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ABSTRACT: This study investigates the global stability of the endemic equilibrium point of triple co-infection
of malaria, dengue, and typhoid. By using an appropriate Lyapunov function, the results show that the model is
globally asymptotically stable. This implies that the diseases can be eradicated or kept at low levels, regardless of
the population. Sensitivity analysis was also conducted to identify the most sensitive parameter. The results indicate
that strategies to reduce malaria and dengue fever vectors should be prioritized to curb the spread of the diseases.
Additionally, minimizing exposure to contaminated water and food, as well as reducing the discharge of typhoid
bacteria into the environment, can help to reduce or curb the spread of typhoid in the environment.
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Malaria is an infectious disease caused by the
Plasmodium parasite and is transmitted through the
bites of infected female Anopheles mosquitoes
(Azuaba et al., 2020; Ogunmiloro, 2019). According
to the World Health Organization (WHO), malaria is
responsible for an estimated 435,000 deaths annually,
with 93% of these cases occurring in Africa. In
contrast, dengue (DENV) is a viral disease that is
transmitted to humans by infected female Aedes
aegypti mosquitoes. The infection can range from mild
illness to more severe forms such as dengue
hemorrhagic fever (DHF) and dengue shock syndrome
(DSS) (Otu et al., 2019). Typhoid, on the other hand,
is an infectious disease caused by the bacteria
Salmonella Typhi and is spread through contaminated
food and water (Atokolo and Omale, 2018). The signs
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and symptoms of typhoid fever include sustained
fever, poor appetite, severe headache, fatigue, and
vomiting. The incubation period for typhoid fever is
typically between 7 and 14 days (Nthiiri, 2017). The
triple infection of malaria, dengue, and typhoid has
been reported in several cases and may lead to more
severe symptoms and complications. This highlights
the need for further research and effective prevention
and treatment strategies for this potentially serious
health concern. The concept of global stability is
concerned with the global properties of a model, which
can be investigated using Lyapunov function theory.
The Lyapunov method has been effectively employed
to demonstrate the global stability of the endemic
equilibrium. This approach involves identifying a
function, referred to as the Lyapunov function, that is
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positive definite, with its derivative along the
trajectories being negative (Atokolo et al., 2021).
Few works have been done to analyze the global
stability of disease models (Nthiiri, 2017; Atokolo et
al., 2021; Ogunmiloro, 2019; Kazeem et al., 2016;
Bessey et al., 2019; Bello et al., 2019; Peter et al.,
2020). Oluwafemi et al. (2020) worked on the stability
analysis of the disease free equilibrium of malaria,
dengue and typhoid triple infection model to construct
and analyze the global stability of the triple infection.
This present work is therefore an extension of the
Oluwafemi and co-workers research with an
improvement to global stability and sensitivity
analysis of Malaria, Dengue and Typhoid Triple
Infection.

MATERIALS AND METHODS

Model Formulation: The model as proposed in
(Oluwafemi et al.,, 2020), divides the human
population into Susceptible human S,; Malaria
infected human I,,; Dengue Infected human I, ;
Typhoid infected human I,,; co-infection of Malaria

and Dengue I,,4; Malaria and Typhoid I,,,;; Dengue
and Typhoid 1,,; Malaria, Dengue and Typhoid I,,,4;;
Recovered classR; the vector population is
subdivided into; Non-disease carrier vector S,;
Malaria parasite vector carrier I,,,,; Dengue virus
vector carrier I,,; and the Typhoid carrier Bacteria W.

The susceptible human are recruited by a constant rate
defined as A, they are infected by malaria, dengue and
typhoid respectively at the rates ay,,, @ng, @p:. The
susceptible compartment is further reduced by the
natural death rate p,and increased by the rate at which
infected humans recovers §. The malaria infected
human compartment is increased by the rate at which
individuals acquires malaria ay,,, rate at which
individuals recovers from dengue fever when co-
infected with malaria and denguep;,; and recovery rate
from typhoid when co-infected with typhoid and
malariapy,. The compartment is reduced by natural
death rate p,, malaria induced death rate n;,,, malaria
only recovery rate p,,and rate of acquiring dengue
fever a4 and typhoid a;,;.

The system of equations representing the transmission dynamics of the triple infection is presented as follows:

ddith = A+ 6R — (Apm + Apa + Ape + r)Sh (1)
d;% = pmSh + Pralma + Prelme — (@na + Qne + Prm + Nhm + Hp) I )
% = ApaSn + PrmlIma + Prelar — (@nm + Ane + Pra + Mna + #ndIhas (3)
% = apeSp + Prmlme + Pralac — @pm + Qna + Ppe + Mne + 01 + Wl 4)
d;—wtld = Apmlna + Analpm + Prelmar — @ne + Pra + Prm + Nam + Mha + n) I, (5)
d::t = tpmlne + Anelpm + Pralmar — (@na + Pre + Prm + Mhm + Mne + 02 + Upd e, (6)
% = Apelpg + Apalne + PrmImac — (@nm + Pra + Pne + Mne + Mg + 03 + wpdlar, (7)
% = apelng + Apalme + Apmlae — (pirghjf’;?h:f}é—:_n::) mdts (8)
Z_}: = PrmInm + Pralna + Prelne — OR, 9)
Lo = A= (B + B2+ 1)Ss, (10)
= B1Sy = tolom (11)
Tt = By — Hylyas (12)
aw _ oyl + 05l + 031 + O4liar — upW. (13)

dt
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where
by O bgd 4l
Apm = —mN"; = Qpg = —dNimi ape = vW;
_ bmImUnm+Imda+Ime+imae) | _ ba¥9qUna+Ima+lat+imadr) (14)
ﬁl - Np, ’ ﬁZ - Np, .

The description of the variables and parameters of the
model can be found in Tables 1 and 2, respectively.

Hence DFE is given as

. (18)

Table 1. Model Variables g0
Variables Description —
S, SusceptFinIe human - ( ih' Ihm' Ihd' Iht' Im/;i' Imt' Idt' Imdt' R, Sw Ivm' Ivd' W)
Lum Malaria infected human = (—, 0,0,0,0,0,0,0,0,==%, 0,0,0). (16)
Ina Dengue Infected human Hh i
Int Typhoid infected human . . . .
Ina Malaria and Dengue Co-infection The EE is the point where there are infections.
Lt Malaria and Typhoid Co-infection Computing the EE point is complex.
Iy Dengue and Typhoid Co-infection
Imac Malaria, Dengue, and Typhoid co-infection Basic Reproduction Number: The basic reproduction
R Recovered human _p . p_ i
S, Non-disease carrier vector number is the average number of secondary infections
Lm Malaria parasite vector carrier produced by a single infected individual in a
La Dengue virus vector carrier susceptible population. The computation of the Basic
W Typhoid carrier Bacteria Reproduction Number involves applying the next-
generation method. This method defines the basic
Table 2. Model Parameters ducti b th . | f th
Parameter Description reproauc IOf? numoer as e maX|r1num value 0 e
A Human Recruitment rate spectral radius of the matrix FV~*, where F and V
8 Rate at which recovered become susceptible represent the rates of appearance of new infections and
Prm FF{*eCOVeW fat‘effo?a'a”afon'y | the rate of movement in or out of a compartment,
Pha ecovery rate for dengue fever only . - -
o Recovery rate for typhoid only respectively. The matrices at DFE are given by
Apm Rate at which one acquires malaria F=
Uha Rate at which one acquires dengue 0o 0 0 0 0 0 O a O O
e Rate at which one acquires typhoid 0 0 0 O 0 0 0 0 a, O
Nhim Malaria induced death 0 0 0 0 0 0 0 0 0 a
Nha Dengue induced death 3
Nhe Typhoid induced death 0 0 0 0 0 0 0 0 0 0
Un Human Natural death rate o 0 0 0 0 O O O o0 O 17
A, Vector recruitment rate O 0 0O O O O O O o oV
Uy Vector natural death
g Typhoid Bacteria discharge rate 0 0 00 0 0 0 0 0 0
v Rate of exposure to contaminated food or water aa 0 0 a a 0 a 0 0 O
Uy Bacteria death rate 0 agz 0 agz 0 agz as O O O
b, Probability of transmission of malaria O 0 0 O O O O O 0 o
by Probability of transmission of dengue |74
I Number of bites of malaria carrier vector per time u, 0 0 —ppa P 0 0 0o 0 O
9y Number of bites of dengue carrier vector per time 0 u, 0 —ppm 0 —Pnt 0 0o 0 O
0 0 us 0 —Prm  —Pha 0 0 0 O
Equilibria Points: This model has the Disease Free 8 8 8 by 0 g ~Phe g 8 8
Equilibrium (DFE) and Endemic Equilibrium (EE). =lo 0 0 o ¢ u _ghd o o0 o
. . 6 hm
At DFE, there are no infections, hence 0 0 o0 0 0 0 w 0 0 0
0 0 0 0 0 0 0 u, 0 0
Ihm = Ihd = Iht = lpg = Imt = Idt = Imdt = 0 0 0 0 0 0 0 0 Uy 0
Lym = I,q = 0. (15) 0 0 -0 0 -0, =—-03 -0, 0 0
Where
) bgd
a; = by O @y = bgOy; a3 = VSy; ay = —'”N:’:S"; as = —dN:S", (19)
Uy = (Prn + Mum + 1n); Uz = (Pra + NMna + Bnd; Uz = (Pre + NMne + 01 + 1p), (20)
Uy = (Pra + Prm + Mhm + Mha + 1) Us = (One + Prm + Mhm + Nwe + 02 + Up), (21)
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Us = (Pra + Pre + Nne + Mna + 03 + Up), } 22)
U; = (Prm + Pra + Pre + Nam + NMne + Npa + 04 + Up).

The basic reproduction number is given as

R. = max Aot b292, \/ Apiipb293 vAG, (23)
0 Phm+Mhm+u)ALE "\ (Pra+nra+u)Au3’ (Pre+Mhe+or+undipin |

Global Stability Analysis
Theorem 1: The endemic equilibrium £¢ of the system is globally asymptotically stable wherever Ro >1.
Proof: We construct a Lyapunov function

V(Sho Inms Inas Ines Imar Imeo Laer Imaes R™) S Lom vdvW )= .
(8- 5 -5 logs—h) (B = lim = lim 108 22) + (Ina = lra = lra log 1:4) +
(Iht —Ine = Ine 108%) + ([md —Ima — Ina 10g ) ([mt me — Ime log%) +

)

dt

t+(R R* - R*logR—*)Jr, (24)

(Idt —lge — lg¢ lOg%i) + ( Lnat — Imar — Imae log
(s,-5;-5; logi—i) + (Lo = Lim — Lim log ’”m) (Lo = q = I log )
(w-w—w" logw)

bifferentiating we have

a _ [(sh-s,j) dsSp n (Ihm—I,*lm) dlpm n (Ihd—I,’;d) dlpg n (Im—l,*u.) dlpe n (Imd—I,*nd) dlmg n (Imt—l;nt) dlme n

dt Snh dt Inm dt Iha dt Ine dt Ima dt Im¢ dt
(Idt_lat) algt + (Imdt—I;ndt) Almat + (R—R*)d_R + (SU—S;;)@ + (Ivm—lém)'ﬂﬂ + (Ivd_I;d)M + (W_W*) aw
Iat dt Imdt dt R dt Sy dt Iym dt Iya dt w dt
(25)

Substituting (1) we have

Z—‘: = [(Sh Sh) (A+6R = (anm + ang + ape + 1p)Sp) + (Ihmh Ihm) (@nmSh + Pralma + Prelme =
(@ha + e + Prm + Mm + M) Inm) + (Ihdh&)
Ur)lIna) + (Iht M) (@neSn + PrmIme + Pralac = (@nm + Ana + Pre + Nne + 01 + Udlne) +

Ima—1 Ime =1
(%) (@nmlna + @nalhm + Prelmae = (@ne + Pra + Prm + Nm + Nna + #p)Ima) + (%) (@nmIne +

(@haSn + PrmIma + Pnelar — (@pm + Ape + Prg + Mpa +

Anelhm + Pralmar — (@na + Pre + Prm + Nhm + Me + 02 + Undlne) + (M) (@nelha + analne +

PrmImar — (@nm + Pra + Pre + Nne + Mna + 03 + wpdlar) + (%) (@nelma + @nalme + Anmlac —

(Prm + Pra + Pre + Nm + e + Nna + 04 + ) lnae) + ( ) (PrmInm + Pralna + Pnelne — 6R) +

(Sv s,,) (Ay = (By + B2 + 11,)Sy) + (Ivm Ivm) (B1Sy — tplym) + (%) (B2Sy — tolya) +

(W = ) (011t + 026t + 0314 + 04l — IibW)] (26)

Collecting the positive and negative terms for the equation, we have

av
E = Pl - Pz, (27)
Where
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Sp-S Inm—=Thm Ina—1
Po= (2 h) (A + 8R) + (M25m) (@), + pralma + Prelme) + (24 ) (24S + Prmbma + Prela) +

Ine—1I ma—Ti Imt—Ii
(M) (@neSn + PrmIme + phdldt) + (#) (@pmlna + analpm + Prelmar) + (ﬁ) (@pmlne +

lgt— Idt)
Igt

Imar—1
M) (anelma + Analme + apmlae) +

Anelpm + Pralmat) + ( (@nelna + analne + Prmlmae) + (
Sy—Sp Lym—Iym Iya=1;

( ) (PrmInm + Pralna + Prelne) + ( ) (Ay) + ( ) (B1Sy) + ( L d) (B2Sy) +

w-w

(T) (011ne + 026t + 031g¢ + Oulinar), (28)

and

Py = (2R (tnm + tna + e + 1)S1) + (“2252) (@ + e + Prom + Moam + B m) +

(%) ((@pm + ane + Pra + Mna + 1p)Iha) + (M) ((@pm + @na + Pre + Mt + 01 + ulye) +
(%) ((@ne + pra + Prm + Mhan + Nna + Br)lna) + (M) ((@ng + Prt + Prm + Mhm + Mie + 05 +
me) + (B) (@t + Pra + Pre + e + T + 03 + 1)) + (L224) (g + P + Pre +

Mhm + e + Ta + 04 + m)lmae) + (5) GR) + (352) (B + B + w)S,) + (22) 8y, —
olom) + (252) (1) + (- ) W), (29)

Therefore, ifP; < P,, then < 0, and — =0, ifand only if

Sn = Sp Inm = Inmo Ina = lhar Ine = Iner Ima = Inas Ime = Imeo lae = 1ge Imae = Ijae R=R", S, =
Sorlom = Lymy Lng = g and W = W~,. (30)
Therefore the largest invariant set in
* * * * * * * * * * * * * dV
{Sh'lhm' Ihar Tnes s I Laes Tmaes R Sor Loms ygy W € Qi = 0}, (31)
is just the singleton set of £, where £* is the endemic equilibrium point.

According to Lasalle’s Invariant Principle, it, therefore, means that £* is globally asymptotically stable in Q if
P, <P,

Sensitivity Analysis: In this section, sensitivity analysis is carried out to identify the most influential
parameter(s) on the reproduction number. The techniques in (Akanni and Adediipo, 2018) are applied. Given a
parameter, say f , the sensitivity index of Ro with respect to § is given by:

I(Ro=aﬁE

Where R, is defined as:

Apupb393 vAo,

Aplipb2,92
R, = max pbh i 2,\/ =, .(33)
(Phm+nnm+un)Au; N (Pra+nna+en)Au; (Phe+nnetor+rn)ipin

In sensitivity analysis, parameters with positive
indices contribute to an escalation of infections within
the community. Conversely, parameters bearing
negative sensitivity indices emerge as potential targets
for controlling the spread of diseases in the
community, as an elevation in their values correlates
with a reduction in the reproduction number. The

detailed results in (32) are presented in Table 4 and
visually depicted in Figure 1. The sensitivity analysis,
based on the initial values from Table 3, illuminates
that the most influential parameters for the basic
reproduction of malaria are b,,, 9,,, and w,. This
underscores the strategic focus needed to mitigate the
triple infection where malaria is dominant,
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emphasizing interventions aimed at diminishing the
malaria vector population. Similarly, for the basic
reproduction number of dengue, the most influential
parameters are puy, 94, and u,. This suggests that
effective strategies to counteract triple infection with
dengue as the dominant disease should concentrate on
reducing the dengue vector population. Lastly, in the
context of the basic reproduction of typhoid, the most
sensitive parameters are uy, and p,. This implies that,
to curtail the spread of triple infection where typhoid
prevails, one should prioritize minimizing exposure to
contaminated water and food while concurrently
reducing the discharge of typhoid bacteria into the
environment.

Table 3. Parameter Values

Symbols  Values Sources

Un 0.00004 Nthiiri, 2017

Uy 0.033 Nthiiri, 2017

y 0.645 Nithiiri, 2017

b, 0.15096 Nthiiri, 2017

by 0.000451 Estimated

I 12 Nthiiri, 2017

94 0.5 Estimated

v 1.37 x 10™°  Atokolo, W and Omale, D. 2018
Phm 0.038 Atokolo, W and Omale, D. 2018
Pha 0.1428 Estimated

Pht 0.0657 Atokolo, W and Omale, D. 2018
Nhm 0.0019 Atokolo, W and Omale, D. 2018
Nha 0.0015 Estimated

Nhe 0.002 Atokolo, W and Omale, D. 2018
gy 10 Atokolo, W and Omale, D. 2018

{a) Basic Reproduction of Malaria

\--..

wh b & m
(b) Basic Reproduction of Dengue

- -

h td 3 J

Sensitivity dex
0 oo MM
ow o 0 o

|
o w

Sensitvity

{c) Basic Reproduction of Typhoud
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Table 4. Sensitivity Indices

Parameter

Sensitivity Index

Basic Reproduction of Malaria

wh v o1 ub P nht

Parameters

Fig 1. Sensitivity Indices of the Parameters

Un -0.9989984972
by 2

Oy 2
DPhm -0.9514271407
Nhm -0.04757135704
Ky 2

Basic Reproduction of Dengue

Uy -0.9997228769
by 2

Yy 2
Pra -0.9893307467
Nha -0.01039212969
By 2

Basic Reproduction of Typhoid

Hp 1

v 1

0, 1

Hp -1

Dhe - 0.006525794270
um - 0.0001986543157

Conclusion: In this study, we conducted a global
stability analysis of the endemic point of the malaria,
dengue, and typhoid triple infection model, as well as
a sensitivity analysis. The results indicate that the
diseases can be eradicated or kept at low levels,
regardless of the population. Furthermore, the findings
suggest that strategies to reduce malaria and dengue
fever vectors should be prioritized to curb the spread
of these diseases. Additionally, minimizing exposure
to contaminated water and food, as well as reducing
the discharge of typhoid bacteria into the environment,
can help to reduce or curb the spread of typhoid in the
environment.
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