(uﬂ}sw:ﬁ —
t

@=gs-(9,+§1+51+ﬂ}5

dt ‘ ‘

dl

— = OE-(ktp il oy

i, .

—=pl, - (@, +p+8)4

P ply (@ +p+6)4,
ﬂ=515—(;f+y+e+v)1\.

;=0 _

i,

_'Z:r{-—lf.'L'I' +E.A

o (@, + 1+ €)4,

%: M, +ely+ 8, +ed - (00T

STABILITY ANALYSIS OF DFE
Theorem 1 The disease-free equilibrium EQ of the
system (2.1) is locally asymptotically stable whenever
R, <1 and unstable when R, >1.

Proof
The Jacobian matrix of the system (3.1), evaluated at

Je , is given by
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-pBl-aa)6,s’ pl-aa)dl,s” -pl-aa)s’ -pA-aa)l,S*® —pl-aa)l,s" |
~Ara) 0, N N N N N
2 . PU-a:)s’ pl-ac)ol,S’ pl-ax)s” pl-aa)s” Bl—aa)l,S"
! N N N N N
I 0 8 -k, 0 v 0 0
: 0 0 P “k, 0 0 0
0 5, 0 0 —k, 0 0
0 0 0 0 y —kg 0
| 0 0 k 3 e & —k
At E, DFE we have,
__,U o, -T, -T, -T, _TS_
0 -k T T, T, Te
0 & -k, O 0 0
Jo=|0 0 p -k 0 0
0 0, 0 0 -k, 0 0
0 0 0 0 ~k, O
0 0 k ¢ -
Reduce the Jacobian above in upper triangular matrix, we have,
—u b, -1 -T, -Ty -T, -Tq
0 -k, T T, T, T, T
0 0 - kk,-T.0, 0T, vk, +T,0, or, o1,
kl kl kl kl kl
Je, = 0 0 0 _ p(vk +T;6,) POLT, POTs
6
klkZ _T151 klkZ _T1§1 k1k2 _T151
0 0 0 -T, -T -T,
0 0 0 0 -Tp, -T,
0 0 0 0 0 -T,

Whose eigenvalues are;

A =—u A, :_k1, Ay = —

As = =Tyor 4 = =Ty,

Now,
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s B8 kK, —phé (T8 — ik, )
) ko - 1,6, — ok,
[VPI_: &) +vig T4 —lnfolsk, + ik (1,6 — Rk ) + ’Ef:}fsj-::ﬁ:]
AN +ie (16 —Inky)
ok 6,1, + v 1,0, + vk 16, + o )k T8, + ik T4 6, + ko jos (106, — Kk, )
Vel &, +vIgHS, + pleTyd, + kT 6, + sk, (16, — ki)
[ ek ok, I8, + ek, L6, + iviek, .6, + kel kI8 + phjck T8, + vigk kT8, 3
tvpdkI:0) + pdaksli o + kRO T, + Rl G D0, + vk 106, + pdof b + |
xjafshkikz' (hé —lgky) )
} (Herhes 8 T, +vple T8y +viek I8, + pheJe, T8, + kekeke (T8, — ko)) + ke 1L 5
Hence, if 4,,4,,4;,4,,4s <0 ifR, <land T,0, > KK, then the DFE is LAS
where, T, = B(l-ac))f,. T, = Bl—ac)@l . T, = B(l-aa)8l,.
k6, Tk,
PT,6, — Igkyle; + i 116

I,=f1-ac)l. I; = fl-ac)l,. Iy =

_ ;6,1
; P = klohs + k518

e &, Tk,
-'I_ — ¥ [ DA . |
: A0 I, +vpe 1.0, + Vi IO, + ple ke T 6 — Ioofesk o + kol le I,0, +ick kT o)

when we substitute R, in T, we have

_Twvé, + kS, pL(v6, k) T8,  y6.T, T,k

& ke, Kk ok, Kk, kb kkk kb k,

R,

T.ek k,k, 8, + T,evk,k, 8, « T,kvic k8, + T,k k.8, = T,vpfk, 8, + T, pek k8,
Kk ke i, ke,

_ KikoKgKykoks [Tivooksksks +Tooiksk ksks +T, V0, Ksks +T,8,0K ksks +Todkokoksks +T, 78K Kok +
1 K 85, K, K KTy + £70,K, KTy +KVS,K K T, + KKK K Ty +VoES, KT, + pES K kT, —1
k,k,ksk, kgk
-T, = %[Ro _1]
Where,

K =K,K;0,T, + VoK T,0, + VKK T, 0, + oK, K T,0, — K K, KK, ke + K, KK, T,0, + KK, KT, 6,
-K= (k1k2k3k4k5 - 7)’(2k352T4 —Vpk5T252 _Vk3k5T152 - pk4k5T251 - k2k3k4T352 - I(3k4k5-|-151)
kKoK, gk

o, = Kkkekbke gy

kkoakksks
K
Theorem 2 The DFE of the model is GAS if R, <1 and unstable if otherwise.

= T, = Ro _1]
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Proof
Consider the HIV model (1); the proof is based on using the comparison theorem. Since all the off- diagonal

entries of the Jacobian matrix of the infected compartments of the HIV model are non-negative at DFE (E, ) .

We follow the approach of Abba Gumel (2010) in proving the theorem. Let R, <1,
Then the infected compartments of the model (2.1) can be re-written as

%:(f SV)X = X ittt ettt et e st st st i s (2.2)

dt

where x=[E, 1., A, 1y, A, TT

Then,

0 po, po). pel. A, A,
0] (0] 0] 0] 0] (0]
S ) O (0] 0] 0] 0 0
J, =[1->
N J| O (0] 0] 0] (0] (0]
0] (0] 0] 0] (0] (0]
0 o 0 o o0 o0 |
This worth noting that fX is non-negative matrix, since S(t) < N(t) in the invariant set. Hence it follows that
dx
pm S (0 Y b TSRO (2.3)

Since all the eigenvalues of the matrix (f —V) are all having a negative real parts (from local stability, where
p(fv)™ <1 if R, <1 whichis equivalentto (f —V) having a

negative real parts when R, <1,hence by comparison theorem
lim(E.lc,Ac, 1y, A, T)=(0,0,0,0,0,0)

n—oo

Now substituting E=1. =A. =1 =Ay =T =0in the first equation of the model (2.1) shows that
S(t) >S" as t —>oo. Thus, lim E 1o, Ac 1, Ay, T) =5,

n—oo

The Existence of Endemic Equilibrium Point: This is a case where there is infection in the study population. We
find the condition for the existence of endemic equilibrium for the proposed model, the endemic equilibrium are
obtained in terms of infection of the force of infection.

Let E, = {S*, EX 1AL, AN*,T*} represent endemic equilibrium of the model (1). Solving the
equations of the model (2.1) at steady state we get,

7—(A+u)S+6,E=0

AS—(0,+06,+5,+u)E=0

O E—(k+p+u)l;+vl, =0

ple (o +p+85)A. =0

OLE-(y+u+e+v)l, =0

Ay — (0, +u+e)A, =0

klc +ely +&A. + Ay —(@,+u)T =0
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S* T+ 60,E”
A+ u
T+ 6, AS
B ki, )] kz+6,AS"
A+ u k(A + 1)

= Kk +0,AS" = S™{K, (1 + 1)}

st k, _k7
[k, (2+m)-06,4] P
x A A7k,

kG ru-0,0)] p

A7k, S, 7K,
S, +v] S22
| * P pk, |  Az[S.kK, +VS,k, ]

¢ k, pk,k,
= 5,A7K,
pk,
s YO, AnK,
" pK,Ks
A = pAK, K, 8, +VE, |
pk,ksk,

899

T

pk2k4 pk4

pk2k3k4 pk4k5

. kkkkokoAzlk, 8, +vS,] eS,zik,  Epik,[K,S, +vS,] erS,Ank
_ 1356 41 2+ 2 1+ 1L™Ma™1 2+ 2 1

. KkkskekoAz[k, S, + VS, |+ 8,eAnk, K K + Epm Ak KoKg[K, S, + VS, |+ ey5, Ank K, K K

=T

pk2k3k4k5k6

The endemic equilibrium point in terms of infection class is written as;

Ak [6,k, +VS,] 8,07k, pAak, [k, 6, +vS,] yS,k A7

kA
P’ p

pk2k4 pk4

pk2k3k4 pk4k5

Kk K koko 2 7z[K, 8, + VS, |+ 5,80 7k, K kg + Epn Ak koke [K, S, + VS, |+ ey8, " ik K,k K,

Pk, Ksk, KK

where p=Pk, Kk, =k+p+puk=o,+u+ék,=y+u+e+v, k=0, + u+e k=, + u

We have

N Q) =S"M)+E" @) +1."®)+1, O +A"MO)+ A O +T7 (@)
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Ky | Anky Az, [6,k, +v§2]+ S Ank,  pAnk, [k,8, +VvS,] ¥,k A7 N

P P pk,k, pk, pk, kK, " pk,ks
= N"=
Kk Kok ko A7z[K, 8, + V3, |+ S,eAnk,k ke + Epmik KoK, [K, S, + V8, |+ 78, Ank K,k K,
Pkoksk,ksKg
kK, K K Kooz + A7k, KoK Kok + Kok A7z [K, 8, + VS, |+ 8, A7k, K Kok + 78, Ank, K kg +
pAnK[K, S, + V3, |+ kkks Az[K, 6, + VS, |+ eadak,k ks + EpAnks [k, S, + V6, |+
Nt = eAo,K, K,
kyKsKyksks
The force of infection 4™ can be expressed, at steady state as
= pa-am)(i,” +LA ;f'l('c** A T ) (3.2)
Let H = S(1—aa), Substituting the 1, , A", 1.7, A T™ in (32),
we have
[ &A%, | Wik | 62 e[Sk, + v, | | Glap e, [, 8, + v, | 1
pk, plek, Pk, Pk,
| Lidede fe e Ak, 8, +v 8, |+ LS edmc dod, + 1 Epmilcic e[k, & +vE, | + Leyd, Amdg ke ko ke, |
I e |
A" = H{ Pﬁ:ﬁi‘jﬁsﬁé !

|
5,7K K Kok + 75,7, K, K K, + 0,7k K Ko [k, 8, + V8, kg + 0,1, prks K, 8, + V3, |+ kkky
= H =
[k,8, + V8, |+ 87K,k ks + Eprk, [k, 8, + V3, |+ ey8, 7Kk,
7KK K, ks + KoK, [k, 8, + V8, Jor, kKoK, + 78,7k, Ky + prks [k, 8, + VS, |+ Kk ks
kK, K K, Keko + A
[k,8, + V3, |+ kk.k [k, 8, + V3, |+ e8,2k kK, + £78,7K K, + Eprk [k, 8, + V6, |

When we substitutes R, in above we have,
= kK, kK, kske[R, —1] = A"
Where, p = [k, (1 + )]
K, KK Ky + Kok, 7z[K, 8, + VS, Ja, ik, kK, + y8,7K, Ky + prkg [k, &, + VS, |+ kkkgz
A" =
[k, S, + V&, |+ kk ko z[k, 8, + VS, |+ e85, 7k, kkg + pS, 7k, ks + Eprkg [k, &, + VS, |
_ k1k2k3k4k5ke [Ro _1]
A*
Lemma 1 The model (1) has a unique endemic (positive) equilibrium point, given by E, whenever Rj >1

A

Theorem 4 The unique endemic equilibrium point of the model 2.1 is LAS if R, >1 and unstable if otherwise.

RESULT AND DISCUSSION parameters values in Table (3). A numerical
To illustrate the analytic results obtained from system  simulation of the model is based on demographic data
(model 1), we did some simulations using the
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1
as follows. The average lifespan [—J is assumed to

be 50 years (so that, 2 = 0.02) and the recruitment

rate into the sexually-active population is assumed to
be 3 million per year.

Thus, the total population, in the absence of disease, is

— =150million, Furthermore, the following initial
y7]
conditions is used in the numerical simulations of the

model: S(0) =1468000 E(0) = 130000 which
is assumed, I , (0) = 2500000, 1, (0) = 200000;
A, (0) = 200000;  A.(0)=120000 and
T(0) = 450000,

Using the parameters values in table 3 we obtained the
following using MATLAB

Pl HUMEN MMUNODERCIENCY VIRUS (HV) DYNAMCS

NUMBER OF INFECTED INDIVIDUALS

| | | | | |
[ 5 n 1% ] % 3 k] @
THE feas)
Fig. 2: Dynamics of AIDS individuals with counseling and AIDS
individuals without counseling using the parameter values in table 3

o HUMAN TNUNCDEFCBNCY VRUS V) DYHAMICS
T T T T

(] § 0 % mEZ' 5 k) ¥ £
fre=s)
Fig. 4: Dynamics of infected individuals with counseling and
infected individuals without counseling using the parameter values
in table 3

Table 3: Parameters and their Values

Parameter Value

T 3000000human/ yr
B 0.5yr™

) 0.83yr™

5, 0.6yr™

k 0.1yr™

P 0.3yr*

H 0.02yr™

v 0.6yr
¢ 0.10yr™

€ 0.6yr

o, 0.04yr™!

o, 0.0835yr™

@, 0.7611yr™*

r 0.5yr™
& 0.09yr™*

l, 0.02yr™

l, 0.15yr™*

l, 0.62yr™

a 0.3yr™

o 0.830yr™

0, 0.930yr™*

0, 0.02yr™

TN fjee)
Fig. 5: Dynamics of exposed individuals, infected individuals with
counseling and infected individuals without counseling using the
parameter values in table 3
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X1 HUMAR KWLHOOEFICENCY VIRUS [HIV) DYNAMCS

| | I
] 5 ] % 5 k| % &

A
THE fyars)
Fig. 6: Dynamics of infected individuals with counseling, infected
individuals without counseling and treatment individuals using the

parameter values in table 3

- HUMAN INNLINODEFICENCY VIRUS [HV) DYNAMCS
9 T I T

NEW SASES

THE fjear)

Fig. 7: simulation of new HIV cases infection when there is no

treatment in each compartment, Parameter values used in table 3
with (for this treatment-only intervention, we set

k=v=¢&=¢c=a=a=0thevalue of
R, =1.0323)

21 HUMAN IMUNDEEFICENCY VRUS [HIV) DYNAMCS
T 1 1 1 T

F] 3 E] % [
THE )

Fig. 8: Simulations of the model showing the new HIV infection
cases and the time needed to reduction the virus using Parameter

values given in table 3 above with /3 = 0.64 the value of

R, = 0.532

The discussion of the above simulations from Fig. 2 to
8 for the projection of 40 years It can be seen that
increasing the ART treatment rate will reduce basic

reproduction number R,, which will lead us into

extinction of HIVV/AIDS. On the other hand, increasing
of transition rate into AIDS compartment will increase

basic reproduction number R, . This means that if the

individual who have failed in ART treatment do not
re-follow the ART treatment will make the HIV/AIDS
exist in the field from Fig. 7. The projected cases of
new infection till 2059 are given in Fig. 8. We observe
that the cases of new infection remain around the
steady state about 500,000 cases of infection per year
towards 2059. This is supported by the data that seem
to fluctuate around the steady state. Our results are
suggestive of the fact that interventions aimed at
averting new infections will be most appropriate.

Conclusion: The results of sensitivity analysis showed
that the model system is most sensitive to Infection
contact rates, the testing and counseling rates as well
as treatment rates. the singular use of public health
counseling of infected individuals or anti-retroviral
drugs can lead to the effective control or elimination
of HIV in if their effectiveness levels are moderately
high enough (these strategies could avert between 9 to
12 million new HIV cases over a period of 40 years).
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