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ABSTRACT. In this study, the diarrhoea model is developed based on basic mathematical modelling techniques
leading to a system (five compartmental model) of ordinary differential equations (ODEs). Mathematical analysis of the
model is then carried out on the uniqueness and existence of the model to know the region where the model is
epidemiologically feasible. The equilibrium points of the model and the stability of the disease-free state were also derived
by finding the reproduction number. We then progressed to running a global sensitivity analysis on the reproduction
number with respect to all the parameters in it, and four (4) parameters were found sensitive. The work was concluded
with numerical simulations on Maple 18 using Runge-Kutta method of order four (4) where the values of six (6)
parameters present in the model were each varied successively while all other parameters were held constant so as to know
the behaviour and effect of the varied parameter on how diarrhoea spreads in the population. The results from the
sensitivity analysis and simulations were found to be in sync.
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The growth of some diseases has beenonariseandnot 2. Rates of transfer between compartments are

enough preventive or treatment measures are being put ~ expressed mathematically as total derivatives with
in place. Some diseases like diarrhoea are even very  yegpect to time e.g. as
: L it

_T#SS Ee%';ﬁte?e:eeaiiﬁistEgzearitcﬁ]n?:ﬁgﬁ c:e;fr(;\r/tle:ln 3. The mode of transmission of infection being

g y P considered is human to human contact of susceptible

formulating models that could help in eradicating
some of these diseases, many of these models have
turned out not to be mathematically and
epidemiologically well posed. Therefore, this research
work was set out to investigate the movement of the
disease-diarrhoea throughout a population from
susceptible to recovered in all realistic terms, and to
evaluate the modelling of infectious diarrhoea in the
presence of vaccination, determine the basic
reproduction number R,, carry out a sensitivity
analysis on it, and at the same time stimulate the model
so as to draw conclusions that can help medical
practitioners/health policy makers know the best
control measures to be employed.

MATERIALS AND METHODS

Model Formulation, Description, and Results

Model Assumptions

1. The population is divided into five (5)
compartments.

*Corresponding Author Email: ellybolu@gmail.com

and infected persons i.e. BSI

4. Though diarrhoea is more common in kids
under the age of five (5) years, the population is
considered to be homogeneous and mixed uniformly;
there is no special consideration for age, gender, etc.
5. We will consider birth and death rates.

6. Vaccinated population is still susceptible to
contracting the disease only in the event that vaccine
wanes off; else, they cannot be infected.

Model Analysis: Let N be the total population of a
given region. Therefore, the total population at a given
time t is written as:

N(t) = S(t) + V(t) + E(t) + I(t) + R(t)

Where; S (t) is the number of susceptible persons at
time t;

V (t) is the number of vaccinated persons at time t; E
(t) is the number of exposed persons at time t;


mailto:ellybolu@gmail.com
https://www.ajol.info/index.php/jasem
http://ww.bioline.org.br/ja
mailto:ellybolu@gmail.com
https://dx.doi.org/10.4314/jasem.v25i7.2

Mathematical Analysis of a Diarrhoea Model in the Presence.....

I (t) is the number of infected persons at time t;
R (t) is the number of recovered persons at time t.

From the description of parameters above we arrived
at the following five (5) compartmental model:

E:(l—p)l—[)’51+wV—,uS+9R=f1 €]
av

G oPATW -V = ()

dE

T =BSI—pE—ocE=f; (3)

dl

a:(fE—MI—(SI—ﬂ:ﬁL (4)

dR

T = -HR-OR=fs (5

For this model, the change in each population with
respect to time t is dependent on the parameters
described in Table 1 and the transfer of persons from
one compartment to another is also clearly represented
in Figure 1.

Table 1: Parameter Description
Description

Recruitment rate

Contact rate

Vaccination rate

Infection rate of exposed persons
Natural death rate

Vaccine waning rate

Treatment rate of infected persons
Induced disease death rate
Treatment waves

Parameters

DL ETAD®™S
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Existence and Uniqueness of the Model: Given that

(6)

The existence and uniqueness of solution of the initial
value problem (IVP) Eq. 6 are established by the
following theorems:

y, = f(x:Y),J’(xo) =Yo

Theorem 1
Suppose that f(x,y) is a continuous function in some
region

R={(x,y):|lx —xo|l < a,ly —yol < b}, (a,b)

>0

Since f is continuous in a closed and bounded domain,
it is necessarily bounded inR, ie. 2k>
0:1f(x,y)| < KV (x,y) € R. Then the IVP (6) has at
least one solution y = y(x) defined on the

interval|x — x,| < a where a = {a, %} .
Theorem 2

Suppose that f and Z—f} are bounded in R, i.e.
a If (x,y) < K| and
b. |Z—£| < L, V(x,y) ER, then

Equation (6) has at most one solution y = y(x)
defined on the interval |x — x| < a where a =

b
{at}

k
Combining this with the existence theorem, the VP
(6) has a unique solution y = y(x) defined on the

interval |x — x| < a.

Proof:
We now apply the existence and uniqueness theorems

A
g above to the Model equation.
wl Let
A psi gl 7l
— el ]
lluﬁ l.uE l (w4 ) l,uR
0R
Fig 1: A Schematic (Flow Diagram) Representation of Model
S(to) = So, V(to) = Vo, E(t) = Ey, I(to) = So, R(to) =Ry
Taking the total derivatives of f;, f,, f5, fa f5 With respect to each dependent variables, we have
dh__, h_, Gh_, dh_, h_,
as av dE ar dR
g . Y, Yy dh_
g - @ - i, O - e - o -
5 _ 4fs _ s _ _ Ys _ s _
- 0w ag = "Wt =0 =0
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o Y, Y,
ds dv dE

dfs _o  s_, s
ds av dE

The model satisfies the existence and uniqueness
theorems; therefore, a unique solution exists.

Existence of Disease Free Equilibrium: Let E, be the
disease free equilibrium. At the disease free
equilibrium point, there is no infected person in the
We set

fi=fh=fi=fai=fs=0 ®
1 =p)Au+ w) + wpr  pA

1109
dfs _ dfs _
g}— (#+z;‘f) R =0
5 _ 25
a dR w+6) ()

population i.e. R, < 1 as the case may be (Page et al.,
1993; Long and Xiang, 2011). Since there is no
infected or exposed person at disease free equilibrium,
then

I=E=R=0.

EO = (SIVIEII!R) =<

Existence of Endemic Equilibrium: This is the point
where the disease is known to be a part of the
population (Van den Driessche and Watmough, 2002).
It might have started as an epidemic, but if after a long
period of time, there is no change in the population N
and the disease still exists in the population, then we
say it is an endemic equilibrium (Van den Driessche
and Watmough, 2002). This could mean that the
average number of infected persons by one infected
person is exactly 1 (Van den Driessche and
Watmough, 2002).

Let E* be the endemic equilibrium. For the endemic
equilibrium, we work with Equation 8 but
I=E=R=0
Let E* = (§*,V*,E*, I",R*)
And let
1-p=0(
u+ow==C,
u+o=_0Cq
u+6=_c¢,
u+s+1t==_Cs
Therefore,
C3Cs
=%
. _PA
V= G
_ C4Cs[CouC3C5 — C1AC, o — wpAfo]
B BaC,[o78 — C3C4Cs]
_ C4[CopuC5Cs — C1AC,fo — wpAfo]
- BCalot6 — C5C,Cs]
T[CouC5Cs — CLAC, Lo — wpAPol
- BC,lot0 — C3C4C5]

S*

E*

I*

*

The Basic Reproduction Number R,: The basic
reproduction number R, is a significant number that
represents how much transferable a disease is, that is it
is the average number of infected persons that can be

p(p + w)

)# + w’0’0’0> (9)

infected by one infectious person during the time of
time. This quantity determines whether the infection
will spread exponentially, die out, or remain constant
depending on if Ry >1,R, <1 or R, = 1(Jones,
2007; Van den Driessche and Watmough, 2002)

By Next Generation Matrix Method (Van den
Driessche and Watmough, 2002),

Ry = FV~!
Where F = the matrix of compartments containing

influx of new infections and V = the matrix of
compartments containing other influxes.

0E d1 oV
pav=| 2 9 9|
dE d1 oV
JdE d1 adV
0 BS O
F=<O 0 O> %4
0 0 O
u+o 0 0
=<—cr u+t+48 0 )
0 0 U+ w

VIi=@w+o)(u+t+8)p+w)
Since | V| exists, then V1 exists.

We use the Gauss-Jordan or Row Reduction method in
finding V=1, vV =1 = I where [ is the identity matrix.
By row reduction, we solve from (V |I) to (I |V}
and then solve for R,.

9pS K K.—-K)=0
((/,t+o')(u+‘r+6)_ )(_ o=
K,=K,=0
oBS

K; (Largest eigenvalue)

T Wto)utT+0)
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Therefore,
Ry

(1= p)Ap + w) + wpd
= a'ﬁ

upp+t+6+o)+o(m+NHu(n+ w)

(10)

Local Stability of Disease Free Equilibrium: For a
disease free equilibrium, the local stability implies that
if there is a small part of the system (for example, a
small number of infected individuals is introduced into
the population), then, after some time, the system will
return to the disease free equilibrium. However, a big

1110

perturbation may be able to drive the system to a
different behaviour e.g. to endemic equilibrium.
Whereas, if the stability of the disease free equilibrium
is global, no matter the size of the perturbation, the
disease will not be able to persist in the population
(Bello et al., 2019; Obabiyi et al., 2010). These
stability points can also be written as local/global
asymptotic  stability (they are determined at
equilibrium points where there is no sign/symptom of
change). In this work, we only determined the local
stability of the disease free equilibrium which is stable
if R, < 1 and unstable if R, < 1.

At Disease Free Equilibrium (DFE) where I = E = R = 0, let the Jacobian matrix of f,...,fs = H
oh _ _ Oh_, h_y L 5 Oh_,
g}g # of v 61:} aalf afaR
2 _ Dz _ k] Dz _ 2 _
T N TR N R
3 _ s _ 3 _ _ e 3=
g - O?V 605‘ v J;f or %k ;f
g_o 6JQV af: o df: ( +(Sf+T) o ="
5 _ 95 _ 9Js _ 25 _ 5
s " v 9E ar " gr = KO
—u W 0 —-BS 0
/ 0 —-(u+w) 0 0 0 \
0 0 —(u+o0) BS 0 =H
0 0 o —(u+5+1) 0
0 0 0 T —(u+06)
Let the polynomial be of the form:

K2 + Ka1 + a2 = 0
By Routh-Hurwitz Criterion for a 2 = 2 system, a polynomial A = 0 is said to be stable if all a; are positive i.e.

ai>0
Qu+o+6+1)

a

a;

,u(,u+a+5+r)+a(r+5)—aﬁ(

,u(,u+a+5+r)+a(r+5)—aﬁ<

p(p + w)
1 -pAu+ w) + wpl)

A —p)Au +w) + pr)

pp + w)

(1= p)A(u+ ) + wpd

op

upp+t+8+o)+o(m+NHuln+ w)

Ry <1

Then, DFE is locally asymptotically stable.

Sensitivity Analysis: Sensitivity analysis is the study
carried out to determine the input parameters which
affect the output of a model most. It is usually or
should be run with uncertainty analysis where the
output uncertainty of the model is divided to various
sources of uncertainty in its inputs (Makinde et al.,
2019; Wu et al., 2013).0ne of the benefits of carrying
out sensitivity analysis is that results obtained can be
given to experts in the field of the designed model so
they can be wary of the parameters that can trigger the

model output either by greatly increasing or reducing
it.
From Equation 10:
5 1 -p)A(u + w) + wpl
7 ppt+tt+8+o0)+o(T+)u(u+ w)
R, will be partially differentiated with respect to 8
parameters: 8,p, A, 1, 0,1, 8, ©.

o

B ofA[u(1—p) + w]
Tuutt+s+o)+o+OHulu+ w)

o
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Let X®odenote the sensitivity of R,, then the sensitivity
index R, with respect to any parameter x is

R, _ ORo x
* ox 'R,
Table 2: Parameter Values and Source of Table 1

Parameters Values Source
A 1000.0 Assumed
B 0.000009 (Lungu et al., 2018)
p 0.5 (Adewale et al., 2015)
o 0.7 (Adewale et al., 2015)
u 0.012 (Lungu et al., 2018)
1) 0.1 (Adewale et al., 2015)
T 0.3 Assumed
) 0.4 Assumed
6 0.01 Assumed
R 0.980137466 Estimated

S

R, in its simplest form is
_ oAU — p) + @]
Tuutt+S+o)+o(r+O)ulu+ )

_ 00006678 = 0.980137466
® 7 0.000681333 ~

o

The sensitivity index of each parameter can be seen on
Table 3 after inputting the value of each parameter into
the differential equations and solving them.

Table 3: Parameter Sensitivity Index

Parameters Index  Sensitivity Index
A Xfo 1
B X;§° 1
p X:fo —0.05660377
o xRo 0.00016923
g
U X;jo —0.01136718
w xRo 0.0505501
w
T xRo —0.42134815
T
1) Xgo —0.56179754

RESULTS AND DISCUSSIONS
Numerical simulations: The compartmental model
was simulated numerically using Runge-Kutta of the
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7000+
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Susceptible

Vaccinated

Exposed
= Infected
— Recovered

Total Population

4000+
3000+

2000+

1000-,(\

0- . ‘
1 3 5 7 9 11

Timein day(s)

1111

fourth (4th) order on Maple 18. The set of parameters
used at different points in the model were used to
investigate the effect of vaccine and treatment on the
increase/decrease of the different categories of
population in relation to the spread of diarrhoea
(Adewale et al., 2015; Rachah and Torres, 2017). The
values of the parameters w(rate at which vaccine
wanes off), A(recruitment rate), o(rate at which
exposed individuals get infected), [B(contact
rate), t (rate at which infected individuals get treated),
O(rate at which treatment waves) were varied
successively.
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Timein day(s)
Fig 2: The left panel shows the graph of population against time
where f = 0.000009,6 = 0.4,0 = 0.01,u = 0.012,p = 0.5, 0 =
0.7,7 = 0.3,w = 0.1, 21 = 1000 and the right panel is the graph of
population against time where § = 0.000009,5 = 0.4,6 =
0.01,4 =0.012,p =0.5, 6 =0.7,7 = 0.3,w = 0.4, 1 = 1000.
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Fig 3: The left panel shows the graph of population against time where § = 0.000009,5 = 0.4,6 = 0.01,u = 0.012,p = 0.5, 6 = 0.7,7 =
0.3,w = 0.1, 2 = 1000 and the right panel is the graph of population against time where g = 0.000009,5 = 0.4,6 = 0.01,u = 0.012,p =

0.5 =071

Total Population

=0.3,w =0.1, 2 =1500.

8000+
7000+
6000+
50004

40004
30007

Susceptible

Vaccinated

Exposed
= Infected
— Recovered

2000+

100(}(\

0 T 7 T
1 3 5 7 9 11

Time in day(s)

8000+
7000+
6000+
5000
4000
3000+
2000+

Total Population

Susceptible
Vaccinated

— Recovered

1000-<\
0

1

3 5 7

Timein day(s)

9 11

Fig 4: The left panel shows the graph of population against time where § = 0.000009,5 = 0.4,6 = 0.01,u = 0.012,p = 0.5, 6 = 0.7,7 =
0.3,w = 0.1, 2 = 1000 and the right panel is the graph of population against time where 8 = 0.000009,5 = 0.,6 = 0.01,u = 0.012,p =

0.5 0=09,1

Toral Population

=0.3,w =0.1, 2 =1000.
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Fig 5: The left panel shows the graph of population against time where § = 0.000009,5 = 0.4,6 = 0.01,u = 0.012,p = 0.5, ¢ = 0.7,7 =
0.3,w = 0.1, A = 1000 and the right panel is the graph of population against time where 8 = 0.00002,5 = 0.4,6 = 0.01,u = 0.012,p =

0.5, 0 =0.7,7

Toral Population

=0.3,w = 0.1, 1 =1000.
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Fig 6: The left panel shows the graph of population against time where g = 0.000009,8 = 0.4,6 = 0.01,u = 0.012,p = 0.5, 0 = 0.7,7 =
0.3,w = 0.1, 2 = 1000 and the right panel is the graph of population against time where § = 0.000009,§ = 0.4,6 = 0.01, = 0.012,p =
0.5, 0=0.7,7=050w0w=0.1, 1 =1000
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9000
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Fig 7: The left panel shows the graph of population against time where § = 0.000009,6 = 0.4,0 = 0.01,u4 = 0.012,p = 0.5, 0 = 0.7,7 =
0.3,w = 0.1, A = 1000 and the right panel is the graph of population against time where 8 = 0.000009,6 = 0.4,0 = 0.1, 4 = 0.012,p =

0.5, 0 =0.7,7 = 0.3,w = 0.1, A = 1000.
From figure 2 left panel and right panel, we observe
that increase in the rate at which vaccine wanes results
in a notable increase in the susceptible population and
a significant decrease in the vaccinated population.
Figure 3 left panel and right panel show that the higher
the influx of the population, the higher the susceptible
individuals. From figure 4 left panel and right panel,
we observe that the higher the rate at which exposed
individuals get infected, the higher the infected
population, though the exposed individuals reduce in
number. From figure 5 left panel and right panel, it is
clear that increase in the contact rate between an
infected person and a susceptible person leads to
decrease in the susceptible population but a steady
increase in the exposed and infected persons. From
figure 6 left panel and right panel, we notice that
subsequent increase in the treatment rate of infected
persons leads to increase in recovered persons and a
possible die-out of the disease since the infected and
exposed population tend to 0. From figure 7 left panel
and right panel, there is an increase in the rate at which
treatment waves result in a sizable increase and
decrease in the susceptible and removed population
respectively, which is in line with the model that shows
us that persons go back to being susceptible once
treatment waves.

Conclusion: In conclusion, the strategy that supports
vaccines of susceptible individuals should be given a
priority in the treatment of diarrhoea, as it reduces the
dynamical spread of the disease (diarrhoea) better in
the population of the susceptible compared to the
population without vaccination. Also, parameters that
increase the basic reproduction number R, should be
checked by medical practitioners/Policy health makers
to guarantee a diarrhoea free environment.
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