The Z-Transform applied to birth-death Markov prosses Kundaeli

THE Z-TRANSFORM APPLIED TO BIRTH-DEATH MARKOV
PROCESSES

H. N. Kundaeli,
Department of Electronics and Communication,
University of Dar-es-Salaam,
P.O. Box 35194,
Dar-es-Salaam, Tanzania

ABSTRACT

Birth-death Markov models have been widely usedhe study of natural and physical processes. The
analysis of such processes, however, is mostlygueréd using time series analysis. In this report, a
finite state birth-death Markov process is analyzed using théransform approach. The performance
metrics of the system and their variation with tegstem parameters are then derived and presented.
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INTRODUCTION cation systems the models have been used to inves-
The study of physical systems has relied heavilfigate packet transmission in CDMBased com-

on the approach of building models, and using theunication (PereRRomeroet al, 2003), diversity
models to both analyze and design the systemis. systems employing receiver diversity (Yang and
Some of such models initially developed to studyAlouini, 2004), block error processing for systems
problems in mathematics and physics have turnemperating in fading environments (Hueda and Rod-
out to be very novel tools for investigating andrigruez, 2004), and synchronization in high speed
solving problems in other fields of study communication systems (Kundaeli, 1998; 2002). In
(Rojdestvenski and Cottam, 2000; Drummondgomputer systems the models have been used to
2004). One of such models is the birth-deaticharacterize the storage and flow of information
markov model, which is used to characteriz€Kleinrock, 1975) and the allocation of channels in
processes involving some kind of populationnetworks supporting mobile computing (Leeal,
Since many processes can be analyzed using tti899). In biological systems the models have been
model, it has been widely used to study the dydsed to study population extinction times (Tomiuk
namics of natural and physical systems. Amongnd Loeschcke, 1994) and the evolution of genes
the areas in which birth-death models have bediKarev et al, 2004). Birth-death models have and
employed are communication systems, computeran therefore be used to solve a diversity of prob-
data storage, and biological systems. In communiems.

Journal of Science and Technology, Vol. 28, No.Ajgust, 2008 75



The Z-Transform applied to birth-death Markov prosses Kundaeli

The approach normally used to study processesigrbifMarkovian characteristics is time series gnal
sis. The derivation of the performance metrics, éwmr, can also be accomplished by using the z-
transform, which is quite applicable to cases wileeesystems under investigation exhibit disctite
dependence (Kleinrock, 1975). In this report, thieansform is used to investigate the performance of
process exhibiting birttdeath Markovian properties. The performance paemmetf the process are de-
rived, and it is then shown how the derived scheamebe used to characterize various real life psEe

SYSTEM ANALYSIS

The transition diagram of the system analyzedigréiport is given in Fig. 1, havirgt+1 states numbered

0 to N with the transition probabilities between the edatlso shown. The transition diagram can be re-
duced to that of Fig. 2 using state reduction tegles found in Howard (1971). In making the derowa

in this report however, the same notations usezhihier reports by the author (e.g. Kundaeli, 20@R)e
been maintained in order to ensure consistencythéfeintroduce the following extra parametéss n,

M =m- nandJ =N - mwith 0< n<neN to obtain the partial transfer functions in FAcas

Po Py Py P Py

Qo|: 0 1 2 3 4 5 j Ps
Q Q Q Q Qs

P13 Py Py P1y

Fig. 1: The transition diagram of a finite state lirth-death process with N =5
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Fig. 2. The reduced transition diagram of Fig. 1.
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Fmm(J,2), M<1

F ()= {me(J,z)+ Fon(M.2), M>1

where

QzK=0,

QRZ +P,Z,K=1

(+Q2)

QRA-QINAKZYQRZTAKZ)
(:QZL{K2}QRZTAKZ)

FolKZ)

+p,z,K>1

Plezszz(M- 2)
T2aM, 2)
P1Q122T22(M: 2)
Ta(M, 2)

n=20

Fm(M, 2)=

n#0

PvzJ=0
PQ,7

FrnlJZ) +P;z,J=1

R2)
RQA(- 242y PQ,2T:437)
(P22} PQ, ZTA37)

+Pyz,J>1

QP.ZT»(M2)
T(M2Z)
QP.ZT»M2)
T:(M2Z)

, Mm=N
FrolMZ)=
m# N

T(UzF Uzl('l)k A(ij)(l' F’nz)u_zki (P1Q122)k

(U -k-i)!
AU, ki) = (U -2k-i) k!’
0, otherwise

U =i

andU; = floor{(U-i)/2}.

Using (1) and (2), the transfer function from state mis given by

Fn(2)

Dn(2)= - Fu)

(4)

(%)

(6)

()

(8)

9)

(10)

(11)
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from which we obtain the transition time from stat® m as

d
nm— o 1" 12
L dz (q)nm)z—l ( )
We then use the following notations in the ensdiegvations
d
Tiu =Tijj (U,ijzl, Tiu=— (Tij (U 7Z)E (13)
dz »

and consider two cases= 0,M >1 andn>1, M>1 because the other cases can be obtained from the
Whenn=0andV > 1

M-1_M
PO Pl A (14)

Fom(2)= ToM.2)

PoQ; ZTa(M,2)

and Fn(2)=Q,z+
° T21(M,2) (15)
Therefore
PPy 2"
D2 071 . (16)
(1-Q, 2)T2(M,2)- Py Q, T 2(M,2)
If we apply (12) to (16) and perform some algebra@nipulations we obtain,,, as
_Tamt PoGum (P1) (17)
an_ M -1 .
Po P1
where
Gm(P1)=@1-p1 )"
S-1 K M k-1 ke ke* kc
T (1)M-1)A-Pu) Plf[ZUs'l' ZVS-ZWS}
k=1 s=0 s=0 s=0
2S8-2 ‘ M -k-1 ke ke* ke
+ > (1)'M -1)(@- Pu) "P{ doUsT Y v Y Ws}
k=s s=kS+1 s=k-S s=k-S+1 (18)
S-1 K M k-2 _k kc X ke* . ke .
-2 (D) @-P) R Y Ut Y v - Y wi
k=1 s=0 s=0 s=0
2S-2 K M k-2 ke ke* ke
-2 () @P)"RE S Ut Y vis > owh
k=8 s=k-S+1 s=k-S s=k-S+1
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whenM is even and given &8 = 2Sand

Gu(P)=(1-Pu)" ?+SpY2

S1 K M k1 kc ke ke
> (1)'(M-1)(2-Pu1) P'{{ZU# D Vs- Zws}
k=1 s0 s=0 s=0

252 K M k1K kc Ic* kc
+ D (D'M-1)APw)” TP Y Ust D Vst Y Ws (19)
k=S s kSt1 s kS s kS

S k M -k-2 _k ke * ke * ke %

= D (1 A-P1) P Y US T D Vi D wis
k=1 s=0 s=0 s=0
252 ) M2 ke ket ke

- Z(-l) (1-P11) P1 Z ust ZVs - Z\/\fs
k=S s kS+1 s kS s kS

whenM is odd and given dd = 2S5+ 1 with

U .- M -k+ s-2)!
* (M -2k+ 2s-2)! (k - 2s)! s!
V.= (M -k+ s-1)!
(M -2k+ 2s)! (k - 2s-1)! s! (20)
W= (M -k+ s-1)!
® (M -2k+ 2s-1)! (k - 2s)! s!
and
U= (M -k+s-2)!
(M -2k+2s-3)! (k-2s)!'s!
V= (M -k+s-1)!
* (M -2k+ 2s-1)! (k - 2s-1)! s!
(21)
WS (M -k+s-1)!

" (M -2k+ 2s-2)! (k - 2S)! S!
k. = floor{k/2} and k. = floor{(k-1)/2}.
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The elaborate algebraic manipulations have beettestin deriving (18) and (19) but interested reade
can contact the authors for details. Note that iltenl,Gy(P1) = 0 and therefore

1
L nm~—
Po (22)
Whenn > 1 andM > 1 we obtain
pY 2"
T21(M,2)

Frm(ZF

(23)

and
QP Z|(1- Q2T 2(K,2)- Q P 2T 24(K 2)
(1-Q, 2)T21(K,2)-Q, Po 2T 2(K,2)+ P14(2)
+ P.Q, ZT2(M,2)
T21(M,2)

Fn(2~
(24)

thus giving

A (1 Q2NAK2Y QRZTAKZ]
(3 Puz)r{M Zt(l'Q)Z)rzl(KZ)'QlPo ZZTzz(KZ}
-QRA(1Q2NAKZ) QR ZATAKZ|T.{M7 25)
-PQZTAMZN L Q2NAKZy QR 2T AKZ]

Al ZF

Again, using (12) and applying algebraic manipaladito (25) we obtain

_ PoTaim Py Po P G (P1)*+ PoQ;Taim [GK( P1)-PrH( P1)]+ QszlM (26)

an +K -
popY

WherEHu(X) = GU,]_(X).
Note that whem = 1 andM > 1 then

_ Toim [Po"' Q;]"' PoP1Gum(P1)
P, P

Lom 27)
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whenn>1 andM = 1 then

_ PoPE+Qf + PoQ)[Gr (Py)- PuHK (P)]

Lom < (28)
Po P1
and whem =M =1 then
_ 1+ Py-Pi-Pu
— . 29
nm PO Pl ( )

The transition times from staie to n can be obtained in a similar manner to thosefiarm. Therefore,
whenm=N andM > 1

Pmn(2)= Q,Q/"2"
1-PuD)T2M, 2)-Q P12 T (M, 2) (30)
and therefore
L= T21M+Qmﬁﬂ(Q1)l (31)
QnQ;
Likewise, wherm <N andM > 1 we obtain
. Y 2[4 Pu2ITei(K 2 PLQUZToAK 2]
(1 PuZT (M Z)(1- Py 2)Ts(K 2 PLQu 2T K 2)
- P1Q122 [(1' Py Z2)T2(K,2) PiQ, vd T23(K:ZjT21(M Z) 42
-QPZTAMZL Pu2)T K2y PIQu ZToAK Z)
which gives
e QT QL+ Q1 G (QU)* QuPiTaan|Ga(Qu)- QuH (U * Pi Tz @3
Q@ ™
From the above results, wher= N-1 andM = 1 then
_1+Qy-Qi-Pu
m Q,Q, (34)
and wherm=N andM > 1
L =Taw B?B?E(Ql) _ )
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RESULTS AND DISCUSSION 200
The results of the analysis are given in Figs. 3 to 1%
10. In these results, it is assumed that transition
between states take place at regular intervals de-
noted by T, and the transition timiesm andLmn 150
are then given as multiples of T. Also, unless-indi § 140
cated otherwise, the parameters have been fixed at ¢
Py =Qn = 0.5,P; =P;; = 0.33,N = 10,n = 2 and o
m = 6. Fig. 3 shows how the transition time from
state 2 to 6 varies with the transition probability o
(Po) in state 0. As expected, the transition time is 80
very high at low values d?, indicating the high '
reluctance of the system to leave state 0.PAs
increases, however, the transition time decreas€ig. 3: The variation of Lnm with Py at P; = Pyy
as expected. In Fig. 4 it is seen that the tramsiti = 0.3, n =2 and m = 6.

time from state 2 to 6 decreases very sharply, as P
increases, implying that the high valuePgfforces 12000
the system to move to state 6 faster. It is alsose 11000 —
that R has a higher effect on the transition time lgggg 7
than RB. Fig. 5 shows that the transition time in- ;5. -
creases witlP;1. This implies that the systemhasa 7000} —
higher tendency to stay in any state Rg in- § 6000[— —
creases. Fig. 6 shows the transition time as a func > %[~ 7
tion of n whenm, the state to which the systemis ;01— ]
supposed to transit to, is fixed. It is seen that t 2000 — —

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

transition time does not decrease sharply ap- 1000 — [ [ [ [ LT
proachesm as would be expected. This can be %1 02 o3 o4 o5 o6 o7 o8 oo
attributed to the fact that the system spends appre Py

ciable time looping in the states belowand this _. . . _
increases the t?angsition time. Fig. 7 shows that th_'; 4 Tbe varlat_|on of an_w'th Piat Py = (1-
transition time increases as the state to which /2, R =05n=2andm=6.

the system is to transit to, increases. It is aésen O r—T—T1 T T T T T 1
that this curve takes on a shape that is oppasite t
that of Fig. 6. Fig. 8 shows how the transitiongim
from a higher staten to a lower one varies with 200
Qn, the transition probability in staté. The shape .

of this curve resembles the one in Fig. 3 as exs
pected. It is also seen in Fig. 9 that the tramsiti
time from statean to n decreases asapproaches
m. This is expected because the distance between so
m andn decreases with. Finally, Fig. 10 shows oL L L L
as expected that the transition time from state %0 o1 o2 03 04 05 06 07 o8 oo
a fixed staten increases am increases. The be- Py
haviour of the system has therefore been well il- - ,
lustrated by the presented plots. Whereas the§&- 5: The variation of Lnm with Py, at P, = (1-
results represent some sample behaviours of suE/2, Fo=0.5,n=2and m=6.

250 —

100
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200
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Fig. 6: The variation of Lnm with n at P;; = P;
=0.33,B=0.5and m=N = 10.
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Fig. 7: The variation of Lnm with m at P;; = P;
=0.33,B=0.5,n=0and N =10.
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Fig. 8: The variation of Lmn with Qy at Py; =
Q:=033,n=2,m=6and N=10.
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Fig. 9: The variation of Lmn with nat P;; = Q; =
0.33, @ =0.5,and m=N =10.
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Fig. 10: The variation of Lmn with m at P;; = P;
=0.33,Q=0.5,n=0and N =10.

a system, other behaviours can be obtained by using
different parameters.

As mentioned earlier, some communication sys-
tems can be represented by the birth-death model.
For example, in some communication systems a
bidirectional counter is employed to implement the
synchronization algorithm. In such cases, the syn-
chronization states of the system are represented b
the states of the counter, and the transition prob-
abilities between the states of the counter reptese
the probabilities of receiving either corrupted or
uncorrupted synchronization information. The tran-
sition timesLhm andLmnthen represent the time it
takes the system to gain or lose synchronization
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respectively. The model can also be employed inlueda, M.R. and Rodriguez, C.E. (2004). On the
queuing systems. In this report, however, the relationship between the block error and chan-
model is applicable if the single queue single nel-state Markov models in transmissions over
server model is employed. In such cases, the dura- slow-fading channels EEE Trans. Commun
tions needed for the number of users to change 52(8):1269-1275.

from n to m orm to n areLnm andLmn respec- yarey, G.P., Wolf, Y.I., Berezovskaya, F.S. and
tively. Finally, many biological systems can be Koonin, E.V. (2004). Gene family evolution:

represented by the birleath model. In such An in-depth theoretical and simulation analysis
cases, the states used in this report represent the ot o jinear birth-death-innovation models,
population of the biological system. Since thehbirt BMC Evol. Biol 4:32.

and death rates in a biological system are not nec- ] ] ]
essarily constant, they need to be normaliseceto tikundaeli, H.N. (1998). The analysis of a transmis-
population in each state, thus making the model Sion system employing SONET-like frames,
investigated in this paper applicable. The time Computer Communication81:530-537.
needed for the population to change frome mis  Kundaeli, H.N. (2002). The analysis of a transmis-
thenLnmwhereas the time needed for the popula-  sion system with a birth-death structured re-
tion to change froomto nisLmn ceiver, East African Journal of Science3

CONCLUSION , (2):71-84. .

The analysis of a birtiileath process in which the Kleinrock, L. (1975). Queueing Systems. Vol.1:
birth and death transition probabilities are fixed  Theory. John-Wiley and Sons, New York.

has been investigated. It has been shown that thge W.-C., Hu, Q. and Lee, D.L. (1999). A study
obtained results represent the expected behaviour of channel allocation for data dissemination in
of the system, and the investigated model can also mopile computing environment®jobile Net-
be used for practical systems. It can for example \ork and Applications4:117-129.

be used to investigate frame synchronization sys- .
tems that employ bidirectional counters to stor& €réz-Romero, J., Agusti, R. and Sallent, O. (2003)

the state and status of synchronization, queuing Analysis of Type Il Hybrid ARQ strategy in a

systems in which the arrival and service rates are DS-CDMA packet transmission environment,
constant, and the population dynamics of biologi-  'EEE Trans. Commur$1(8):1249-1253.

cal birth-death systems. Further research in thiRojdestvenski, I. and Cottam, M.G. (2000). Map-
area will consider cases where the transition prob- ping of statistical physics to information theory
abilities between the states are not constant. with application to biological systems].

Theor. Biol.202:43-54.

omiuk, J. and Loeschcke, V. (1994). On the appli-
cation of birth-death models to conservation
biology, Conservation BiologyB(2):574-576.
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