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ABSTRACT  

In this paper, a new approach for induction motor diagnosis, which called: Hilbert Park’s 

Vector Product Approach (HPVPA), is proposed, this processes offers unprecedented a high 

sensitivity in case of stator faults. In order to highlight the effectiveness of this method, this 

paper included with an important comparison between the proposed method and the proposed 

techniques in the recently research works; such as: Motor Square Current Signature Analysis 

(MSCSA), Park's Vector Square Modulus (PVSM), Park’s Vector Product Approach (PVPA), 

Park-Hilbert “P-H” ( PVSMP-H) and the classical method: Motor Current Signature Analysis 

(MCSA). The proposed approach bases on three essential steps: firstly, the Hilbert transform 

of the three phases currents will be aplicated, and then their instantaneous amplitudes will be 

extracted. Secondly, their current Park's vector components will be reduced. Finally, we apply 

the mathematical product of its two current Park’s vector components is applicated. 

Keywords: Hilbert transform .Induction motor Diagnosis .Inter-turn short- circuit .Park 

transform Spectral analysis.             
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1. INTRODUCTION 

Induction motors are commonly used in large range of industrial applications; because of their 

simple construction, reliability and the availability of power converters using efficient control 

strategies [1]. It is well known, that detection and diagnosis of faults allow preventive and 

conditional maintenance of electrical machines during scheduled downtimes and prevent an 

extended period of breakdown due to wide system failures [2]. For the fault detection problem, 

it is valuable to know if a fault exists in the system via online measurements [3]. By meaning 

of the diagnosis, it is not only used to detect the default, but also to locate it and to find its 

origin [4,5]. A variety of detection methods of induction motor faults are published and 

proposed by diagnosis research works. 

In [6], Sribovornmongkol proposed an on-line induction motor diagnosis system based on the 

analysis motor current signature analysis (MCSA) with advanced signal processing 

algorithms is proposed by [7]. 

In recent years; we have found in [8-10], authors who propose a more advanced signal 

processing method based on Park-Hilbert Transform “Park-Hilbert” (PVSMP-H ) [11] used the 

line current to obtain “motor square current signature analysis” (MSCSA) and “Park’s Vector 

Square Modulus” (PVSM ) have also used by [8-10,12] . 

In this work, an original technique will be proposed, which is called “Hilbert Park’s Vector 

Product” Approach (HPVPA). This new method is inspired from [7-12]) and especially our 

last paper [13,14] where we have used “ Park’s Vector Product Approach (PVPA) for 

Induction Motors Diagnosis”  which is based on an improved combination of Hilbert and 

Park transforms. Starting from this combination, we can release two fault signatures: Hilbert 

direct current Park ( IdP-H  ) and Hilbert reverse current Park (IqP-H). The product of these two 

signatures HPVPA is subsequently analyzed using the classical fast Fourier transform (FFT). 

We will compare our new technique HPVPA to approaches proposed in the paper recently 

published. We also aim at identifying the efficiency, the sensitivity, the advantages and strong 

points of our new proposed diagnostic method. 
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2. Stator Current Harmonics in Induction Motor 

The air gap field of an induction motor fed by a sinusoidal voltage supply waveform 

comprises a wide range of different space harmonics [15]. The following analysis assumes 

that these air-gap flux harmonics are a result of the interaction of air-gap permeance with 

harmonic magnetomotive force (MMF) waves [16, 17]. Knowing that only harmonics due to 

slotting are considered here (rotor slot harmonics). In [15,16], rotor slots harmonics (RSH) 

generated in the stator line current are presented for a healthy machine at frequencies given by  

Eq. (1)  : 
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Where , k  :is a positive integer, “1” is a fundamental harmonic , s : is the slip , rN : is the 

number of rotor slot, p : is the number of pole pairs, sf : is the fundamental supply 

frequency . 

For a stator winding formed of three identical coils and fed by a balanced voltage system, one 

must find, only the currents (induced by induction), the rank is odd, and is not a multiple of 

three. Therefore, we note that only the RSH who’s their order belongs to the following set can 

be detected [15]   : 
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  : is a positive integer 

For against, and in practice there is always a certain level stator unbalance from different 

origins (problems in the supply voltage or residual asymmetry  in stator windings or neutral 

connection); in this case, all the harmonics, even those having a multiple rank of three will be 

present in the spectrum of the stator current. Finally, we can see that for a healthy functioning, 

the stator current of an induction motor cage consists of two series of harmonics [8-10,18] : 

1-A series of harmonics of the time (TH) of frequency: 

  sTH hfhf    or   shfTH            (3)  
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2-A series of harmonics of rotor slots (RSH) of frequency: 

    s
r

RSH fs
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kN
hskhf 








 1,,  or )( rrs fkNfhS          (4) 

Where, ,...5,3,1h  is the time harmonic order. 

And in practice, we also have other harmonics called Rotor Bar Fault Harmonics (RBFH), 

due to the inherent rotor cage asymmetries. On the other hand, we notice the Eccentricity 

Fault Harmonics (EFH) due to the inherent level of mixed eccentricity. We can see that for a 

healthy functioning, stator current of an induction motor cage consists of two other following 

series of harmonics given by [8-10,18,19]  : 

 

3- A series of Harmonics of Rotor Bar Fault ((RBFH) of frequency 

 skhf RBFH ,, =   sfksh 2   or      sfkshR 2
      (5)  

4- A series of harmonics of Eccentricity Fault  (EFH) of  frequency: 

 skhfEFH ,, = s
r fs

p

kN
h ))1((   or   )( rrs fkNhfE        (6)  

Where:  







 s

r
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p

N
f )1(  : is the mechanical rotor speed. (See Table 1). 

 

3. Study of the Stator Current with its Harmonics 

We will focus our study around the phase currents .Because our work and mathematical 

calculations are based essentially on fundamental and all existing harmonics. Thus, the 

instantaneous current circulating in the phase "a","b" and "c", of our three-phase 

asynchronous motor [8,20] is given by (Eq.7): 
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And we will replace the harmonics mentioned above in the expressions given by [8,20].These 
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equations become as follows Eq.(8):  

where THhI


, kSI 



, kRI 



 and kEI 



are , respectively, the supply phase maximum current  for 

the TH , RSH, RBFH and EFH (amperes)(see Table 1 and  Fig.3.); and, finally, t :  is the 

real  time (seconds).  With, ,...9,7,5,3,1m  and  ,...4,3,2,1n  

Table 1. General expression of the different harmonics of the stator current [8-10, 18] 
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Park transformation is used to transform stator currents from the three-phase system (A-B-C) 

to the two-phase system (D-Q). The expression for transformation is as presented by [6, 

21-23]: 

       titititi scsbsasd )
6

1
()

6

1
()

3

2
(   

 (9)  
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In an ideal condition, when only fundamental harmonics exist, the   tisq  and   tisd  in 

Eqs (9) and (10)  have physical meanings, and are simplified in steady state such as [24]: 
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But , under  abnormal  conditions, with the unwanted harmonics such as odd harmonics in 

stator current due to asymmetry in motor structure and/or power supply [6,24]  ,and after the 

replacement in their equations, we find the following expressions: 
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4. Detection of inter-turn short-circuit in the stator winding fault 

When a short circuit happens, phase windings have less numbers of turns, so consequently 

they will produce less MMF. Furthermore, the currents that flow in the shorted windings will 

also produce MMF, which is opposite to the main MMF produced by the phase windings 

[6].This deformation of the netting air-gap MMF, will certainly generates harmonics in the 
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stator current with characteristic frequencies components [6,25], so the following notes can be 

extracted:  

a)- All TH raise significantly due to inter-turn short-circuit. 

b)- This fault increased considerably the majority of the RSH 

c)- The amplitudes of RBFH, which represent the theoretical signatures of broken rotor bars, 

are also increased notably due to the inter-turn short circuit. 

d)- All the amplitudes of EFH which represent the theoretical signatures of the air-gap 

eccentricity, are also strongly augmented [8-10,12] (show Figure 3). 

In this study, the very small increase in slip during the default will be ignored :  ss ' . Thus, 

the expression of the stator current during an inter-turn short-circuits in the stator-winding 

fault is: 
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With: THhTHh II


' ,  hShS II 



' , kRkR II 
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kE

II 




'   ( 's  :is the slip of a  
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5. Theory of the Hilbert transform  

The Hilbert transform is a linear operator which takes a signal  ts  and produces a transform 

H(t) in the same domain. The operator can be considered as a time domain convolution 

defined by the following equation [14, 26]: 
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The complex form of the signal is known as analytic signal. The unique complex 

representation of a real signal  ts  is given by [27]: 
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Using the mean value theorem, we can evaluate [27]: 
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t
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 (18)  

Therefore, Hilbert transform is obtained if the original signal,  ts  , is convolved with  

t

1
  , if the signal is of the form,  ta .  tcos  Which is like a real signal and may be 

written as [27] : 

              ttajHttatSjtStS  coscos
~~~

ImRe   (19)  

Or  ,         tjttatS  sincos
~

  (20)  

Or ,      tjetatS 
~

  (21)  

The Hilbert transform produces a complex time series. The envelope, which is the magnitude 

of this complex time series, is a representation of the estimate of the modulation contained in 

the signal due to lateral bands (the instantaneous amplitude  ta ), as defined by next equation 

[7,26] : 
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The function of phase modulation (instantaneous phase)  t is expressed as [7]: 
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6. Detection Fault Using Hilbert Park’s Vector Product Approach (HPVPA) 

Mathematically, the Hilbert Park’s Vector Product Approach (HPVPA) is defined by the 

previous equations (16)-(23). 

The Hilbert transform of a stator current, which is called the analytical signal, is given by the 

following expression [8-10]: 
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The instantaneous amplitude according to the equation (22), of a stator current is obtained by 

the below equation [8-10]: 
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So this approach is mainly constructed on the following stages: 

1) Determination of the instantaneous amplitude for each stator currents : )(
~

tisa , )(
~

tisb  

and )(
~

tisc
. 

2) Calculation of the following components :  HdPi   and  
HqPi 
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 (26)  

3) Finally, the Hilbert Park’s Vector Product Approach (HPVPA) is obtained by the following 

FFT expression analysis (Show Fig.1. and Fig.8): 

HqPHdP ii  HPVPA   

(27)  

 

 

 

Fig.1. Stator Faults diagnosis in induction motor with the use of different approaches 
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7. The most used diagnosis fault approaches 

7.1. Motor square current signature analysis (MSCSA) 

MCSA approach uses the spectrum analysis of one motor stator phase current. The proposed 

approach is based mainly on the spectrum analysis of the square stator phase current. In this 

proposed approach MSCSA, for a healthy motor the spectrum of the square current has a 

fundamental component at the frequency 
 

 


2
2

2 s
sf   along with a DC component, as 

presented in the figure 1 and figure 5 [11]: 
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The analytical computation is simplified and only the harmonics whose amplitude is 

important will be taking in consideration. So, the harmonics:  
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The instantaneous square phase current is given by [11] and after replacement in his equation, 
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(31)  

Equation 31 shows a DC component, sf2 frequency component, and harmonic components at 



A. Allal
 
et al.            J Fundam Appl Sci. 2019, 11(2), 994-1022              1004 

 

 

frequencies   sfks 21 ,   sfks 221  .The spectrum of this square current, presented which 

presented in figure 5, contains additional components at frequencies sskf2  [11,28] . 

The expressions in a general way can be written as following: 

1h  




sf2

 component. DC  theis , Hz 0
 Thus we can make a general 

formula:   sfhTH 1 . 
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Therefore, we can draw that: 
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In current comparison, study case, only:    sfkshR 21   is taken 

As the same previous procedure, for the other harmonics, calculation is included: 

  sfhTH 1  and     sfkshR 21   

  srs fsNfhS ))1(1( 
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The same computations for b) and c) of  equation 29. 

It is noted that, our proposed approach HPVPA ,PVSM , PVPA and PVSMP-H  has the same 

harmonics as those of MSCSA cited, above. Without simplification of the computation, we 

find all the different harmonics in Table 2. 

Note: We will find the same expressions in the case where there would be a default, but we 

replace only Î  by 'Î , with 'ˆˆ II   and the same procedure for  the following operations. 

7.2. Park’s vector square modulus (PVSM) 

Recently used and giving good results method for detection of faults in electrical machines is 

analyzing the spectrum of Park’s Vector absolute value [29].  

Considering TH  and R harmonics only and taking into account the Eqs. (13) and (14), it 

can be shown that Park’s vector square modulus will be equal to the equation given by [24] 

and we will replace it in the equation  given by [24].This equation become as follows:  
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(37)  

Consequently, in the Eq.(37) the Park’s Vector Square Modulus  spectrum is the sum of a DC 

level, generated mainly from the fundamental component of power supply, plus two 

additional terms at frequencies ssf2  and ssf4  .In general sksf2  ,( See  Fig.1.  and   

Fig.4 .)[24]: 

The expressions can be deduced in a general way: 

  component. DC  theis  Hz 01h  Thus, we can make a general formula:   sfhTH 1   
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 we can deduce a general formula     sfksh 21    (38)  

Therefore, we can draw that: 
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 (39)  

It is noted that, the approach PVSMP-H  studied below , has the same harmonics as those of 
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PVSM cited, above, Table 2.  

 

7.3. Park–Hilbert Method (PVSMP-H) 

Mathematically, the Park–Hilbert method is defined by Eqs. (24) - (26) and used by [8-10] but 

the Eq. (27) is changed by the following expression (See Fig.1. and Fig.6): 
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7.4. Park’s Vector Product Approach (PVPA)  

Our last paper [13, 14] where we have used “ Park’s Vector Product Approach (PVPA) for 

Induction Motors Diagnosis” is mainly based on the product of di with qi current (See 

Fig.1): 
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Eq. (44) has a component at frequency sf2 , side-band components at  rs ff 2  and 
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 rs ff 2  and the  additional components at rf , rf2 ,.Fig. 7 presents the spectrum of the 

PVPA and this harmonics with  psff sr /)1  is a  rotor frequency and p is a number 

of pole pairs.  

We can deduce the expressions in a general way: 
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In our comparison study case, we take only:    rr kffh 1  

From the same procedure for the other harmonics, 
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we do the same calculation, we find: 

 

   sfkshR 21  ,   sfkshR  '
and   sfkshR 2
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 (49)  

The same computations for a) and b) of Eq. (29). 

It is noted that, our proposed approach HPVPA, PVSM , MSCSA and PVSMP-H  has the same 

harmonics as those of PVPA cited, above. Without simplification of the computation, we find 

all the different harmonics in Table 2. 

Note: Always, we will find the same expressions in the case where there would be a default, 

but we replace only Î  by 'Î ,with 'ˆˆ II   and the same procedure for  the following 

operations. 

Table 2. General expression of the differrent harmonics for the other approaches studied 

Harmonic Types The general expression of the 

HPVPA , PVPA , MSCSA, 

PVSM a) and PVSMP-H a) 

(The considered harmonics) 

The general expression  of  the 

exclusive  harmonics of the 

HPVPA , PVPA , MSCSA, PVSM   

and PVSMP-H 

(which are not considered in our 

study) 

Time Harmonics 

(TH): 
  sfhTH 1 a) shfTH '

, rkfTH ''  

Rotor Slot 

Harmonics (RSH) 
  rrs fNfhS  1  a) rrs fNhfS 

 

Rotor Bar Fault 

Harmonics (RBFH) 
   sfkshR 21   a)   sfkshR  '

,   sfkshR 2
'

  

Eccentricity Fault 

Harmonics (EFH) 
  rs kffhE  1  a)   rs kffhE  1

'

 

a) [8-10] 

8. Experimental Results and Discussion 

In this paper , the approaches studied above, were applied to a squirrel-cage induction motor 

under normal operation and Inter-turn short- circuits faults in the Stator Windings.The motor, 

used, in the Laboratory of Biskra university –Algeria -(Laboratoire de Génie Electrique de 

Biskra- LGEB-), is a three-phase squirrel-cage induction motor , 50 Hz, 3 kW, 4-poles 
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( 2p ), Y connection , 200 turns per phase and with 28 rotor bars. 

Normally, Fourier transform-based approaches are used for supervising power system 

harmonics. In order to maintain the computational accuracy of Fourier transform, the 

stationary and periodic characteristics of signals are generally required  [30,31] . 

Most references use a logarithmic Fast Fourier Transform FFT of the spectra benefiting from 

the effect of the logarithm, which raises the harmonics whose amplitudes are very low.  . 

Therefore, we will use an analysis logarithmic FFT of the spectra of the amplitudes for the 

studied approaches which can make the comparison between different methods of diagnosis. 

 Figs.3-7. clearly show the characteristic signatures of faulty stator, their amplitudes and their 

specific frequencies for all methods of diagnosis studied, above, depending on the motor state: 

 

Case 1 - Motor is running under full load conditions: 100 % of its rated load  035.0s . 

a) – healthy motor.          

 b) – faulty stator:  * Ntsc =   4  turns  short-circuited (see Fig. 2).  

                 * Ntsc =  10   turns  short-circuited 

Case 2 - Motor is running  under  medium load conditions : 60  %  of its  rated load 

 021.0s . 

a) – healthy motor.          

 b) – faulty stator:  * Ntsc =   4 turns  short-circuited .  

                 * Ntsc =   10  turns  short-circuited 

Case 3 - Motor is running  under  low  load conditions :  20  %  of its  rated load 

 0095.0s . 

 a) – healthy motor.          

 b) – faulty stator:  * Ntsc =   4  turns  short-circuited.  

                 * Ntsc =   10 turns  short-circuited. 
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Fig. 2. Simplified representation showing how to make an inter-turn short- circuit in the stator 

windings 
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Fig. 3. Spectrum of the MCSA, for healthy motor (a) and with 10 turns short- circuited (b) 

(100 % of nominal load) 
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Fig.4. Spectrum of the PVSM, for healthy motor (a) and with 4 turns  short- circuited  (b) 

(60 % of nominal load) 
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Fig.5. Spectrum of  the MSCSA, for healthy motor (a) and with 10 turns short- circuited (b) 

(20 % of nominal load) 
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Fig. 6 Spectrum of the PVSMP-H, for healthy motor (a) and with 4 turns short- circuited (b) 

(100 % of nominal load) 
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Fig. 7 Spectrum of the PVPA, for healthy motor (a) and with 4 turns short- circuited (b) 

(20 % of nominal load) 
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Fig. 8. Spectrum of the HPVPA , for healthy motor (a) and with 10 turns short- circuited (b) 

(60 % of nominal load) 

 

To make a comparison of objective sensitivity between the six approaches in diagnosis. We 

must seek a very precise method recently used in specialized publications. 

 

8.1. Comparative study using the Global Relative Indexes 

The principle of this method is used by [ 8-9,18,32] , but we have improved it.This method 

improved has been used  since it can give an excellent comparison between the different 

studied approache.This method improved gives us an overall result of all amplitudes 

differences between the healthy state and defaulting state. Therefore,  we will use the “partial 

relative indexes “ (
HAPPRI

.
)for all approaches and  for each type of harmonic , according to 

eq.(50) ,Fig.9 and Fig.10:  
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Table 3. Cconsidered harmonics which are used to calculate 
HAPPRI

.
 

Harmonic Types Expressions of the considered 

harmonics MSCSA, PVSM, 

PVSMP-H 

,PVPA, HPVPA 

Expressions of the 

considered harmonics 

MCSA 

Time Harmonics 

(TH): 
-   sfhTH 1  

with    .9,7,5,3h  

- shfTH 
  

with  .7,5,3,1h  

Rotor Slot 

Harmonics 

(RSH) 

-   rrs fNfhS  1   

 

with  21,19,17,13,11,9h  

 

- rrs fNhfS   

 

with  .19,17,15,13,11,9h  

Rotor Bar Fault 

Harmonics 

(RBFH) 

-    sfshR 21   

with    .7,5,3h   

-   sfshR 2


 

with    .5,3,1h  

 

Eccentricity 

Fault 

Harmonics 

(EFH) 

-   rs ffhE  1   

 with    .7,5,3h  

- rs fhfE   

with  .5,3,1h  

 

HPVPAorPVSMPVSMMCSAAP HP ,,     and    EFHorRBFHRSHTHH ,,     

HAP
N

. : number of harmonics taken into consideration ( THAP
N

. =  4  and RSHAP
N

. = RBFHAP
N

. = 

EFHAP
N

. = 6). 

We will change the reference point, by adding 120 dB, for rendering all data in positive 

number in order to simplify the computation depending on eq.(50). 

Our analytical computation will extend to the frequency 400 Hz, taking into account the 

harmonics whose amplitudes are more important according to Table.3. 
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We begin our calculation by the ideal motor operating mode: motor is running  under full  

load ( 100 % of its rated load). 
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Fig. 9. Different partial relative indexes (PRI) corresponding to each approach with 4 turns 

short- circuited(20 % of nominal load) 
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Fig. 10. Different partial relative indexes  (PRI) corresponding to each approach with 10 

turns short- circuited(100 % of nominal load) 

 

Finally, we find the “global relative indexes “(GRI) that will give us a global sensitivity for 

each approach: 

4

.... EFHAPRBFHAPRSHAPTHAP
AP

PRIPRIPRIPRI
GRI


  (51)  

 

Figures 11 and 12 give the ranking of different approaches depending on their sensitivity, by 

using global relative indexes method; it is clearly shown that the approach HPVPA has been 

classified in the first position under full load excepted in figure 11-d. 

For the second case, motor is running under low load (20 % of its rated load), the same work 

is doing, while the third case under medium load (60 % of its rated load).  

Figure 13 shows that HPVPA is more sensitive than all other diagnosis techniques for 

different regimes of motor operation with 4 and 10 turns into short- circuit in phase 1.  

Thus, the final ranking of the sensitivity approaches, which we have studied, is given in figure 

3 and table 4 with their most sensitive types of harmonics. 

The proposed HPVPA approach has occupied the first sensitivity place for this type of fault. 
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This proves that this technique is highly sensitive than any other recent approaches found in 

the diagnostic literatures. 
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Fig.11. Different global relative indexes  (GRI) corresponding to each approach for healthy 

state with various loads (a) and with 4 turns short-circuited under: low load ( b) , medium load 

( c), and full load (d) 

1 2 3 4 5 6
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1 2 3 4 5 6
0

0.2

0.4

0.6

0.8

1

1.2

1.4

G
lo

b
a

l 
re

la
ti
v
e

 i
n

d
e

x
e

s
 (

G
R

I)

1 2 3 4 5 6
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1
0

0.5

1

1.5

2

2.5

3

3.5

1.0936

1.0906

1.0854

1.082

1.0000

1-PVSM
PH

1-PVSM

1-MCSA

2-PVSM
PH

3-MSCSA

4-PVPA

5-PVSM

6-MCSA

2-PVSM
PH

3-MCSA

4-MSCSA

5-PVSM

6-PVPA

d)

b)

c)

2-PVSM
PH

3-PVSM

4-MSCSA

5-PVPA

6-MCSA

1.2437
1.2042

1.0964

1.0596

1.2355

1.0755

1.264

1.0954

1.0838

1.0822

1.0942

1.194

1.0759

1.1848

a)
1-HPVPA

1-HPVPA

1-HPVPA1-HPVPA

1-MSCSA

1-PVPA

 

Fig.12. Different global relative indexes  (GRI) corresponding to each approach for healthy 

state with various loads (a) and with 10 turns short-circuited under: low load ( b) , medium 
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Fig.13. Experimental sensitivity of HPVPA proposed compared to other recent diagnosis 

techniques (with,4 turns into short-circuit a) and 10 turns into short-circuit b)) 

9. Conclusion 

This study was based on an experimental test bench which extremely provided very accurate 

results .Thus; a comparison between the different approaches recently used in the field of 

diagnosis was well satisfied. These experimental results have lead to find a particular 

approach which really has a high sensitivity compared to the other recently published 

techniques. 

According to Figs.3- 13, it is very rare to find an approach with a very high sensitivity 

comparable to these methods diagnosis recently published ,such as our proposed technique. 

Finally, we have already laid hands on a unique method HPVPA whose sensitivity absolutely 

dominates all other modern techniques ,which have been classified, according to their 

sensitivity, successively PVSMP-H  , MSCSA, PVSM  ,MCSA and PVPA and which covers 

broadly : the detection of Inter-turn short- circuits in induction motor (see Fig. 13 ). Especially, 

the surveys related to induction machine have reported that a large percentage of their 

defaults ,who  is caused by stator winding faults . 
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This work is devoted to incipient faults detection of stator. This gives the possibility to move 

from preventive maintenance to predictive maintenance in aim to avoid unscheduled stops 

and ensuing costs, which assure a reliable chain of production. 
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