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ABSTRACT

This paper exploits the computational simplicity tiie range of a set of data to formulate a two-
sample scale test called the Rank Range test. Téxdopmance of the test statistic is compared with
other tests of scale. The exact distribution of tRenk Range test statistic is generated empirically
through the unconditional permutation approach byctually obtaining all the distinct permutations
of the ranks of the variates in an experiment; thexposes the trimodal nature of its probability ttis
bution. The tables of exact critical values are jluced.

Keywords: Algorithm, Exact test, Permutation test, Range,kRast, Scale test.

INTRODUCTION 1985) for expository descriptions of these tests.
The proposed Rank Range test is a two-samp
scale test and consists of independent rando
samples drawn from two populations. In two-
sample scale test, the population distributions a

J‘ﬁwe use of the asymptotic test with small sample
Bes may Yyield an incorrect p-value and therefore
lead to a false acceptance or rejection of the null

1 . .
usually assumed to have the same location wi pothesis (Mundry and Fischer, 1998). In order

diff N d di ion. H i th avoid the use of incorrect p-values, the uncon-
Iiferent spreads or diSpersion. HOWEVer, IT el g permutation approach is employed in this

IS al dlﬁerelgcetz) In Iocat|o|n, fcests_fo(rj d|fl1‘lerenue : aper to arrive at the exact distribution of Rank
scale cou e severely impaired (Neave an ange test statistic for small sample sizes. The

Worthington, 19.88)' In order to examine the P& nconditional permutation approach is a statisti-
formance of this proposed Rank Range test,

. ; &l procedure that ensures that the exact distribu-
comparative study of the following nonparametri

. > ion of a test statistic is obtained and that the r
tests of scale is undertaken: Siegel-Tukey test, ... " .
- Sulting probability of a type | error is exactly
Mood test, Savage test for positive random variz . : i : ) .
. Agresti, 1992; Good, 2000; Pesarin, 2001; Bagui
ables, Ansari-Bradley test, Klotz test and ConoveanOI Bagui. 2004- Ernst 2004: Odiase and O
test (Lehmann, 1975; Conover, 1980; Gibbons, gul, ' ' ' 9
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bonmwan, 2005a and b). Scheffe (1943) demorR =  Difference between the Ranges of the
strates that for a general class of problems, the Ranks of the two samples

permutation approach is the only possible method =  Range(X) - Range(Y)

pf truly constructing exact tests of significantte. —  Max|Rankx)-Rankx,) - Max|Ranky,)-Ranky,)

is asymptotically as powerful as the best paramet- i s

ric test (Hoeffding, 1952). Let R« = Max|Rani(x)-Rankx;)| and R = MaxiRanky)-Ranky,)

In this paper, consideration is given to the ex- therefore,R=Rx-Ry

haustive unconditional permutation of the ranks

of the observations in a two-sample experiment the null hypothesis and the alternative hypothe-
arrive at the exact distribution of the Rank Rangé&es can be stated as follows:

statistic. Let Hy: Fyx denote the CDF of X and assume that
the CDF of Y satisfie§\(y) = Fx(y/8), for 6> 0.
MATERIALS AND METHODS The two-sided hypotheses atlg : 8=1 versus

The proposed nonparametric Rank Rarigetést Ha 6% 1

is attractive because of its computational simplic- ™ '

ity. It is not sensitive to outliers, the null dibu-  In order to have an insight into the distributidn o
tion depends only on sample size. TRdest is R, the possible values &are now examined.
based on the reasoning that if two samples cOmg,e maximum value oR is attained whetR, is
from populations with the same median, the ranks,sximum andRy is minimum. That is,

of the observations in the sample with the greater

variability will have a wider range. The null hy- — VT

pothesis is that there is no difference in spreadMaX(R) Max(R, )~ Min(R,)

between the two populations against the aIternaBut,Max(Rx)z (n, +n,)-1and

tive hypothesis that there is some difference in

spread between the two populations. Min (RY ) =n,-1

The purpose of this paper is to provide a theoreti-
cal basis for theR test and provide empirically,
via permutation, the exact critical values that wil
ensure that the probability of a type | error resul The minimum value oR is attained wherRy is
ing from experiments involving thB test is ex- Minimum andRy is maximum. That is,

actlya. Min (R) = Min (R, )- Max (R, )

In a two-sample problem composed X%f= {x,, )

Xo -, %} and Y = {y1, Vo, ..., Vna), arrange the But Min(R,)=n -1 and Max(R/)=(n +n,)-1
combined samples in ascending order of magnirherefore Min(R):—n

tude and rank all thsl=n; . n, observations from ' 2

1 (smallest) toN (largest). TheR test is defined R, D{nl—l N, nl...nz_]} and n(Rx):r]2+_']_

as follows:

ThereforeMaxR)=n,

wheren(.) denotes cardinality.

RO~ my,o n+n=3 and n(Ry)=n; +1

N wherex; andy; are theith observa- RD{‘”Z’ -ny+1---, =101, n -1 n]} and
X2 Y2 | tions of the independent random a
: samplesX andY respectively. n(R)=n, +n, +1

Given the layout of a two-sample experiment as

Xln1 yn2
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Permutation model for the Rank Range test 2.
The idea of obtaining an exact test of significance
through the permutation approach originated witts,
Fisher (1935). The essential feature of the method
is that all the distinct arrangements of the obsey,
vations are considered, with the stipulation that
all the permutations are equally likely under the
null hypothesis. An exact test on the level of sig
nificance,a, is constructed by choosing a propor-
tion, o, of the permutation as the critical region.
The works of Conover (1980), Siegel and Castel-
lan (1988), Headrick (2003), Bagui and Bagui
(2004), Odiase and Ogbonmwan (2005a and b)

are contributions to the quest for exact criticab.

values.

Obtain a distinct permutatiam, of the ranks
(Lg) in Step 1.

Compute th&® statisticR, = R(rg), for permu-
tationTg in Step 2, where> 1.

Perform Steps 2 and 3 for 2, 3, ....m.
Construct the empirical cdf for the distinct
values ofR and extract critical values.

p=p(R<R) =%§V’(R 1) where

y(R ‘to)={

1, if R <t
0, if R>t,

Under the empirical distribution, Pe< a,
reject the null hypothesis.

Let the layout of the ranks;jrof the observations Let the initial configuration of the ranks of the
in a two-sample layout be variate in a two-sample experiment be A de-
scription of the algorithm for an exhaustive enu-

1 I meration that produces thm distinct permuta-
Lo o T tions now follows.
R™|
Original arrangement/permutation:
Mo, Ton, Lr is the original arrangement of the data of the

experiment, this yields
Under the null hypothesitg is composed oN- Vn
n;+n, independent and identically distributed ran- (Olj( Ozj
dom variables and hence conditioned on the ob-
served data set. An exhaustive permutation of thgermutations.

ranks yields
Permutations involving exchange of one rank:
m= NY_(N}_ N! My o fz i=1(1)n = n, permutations
n n, n!n,! rpo r i=11)n= mn permutations
permutations of thél ranks of the variates of twéwi < fzi, i =1(1) = n; permutations

subsets of sizes; andn,, which are equally likely,

each having the conditional probability*. permutations (one rank from

Test Procedure first sample).

ng \ N2
Total: []J[ 1)

Let m, M, ..., Th, be a set of all distinct permuta-
tions of the ranks of the data set in the experfPermutations involving exchange of two ranks:
ment. The permutation test procedure is as fol-
lows: s Fo
1. Rank the combined observations of the e T < r,.

periment to obtaing = Ty and compute the 1t 2

observed value dR statistic to obtaifr;=t,.

DOSELIE]
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n,\ N, permutations (two ranks
Total: 5l o from first sample)

Permutations involving exchange of all ranks:

Ms I

r o L
Yo [ sEtE LA Uit £ £K
Iflu rgk

Total: ( . M J( . k j
min(n,,n,) \ min(ng,n,)

permutations (switch all sample ranks).

The total number of distinct permutations.gfin
a complete enumeration is

= |i)i) (2005a).

unconditional permutation methodology and Al-
gorithm described in Odiase and Ogbonmwan
(2005a) is implemented for tlestatistic.

RESULTS

The trimodal distribution oR statistic has modes
atE(R)2, E(R)andE(R}*2. Figures 1(a)-(f) show
the distribution ofR for different sample sizes.
Whenn;, is fixed (say 10 or 15) ang<15, R has
the left-skewed distribution shown in Figures 1(a)
and (b). Whem; is fixed andn;<15 (say 3 or 6),

R has the right-skewed distribution shown in Fig-
ures 1(c) and (d). Whem=n,<15R has the sym-
metric distribution shown in Figure 1(e). The
exact permutation distribution & for n;=n,=15

is in Figure 1(f).

The complete algorithm was implemented in Intel
Visual Fortran. The exact critical values as ob-
tained from the exhaustive unconditional permu-
tation distribution of theR test statistic fon;, n,<

each cell represent the lower and upper critical
values). The production of the statistical tablés o
R for small sample sizes( n, <15) removes the

mir(q,rb)(qj(nzj _ see Odiase and Ogbonmwanls are presented in Table 1 (the two values in

The R statistic is computed for each permutatiomproblem of non-availability of statistical tables
in the complete enumeration of all the distincioften associated with the use of some nonpara-
permutations. The distribution of the test statist metric tests. With the provision of the statistical
is obtained by tabulating the distinct values @ thtable forR (n, n,<15), the t-test should be used to
statistic against their probabilities of occurrenceestR for 15<n;, n,<30, while the standard normal
in the complete enumeration. The two-samplglistribution is adopted fa1,=30 orn,>30.

Probability

Probability

(@ n, =10, 3<n,<10

(b) n, =15 3<n,<15
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Rtest statistic

(f N1 =n, =15
Fig. 1: Probability distribution of R

Comparative study of R statistic Sixteen mice were randomly assigned to a treat-
To demonstrate the ability of the statistic to ment group or a control group. Following a test
properly test the null hypothesis of no differencesurgery, their survival times, in days are exam-
in spread between two populations against thimed to test the null hypothesis that variability i
alternative hypothesis that there is some differsurvival times in the control group is equal to the
ence in spread between two populations, the folsariability in survival times in treatment group.
lowing examples are considered.

Example 1:
The mouse data on survival times (Efron and Tib-
shirani, 1993)(see Table 2).
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Table 1: Exact Critical values for Rank Range test
Sample Size Ro.9000 Ro.9500 Ro.9750 Ro.9000 Ro.9050 Ro.9975 Ro.9990
ng N
3 3 -3
3
4 3 -2 -3
3 4
4 4 -3 -3
3 3
5 3 -2 -2 -3
4 5 5
5 4 -2 -3 -3
4 4 5
5 5 -3 -4 -4 -5
3 4 4 5
6 3 -1 -2 -2
5 6 6
6 4 -2 -3 -3 -4
4 5 5 6
6 5 -3 -3 -4 -4 -5
4 4 5 6 6
6 6 -3 -4 -5 -5 -6 -6
3 4 5 5 6 6
7 3 0 -2 -2 -3
6 7 7 7
7 4 -2 -2 -3 -3 -4
5 6 6 7 7
7 5 -2 -3 -4 -4 -5 -5
4 5 6 6 7 7
7 6 -3 -4 -4 -5 -5 -6 -6
4 5 5 6 6 7 7
7 7 -3 -4 -5 -6 -6 -6 -7
3 4 5 6 6 6 7
8 3 0 -2 -2 -3
7 7 8 8
8 4 -1 -2 -3 -3 -4
6 7 7 8 8
8 5 -2 -3 -3 -4 -4 -5
5 6 6 7 8 8
8 6 -3 -3 -4 -5 -5 -5 -6
4 5 6 7 7 7 8
8 7 -3 -4 -4 -5 -6 -6 -6
4 5 5 6 7 7 8
8 8 -3 -4 -5 -6 -6 -7 -7
3 4 5 6 6 7 7
9 3 0 -1 -2 -2 -3
8 8 9 9 9
9 4 -1 -2 -3 -3 -3 -4
6 7 8 9 9 9
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Table 1: Exact Critical values for Rank Range tes{Contd.)

Ro.9990

Ro.9750 Ro.9900 Ro.9050 Ro.9975

Ro.9500

Ro.9000

Sample Size

N2

Ny

-5

-5

-4

-3

-2

7
-5
7

7
-4

6
-3

-6
8

-5

-3
4

6

5

7
-4
10

7
-3
10
-3
10

6
-2
10
-3
9

5
-2
10
-2

9

< OO~

10
10

10

10

10

10

10

10

10

10

10

10

11
-3

11
-3

11
-2

11

11

11

10

10

— O O

11

11

11

11

10

10

10

11

10

-4

-3

11

11

11

10

11

11

11
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Table 1: Exact Critical values for Rank Range tes{Contd.)

Ro.9990

Ro.9500 Ro.9750 Ro.9900 Ro.9950 Ro.9975

Ro.9000

Sample Size

N2

Ny

-3
12
-3

12

12
-3

12
-3

11
-2

11
-2

12

12
-4
12

12
-4
11

12

11

10

-3

10
-2

-4
11

12

10

12

11

11

10

10

9

8

-5
10

12

10

-6
10

12

-7

10

-6

-6

-4

-4

12

10

12

11

12

12

12

-3
13

-2

13

-2
12

13

13

12

11

13

13

13

13

12

11

10

13

13

12

12

11

10

-5
12

13

12

11

10

-5
12

-4
10

-3

-2

13

11

10

13

11

10

10

13

10

10

-5

-4

10

13

11

13

12

13

13

13

14

14

14

14
-2
13

13

-3
13

-2
12

14

14

14

11
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Table 1: Exact Critical values for Rank Range tes{Contd.)

R0.9990

R0.9500 R0.9750 R0.9900 R0.9950 R0.9975

R0.9000

Sample Size

Ny

M

14

14

13
-4
12
-5
12

13
-4
12

12

11

10
-2

13

-3

10

14

11

14

12

11

10

-6
12

14

11

10

10

14

11

10

10

11

-6
10

-4

-4

-3

10

14

7
10

11

14

-8
10

12

14

13

14

-8

-6

-5

-4

14

14

15

15
-3
14

15
-2
14

14

-2
13

15

15

15

12

11

15

14

14

13

-4
12

13

12

11

14

-4
13

-3
11

-2

15

12

-5
12

15

13

12

11

10

-6
12

-4
10

-3
9

15

12

11

15

12

12

10

11

-6
10

-4

-3

-2

10

15

10

-7
10

11

15

11

-8
10

-6

-6

-5

12

15

13

15

10

10

-8

-5

-5

-4

14

15

-9

15

15
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Table 2: Test of the mouse data

Decision on Null Hypothesis

Test Statistic Test value p-value (a=0.05)
Siegel-Tukey 86 0.1755 Accept
Mood 156.25 0.1944 Accept
Savage -1.4378 0.2292 Accept
Ansari-Bradley 46 0.1477 Accept
Klotz 5.3016 0.2425 Accept
Conover 576 0.0568 Accept
R 0 0.4771 Accept

Table 3: Test of the streamflow and precipitation

Test Statistic

Test value

p-value

Decision on Null Hypothesis

(a=0.05)
Siegel-Tukey 74 0.2707 Accept
Mood 253 0.2166 Accept
Savage 1.1197 0.2943 Accept
Ansari-Bradley 40 0.3281 Accept
Klotz 8.3916 0.1519 Accept
Conover 1271 0.0449 Reject
R 3 0.2304 Accept
Example 2: ric for n;=n, and skewed otherwise. Since this

Daily accumulated streamflow and precipitationpaper provides exact critical values for the group
sample size up to max(ny)=15, permutation

(Gastwirth and Mahmoud 1986)

Daily accumulated streamflow and precipitatio
(in inches) for two U.S. Geological Survey sta-
tions in Colorado. Test the null hypothesis tha;
the variability of streamflow and precipitation in
the two Stations is the same (see Table 3).

DISCUSSION

This paper exploits the computational simplicit

nprocedure should be implemented fgmy>15 to
testR. The critical values of thR test statistic in
able 1 are obtained from the enumeration of all
he distinct permutations of the ranks of the vari-
ates in an experiment. These critical values are
exact and therefore ensures that the probability of

a type | error in decisions arising from the use of

ythe Rank Range test is exaatly

of the range of a set of data to formulate a two¥fhe introduction of the Rank Range test statistic
sample scale test called the Rank Range test. Thekes it possible to use the range of a set of val-
exact distribution of the proposed Rank Rangees as a test statistic. The value of the tedssta
test statistic is generated empirically through théc can easily be computed for a given data set.
unconditional permutation approach by actuallyror small sample size® can be computed sim-
obtaining all the distinct permutations of theply by inspection of the data set.

ranks of the variates in an experiment.
o - CONCLUSION
The distributions in Figure 1 clearly reveal tiRat The computational simplicity of the range of a set

statistic has a trimodal distribution. It is symtme .. "ic exploited to formulate a two-sample

150 Journal of Science and Technology, Vol. 29, No.April, 2009



Rank range test for equality of dispersion Odiase

scale test called the Rank Range test. The pateadrick, T. C. (2003). An algorithm for generat-
formance of the Rank Range test statistic is com- ing exact critical values for the Kruskal-
pared with other existing tests of scale and found Wallis one-way ANOVAJournal of Modern
to yield the same results in all the cases consid- Applied Statistical Method®: 268-271.

ered. The exact distribution of the Rank Rangﬁoeﬁding W. (1952). Large sample power of
test statistic is generated empirically through the  i.cts pased on permutations of observations.

unconditional permutation approach and the prob-  the Annals of Mathematical Statistica3:
ability distribution is found to be trimodal. The 169-192.

table of exact critical values is produced for the - o
group sample size up to maxy) = 15. Lehmann, E. L. (1975). Nonparametrics: Statisti-

cal methods based on ranks. Holden Day,
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