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ABSTRACT

Most drums used in Africa and in other parts of theorld have varied shapes and sizes in their
design. The hourglass shaped talking drums in Ghaisaa pressurized drum which alters the
tension on the drumhead, and as a result the péstof the sounds emanating from it due to the
strings that hold the drumhead in place, both froms upper and lower circumference. Remarka-
bly, and in contrast to the circular drum with cotent tension on the drum head, this drum pos-
sesses both harmonic and rhythmic characteristi@s.this work the drumhead is modeled, by
making the tension in it to vary as a periodic futien of time, using the two dimensional wave
equation. The separated Ordinary Differential Equahs (ODEs) are solved and the Fourier-

Bessel coefficients are determined using the initend boundary conditions imposed on the
equation. For a suitable choice of radial functionshe normal modes from our model are in
good agreement with experimental values for harmorinstruments which produce integral

overtones.
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INTRODUCTION made to vary by applying pressure to the strings
The mathematics of percussion drums and othéhnat hold the skin or drumhead at both ends of
musical instruments has been delved into bthe drum.

lots of researchers tackling it from different

angles, and especially for circular drumheads'‘Can one hear the shape of a drum?” This is a
with constant tension. Such drums include théamous question posed by Kac, (1966). To
conga which usually produces rhythmic make an attempt to answer the question, it is
sounds. But little or no attempt has been madeephrased as, “Is it possible to tell the shape of
on drums such as thdutind’ or “donnd (the a drum when the natural frequencies of vibra-
single talking drum) whose drumhead tension isions of the drumhead are known?” Mathemati-
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cally, this corresponds to solving a boundarv
value problem satisfying certain conditions.

RELATED WORKS

Many cultures in the world have different ways
of making their percussion drums sound nearly
harmonic. For instance in India the Tabla, a
paired drum which is used to accompany recit-
als has a black patch made of a mixture of iron,
iron oxides, resin and gum stuck firmly onto
the centre of one pair. The other pair has a
wider membrane and its patch is not placed
symmetrically at the center so that it produces
lower frequencies. The thickness of the patch
on both pairs decreases radially outwards. In
performance, the overall outcome of the Tabla _
yields a strong sense of pitch and is specially &

tuned to match the tone of the vocalist or the ]
instrumentalist (Sathej and Adhikari, 2008).  Fig-1: Talking drum

In the western culturein order to make the

“timpani’ or the kettle drum produce harmonic

overtones, it is constructed on a very large cawsple pitch inflection (Locke and Abubakar,
ity in which air is trapped in between the mem-jggq.

brane and the cavity or kettle, so as to distort

the normal modes (Rossing, 1982). In modeling the drum head of thdonno the

two dimensional wave equation is modified so

There is a paddle at the lower end of its conmgat the tension is made to vary as a periodic
struction, which the player uses his foot tof,nction of time.

tighten the drumhead in order to achieve the

needed harmony. This work is in three parts, firstly to transform

] ] ~_ the solutions of the mathematical model for a
In Ghana the talking drum used in religiousgjrcyjar drum with constant tension in the
chants or poetry as well as sending linguistigrymhead into Bessel functions of orders half
messages is one of the oldest indigenous instryng zero. Secondly, a model for the single talk-
ments of theDagbambas The drum shell is ing drum, the donno’, having varying tension
carved into its characteristic hourglass shapg, jts drumhead is suggested. By using the
from a cedar wood (refer to Fig. 1). The druminethod of separation of variables and by adopt-
heads are made of goat skin and are connectggy Fourier-Bessel techniques for the coeffi-
by antelope skin tension cords from one end dfjents arising from the underlying partial differ-
the shell to the other. ential equation, the normal modes are calcu-
) , ‘ . lated. Lastly, suitable radial functions are sug-
The uniqueness of theunna’ or the’donno’is  gested for the model as well as the transformed

its ability to adapt to the tone of any musicalnogel, and the results churned out using matrix
sounds. To produce harmony, the cords alRporatory.

squeezed under the arm. This builds up pres-
sure within the drum which regulates the teNVATHEMATICAL MODEL

sion on the drumheads to give a number of posyj) The mathematical model for a circular drum
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head with constant tensionadbtainedfrom the where ;  __ == are the Eigen values with
wave equation in plane polar coordinates as: - =
an representing the positive zeros of the Bas-
a2y ” (a‘u 1 BUJ sel’s function of order zero.
PR 1) Using the substitution

acs

t=x";and G = xPy (see Dass, 1998)7)
where c is a real constant; the deflectiod =
U (r, t) is assumed to be a function of time andvheremandp are real and are to be determined
radial distance from the centre of the circular
f[jicr)l:]rghead under the following boundary condl-xg},ua+tzp_mHjxyqEp(p_mj_w-mjgxgm}}_:ﬂ (8)

U(r,t)=0,forallt >0, where Ris the fixed  |n order to make (8) expressible as a standard

radius. [boundary condition] Bessel ODE, we must have the real constants
u(x0) =0 initial deflection m=12p-m+1=1 so that (8) is transfor-
du |
@ lizg =1(r) initial velocity med into
[Initial condition] ............. ) e Jr=o. 9)

This has a solution as the Bessel function of

Wheref (r) is a radial function of alone.
order Y2 and has the form

Taking the vibrations from such a drum as

y = ‘_I"?'fJI‘: :lij_r:l _Bm.‘_: :I:lj_r:l ......... (10)
v =cHwey (3)  Therefore
a separable function in time and space, pre . o - o
duces two ordinary differential equations: G (t) =t7 |4t [—t| +B,]. |:\ —¢]...(11)
] ] PR S AT,
2 rr ¥ 2 —
TWI+ W+ (k)W =0 Finally, using the superposition principle and
and L (4)  applying the initial conditions, the Fourier-
Bessel coefficients A, and B, are obtained.
G+ A°G=0 The mathematical model solution for a drum in
terms of Bessel's functions of orders half and
having separation constant zero is given by
I A
—kZ, with A= chk oo (5) o =l ."QH‘:: Al |ty
N.r,lzz |— T'ﬁ (rfl\r,u:q,\aﬂx;::I\?t] ;CI\?‘I‘

= HZEE(%:‘ Uy el
On solving the spatial ODE of (4) and applying :
the boundary condition (2), we obtain Bessel's ... (12)

function of order zero as solution:
W, =J, -‘_?r_}, an=Rkn. n=12, 6) (ii). The mathematical model for a circular

drumhead with varying tension is modeled
from the wave equation
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- (a8 u
= =int|

£ L gr= r 8

=51

EE"] (13) Onsetting m=2/3ad2p-m+1=1

=1}

. . ) _ (18) is transformed into
WhereC? in (1) is replaced with, sity on the

assumption that the tension in the drum head _; . P :‘75 1’]‘ L
varying periodically within a small range of™ -~ Ty o+ Tl YT
time when the drum is played, being a func-

tion of time and space under the same boundafis gives Bessel’s function of ordlr and
and initial conditions of (2). has solution of the form =

....(19)

-
o

By taking (3) as the vibration modes for the _ , (:ﬂ_—‘f] 5 (5'-1_-‘-’]
drumhead and applying separation of variable¥ = nfy/z 3 t Bul-1/3 3
the equations

_ _ Therefore
Pl 2 e L (=0 . (14)
g, [ 1] (3% u.n‘l (20)
r -+l gl I - T B
G+ Afsint G =0 ... (15) Jr!(ﬂ =t Afjl,-!l\aRt +Bi"j-1.;5 )
having separation constant Finally the coefficient®\, andB,, are found by
) ) applying the superposition principle and the

—k*, with i = k are obtained. initial conditions wherebyhe model solution

On solving the spatial ODE and applying theMay be obtained for a circular drum with vary-

boundary condition we obtain Bessel's function'd tension in terms of Bessel's functions of
of order zero. orders one-third and zero as,

" =h(Gr) =g 1212 €9 U@nr]i% C‘RTFGM frf(rm(%dr xfi.!@r“]h@
Where k,, = % are the eigenvalues wid, it T !

representing the positive zeros of the Bessel

function oforder zero RESULTS EROM MAT LAB

- . The arbitrary functiorf (r) in the two models,
Now if sint is assumed to vary within a small of equations (12) and equation (21), is the ini-
range of time then sih= t. Thus we rewrite tial velocity of transverse vibrations applied to

(15) in the form the drumhead. Several functions were tried but
the ones which gave favourable results for
=0 0 e (17) these models to be compared were, quadratic

and cubic functions with repeated roots in the
form

Again using (7) in (17) the time ODE is ex-

pressed into 2 7o 2
o) = (u—;] .and fir —fr{m—;:l

T, | 11 1
bl ‘|"2P‘m+1}1}" H;’(p-m]Jr(lm."I'm}j’:U(18) wherea is chosen so that the centé the
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drum would have the largest amplitude, whilegnation of the existing circular drumhead
the least amplitude would be associated closestodel, gave the vibration modes presented in
to the largest value of r as it varies during th&ables land 2.
time of play.
DISCUSSION
By considering a typical size of a single talkingThe transformed existing model consists of
drum with radius R = 3.5 inchesdurtesy Agya Bessel functions of order zero and Bessel func-
Koo Nimg and a hypothetical circular drum- tions of order half, whiles the new suggested
head with equal radius together with the substimodel is also made up of Bessel functions of
tutes order zero and Bessel functions of order one-
third. The fractional orders of Bessel functions
make the drum types sound the way they do.
The Bessel function of order zero enables us to
. . determine the frequency of the vibration of the
allowing t to take integral values from 0 to 9,OI L
. = rumhead. Each vibration possesses frequency
whiles r takes on valuesr 0,1,1,5,2,

Flir) = (\2 —I) sand f(r) =r{2 -

2.25,2.5,3,3.25, 3.5, and 4 using matrix laboraef 4 cycles per unit time, wherk, are the
tory for our model and for the Bessel’s transfor- 27

Table 1: Summary of results with a quadratic velody function i1 = (2 — E]J

Normal mode Drum with varying tension Drum with constant tension
u_1(1,5) -1.0045 .M076
U_2(0,0) 0 0
U_3(2.5,2) 1.053 -0.0096
U_4(1.5,2) 2.0534 0.0492
U_5(0,2) 3.0114 -0.0854
U_6(1,6) -1.0002 0.0129
U_7(0,0) 0 0
U_8(2.5,3) 1.052 -0.0602
U_9(1.5,2) 2.0546 0.0602
U_10(0,2) 3.0065 -0.0832

Table 2: Summary of Results with a cubic velocityudnction g() = (2 _ ?2_-\2
+

Normal mode Drum with varying tension Drum with constant tensian
U _1(1,2) 3.0026 1.9019
U_2(2,2) 2.0586 1.3634
U 2(1.5,3) 1.0038 1.2989
U_3(0.0) 0 00.0492
U 4(1.8) -1.0079 -0.7496
U 5(2.2) 2.0454 1.3559
U 5(1,5.3) 1.0113 1.3066
U_6(0.0) 0 0
U 7(1.8) -1.007 -0.7496
U_8(2,2) 2.044 1.355
U_8(1,5.3) 1.0113 1.3067
U _9(0.0) 0 0
U 10(1.8) -1.007 -0.7494
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eigenvalues of our problem. A blend of these CONCLUSION
orders in the models ensures that their vibratiodrum sounds tend to die off quickly and repeti-
sound dies out eventually with time since their tive strikes of the drum head yields series of
positive zeros are not evenly spaced. beats which give its unique rhythms. We con-
clude from the results from the tables 1 and 2
The results from Tables 1 and 2 showed thahat the (donnd), which is a drum with vary-
the drumhead with varying tension gave differing tension though a rhythmic instrument have
ent variety of modes which are nearly integraharmonic properties whether the velocity func-
values and much higher than the drumheation is quadratic or cubic.
with constant tension. This makes the single
talking drum (the'donno’) a nearly harmonic For a drum with fixed tension in the drum skin,
instrument. The effect of varying the tensionthe results from the Tables show that it is
during play produces the “wing-whynn!!!” purely a rhythmic instrument producing tones
sound, introducing the touch of flavour of of discernable pitches which are not consistent
string instruments which are harmonic. The kewith their fundamental normal mode. They
difference  between the talking drumdon't exhibit any harmonic properties irrespec-
(the“donnd) and drums with constant tensiontive of the use of a cubic or quadratic velocity
like the ‘fontonfroni (a paired gigantic circu- function in the model.
lar drum) or the snare drum is the absence of
the strings which holds the drumheads togethadithin this context it is suggested that the use
for easy squeezing and releasing during play saf the single talking drum @bonnd) in appella-
as to produce, a wide range of harmonic tonetson and singing should be promoted. The eco-
of different pitches. Based on this characteristicomic advantage of the single talking drum
and the fact that many African cultures useover drums with no variation in its tension, is
tonal languages, it is possible to send linguistithe fact that it is portable and very easy to han-
messages via theddnnd).The uniqueness of dle. It may be suggested therefore that the
the talking drum (onnd) makes it adaptable “donno” as a rhythm harmonic musical instru-
to the tone of any musical instrument. They arenent should be preferred over drums with con-
used in religious chants or poetry. stant tension.
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