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ABSTRACT

In topological dynamical systems (TDS), recurrence (periodic—like recurrence) is one of the
important concepts in its studies but one major problem is the inability to demonstrate and/or
illustrate its formation in the orbit structure of system from a topological point of view. In this
paper, the logistic function was applied to demonstrate the periodic point as a recurrent
formation (periodic—like recurrence) in the topological dynamical system and dynamical
system. The Wolfram Alpha computational knowledge engine was used in obtaining the tables
and the figures for the study through various examples of the logistic function. The study shows
that period—2 recurrence is formed when the trajectory of the function is made up of two
different values that keep repeating after successive iterations as a result of the period — 2 orbits
when the parameter of the function is between 3 and 3.45. The study again shows that when
the parameter of the function is greater than 3.83 there is a period —3 point hence the formation
of other periodic points. Convincingly, beyond this period —3 is another subsequent period
called the period-doubling cascade leading into chaos. This period-doubling asserts that other
periodic — like recurrences are also present, hence period — n recurrent exists.

Keywords: Iterations, Parameter, Orbit, Logistic function, Formation, Periodic orbits, Period-
doubling.

1. INTRODUCTION

A dynamical system is mainly made up of two (2) different parts, where each describes a given
state of the system namely, a time-discrete map and time-continuous nonlinear differential
equation. According to Klages (2008), one state begins from the time-continuous differential
equations to the time-discrete maps. Similarly, it also starts from the time-discrete maps and
builds up slowly to the time-continuous differential equation.

A dynamical system as a state of a system in mathematics is an evolution that is
dependent on time (Ott, 1993). It is the only system in the mathematical research field that
focuses on how systems evolve through time. It is built out of a phase space, where each point
describes a given state of the system. The idea of recurrence as a concept in dynamical systems
is very important in its study as a key and central throughout. That is in additive combinatorics,
it serves as the main tool for the correct and exact result in dynamics.

Recurrence as a system has grown into having several definitions through the

motivation of Birkoff Recurrence Theorem. One of the critical roles it plays as a proof is the
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sets that mapped into themselves under the transformation. In some sense, recurrence is when
a point is in its future.

However, many concepts of recurrence which are different are derived from different
interpretations of this unclear description. Recurrence in its simplest way occurs in a periodic
orbit. Periodic points in their state represent the simplest form of recurrence, but not every
dynamical system has periodic orbits (Ahmadi, 2018; Das and Thakkar, 2013; Mensah et al.,
2016; Conley and Zehnder, 1984; Lloyd, 1988; Markus, 1980; Neumann, 1987; Rabinowitz,
1987; Sacker and Sell, 1972)

A periodic orbit is when points in the orbit return endlessly often to each point on the
orbits. The concept of recurrence has become broad per the notion of the future of a point and
in topological dynamics, it is recurrence behavior being one of the most important concepts.
The concept of recurrence and how it operates motivated this research and we apply the logistic
function (Reiser, 2020) to demonstrate the periodic point as a recurrent formation in the
topological dynamical system. The outcome was that these behaviors depend on the initial

condition and the parameter of the function, and they were confirmed.

2. PRELIMINARY DEFINITIONS

Definition 1: Periodic Points

If F™(xy) = x,, the point x, is a periodic point of period n of F. x, = F"(x,) where n > 0,
that is, n is at least positive. Hence F™(x,) = x, is called the prime period of x,. The set of
periodic points is denoted by Per, (F). The periodic orbit is formed from the set of all iterates
of a periodic point. Prime period is defined as; Given F™(x,) = x,, then F2(x,) =
F(F(x0)) = F(x0) = Xo.

Then x, € Per,(F) = x, € Per, (F) = x, € Per,,(F)Vn € N.

NOTE: An Eventually Periodic point of period n is a point x if it is Not periodic but there exist
m > 0, m is positive such that for all i > m, F**'(x) = F!(x)= F!(x) = p is periodic for i >
m, F"(p) = p.

Example 1: Given: F(x) = x?

Letx =1 = F(1) = (1)2 = 1, hence F(1) = 1 is a fixed point.

Letx = —1 = F(—1) =1, Hence F(—1) = 1 is not a fixed point but is eventually periodic
which is relative to a fixed point.

The trajectory of a given system that is not periodic in nature but approaches a periodic orbit
after many iterations are called an Eventually Periodic Orbit/Trajectory.
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Definition 2: Let a topological dynamical system be (X, T, T") then the point x € X is
a. Invariantif Tx = x
b. Periodic if T™(x) = x for some n € Z|{0}
c. Recurrent if for every open neighborhood U of x, an infinite number of iterates of x
fallsin U

o

Transient if it is not recurrent

Definition 3: Given a topological system(X,T), x € X, is recurrent when x returns to a
neighborhood of x again and again for several iterations.
If x € X is a point, then x is;

a. Recurrent if for every open neighborhood Uof x, there is m € Nsuch that T™(x) € U

b. Uniformly recurrent if for every open neighborhood Uof x, the set of return times

{m € N:T™(x) € U} has bound spaces/intervals.

c. Periodic, 3m € N such that T™(x) = x.
NOTE: Almost periodic is when a point is uniformly recurrent, the periodic or uniformly
recurrent points of a topological dynamical system in which homeomorphism is recurrent.
Theorem 1: (Tanja et al., 2015): Let (X, T) be a topological space and x € X, then the
following are equivalent;

I x is uniformly recurrent

ii. (Orb,(x), T) is normal

iii. x is a minimal subsystem of (X, T)
Definition 4: w — limit and a — limit (Das and Thakkar, 2013)
Let (X, d) be a metric space and a sequence F = {F,},~, be a time-varying homeomorphism
on X.

a. By w — limit set of a point x € X, the set is; w(x) = {y € X]| klim d(F,, (x),y) = 0}

where, n;, are positive integers.

b. The a — limit set of point x € X is the set {y € X|lim d(F,, (x),y) = 0} where n; € Z~

k— o0

NOTE: In a metric sense, A point x € X is recurrent if x € a(x)Nw(x).
3. RESULTS AND DISCUSSION

3.0 Major definitions

This section is about major definitions related to the main of work under study.
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Definition 3.1: Let (X,T) be a compact topological dynamical space and T,,: X — X be a
continuous sequence, n = 0,1,2,... xo € X is said to be a periodic point of {T,,},—, if the
orbit of x is periodic.
Definition 3.2: Let (X, T) be a compact topological dynamical system. The point x, € X is a
periodic recurrent point if T is continuous such that;

U={n€eRrRT"'(U) # 0} and T"(x) = x.
Conjecture 1: If f: X - X or X,, —» X,,,, be a map defined on [0,1], then a sequence of
periodic points is a period — N recurrent, If X1 = Us=o{f (x)}, where f(x,) = a(x — x?),
Y a>3

let « = 3.0 and an initial condition of xy = % on the function.

Then lim_f(x) = lim_3(x, — x%,),n=0,1,2,..

Xo— 3 Xo— 3

3 3

Table 1: Iteration of lim f(x) when a = 3.0

n 0 1 2 3 4
Xn 0.66667 0.66667 0.66667 0.66667 0.66667
||_|1§ /// \\ ”.Hi

I Ay
t . —— Iy
! 0.2 0.4 0.6 0.8 1.0

lines successively connect the first 50 iterates and the dashed line y

Figure 1. Cobweb and linear stability graph of the logistic map when a = 3.0.

The outcome of the map when a = 3.0 as shown in table 1 and figure 1 is a repeated
fixed value that shows stable continuity throughout the process. The limiting behavior is a fixed
point, that shows stable for its linear stability irrespective of the number of iterations. At the
eigenvalue —a + 2, the attractor is one — point attractor when using different initial values at
a = 3.0.
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iterates 100 through 150 for each r)

Figure 2. The bifurcation diagram of the logistic map when a = 3.0.

Figure 2 shows the bifurcation nature of the map after iterating it 100 times through
150 for a = 3.0. The periodic point of the map is at zero when a < 1, hence the point attractor
for ¢ < 1iszero (0). When 1 < a < 3, the system/map still have a one — point attractor which
begins to increase when the parameter increases. In Figure 2 above at « = 3 bifurcation begins
to occur beyond the critical value as indicated with a red vertical line. The fixed point when
a = 3 produces a period — 2 orbits which is unstable. Beyond this parameter value is the
beginning of the structural changes of the system ‘period doubling bifurcation’. This type of
bifurcation is the pitchfork bifurcation. In other words, it shows a flip in the periodic points at
a = 3.0 and beyond that is the formation of period doubling (flip) bifurcation of period — 2 and
other period — N orbits.

Therefore, the parameter when it is at exactly @ = 3.0 forms periodic orbits or
trajectories which is within its own neighborhood, this indicates that the periodic points within
the orbits exhibit recurrent behaviors.

3.1. The Period — N Recurrent Point

Under this section, the logistic function is used to show the existence of the other recurrent
(period — N recurrent) points by considering the period — 2, period — 4 and period — 3 orbits.
3.1.2. lllustrating Period-n as a Recurrent Formation

To show the existence of other periodic recurrent formations, the period — 2, period — 4 and
period — 3 are considered.

3.1.2.1. The period — 2 orbits as a period — 2 recurrence

The logistic function f(x) = a(x — x?) generate period — 2 orbits when the outcome of the

map alternates between two values or figures after successive iterations, and the control
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parameter takes values greater or equal to 3, that is & > 3 is very significant in the iteration
process.

Recurrence occurs when a system returns to its original or starting point after successive
iterations for a specific time.

Hence, period — 2 recurrence is formed when an initial value in a function f(x) produces a
different value (another figure) and after several/successive iterations the initial value and the
second value forms the orbits of the function. In other words when the trajectory of a function
are two different values that keeps appearing repeatedly after successive iterations, then period
— 2 recurrence is formed.

Example 3.1: Let « = 3.2 and an initial condition of x, = 0.5 be on the function.

. _ . ) —
Then xoll)rgsof(x) = xolg(r)%so 3.2(x, —x%,) ,n=0,1,2,..

Table 2. Iteration of lim f(x) witha = 3.2, atx, = 0.50

n 0 1 2 3 4 5 6 7 8 9
x, 0.50000 0.80000 0.51200 0.79954 0.51288 0.79947 0.51302 0.77946 0.51304 0.79946

Tntl
1.0

ner

06

04r

02} / \

Figure 3. Graphical display of the iteration of f(x,) = 3.2(x, — x2,).

Table 2 and figure 3 shows the successive iteration of the function 4 times and 50 times
respectively, with an initial condition of x, = 0.5 producing two fluctuating values 0.51 and
0.80. There is a back and forth of these two values (trajectories) after several iterations without
changing hence making the system stable. The periodic points of the map at a = 3.2 with
different initial conditions form orbits or trajectories which repeat themselves continuously

with the neighborhood of the space. The set of orbits are recurrent in nature.
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Table 3. Stability table of the Periodic Nature.

Period Iterates Linear stability
1 0. Unstable

1 0.6875 Unstable

2 0.513045,0.799455 Stable

Table 3 shows that the periodic nature of the system at @ = 3.2 when there is a period

doubling bifurcation, for period — 2 the linear stability of the map is linear. Therefore period —

2 recurrence occurs when a system behaves as period — 2 cycles. During this period the system

begins to double up showing the same points that form the orbit or trajectory repeatedly.

Xn

[].8‘;[; ﬁ IFI II|I ||I I| Iﬁl |I |

PN F' |?H

|||I|||yll||illlll||l

I
I |

AR REe ! 1'& i

04F

02r

0 10 20 30 40

50

Figure 4. Graphical display of the map f(x,,) when a = 3.2.

Figure 4 shows the plot of 50 times successive iteration of the function with an initial

condition of x, = 0.5, the horizontal axis counts the number of iterations. The plot produces

two fluctuating sequence or alternating values 0.51 and 0.80 of the horizontal and the vertical

axes as the main orbits of 0.50. The back and forth of these two values (trajectories) after

several iterations without changing make the system stable as they infinitely return to the same

neighborhood, hence showing a recurrent formation called period — 2 recurrence.

0 1 7
-

(iterates 100 through 150 for each r)

Figure 5. Period doubling pitchfork bifurcation diagram when a = 3.2.
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The bifurcation diagram (Fig 5) when a = 3.2 is a supercritical pitchfork bifurcation
showing a double up in split of the structure with a red vertical line through the parameter. The
limiting behavior of the map is a limit cycle with period 2. Its representation is a period
doubling bifurcation with the two oscillating points as stable limit cycles representing a Hopf
bifurcation.

Let @ = 3.4 and an initial condition of x, = 0.1
Then x})i_r)lg-lf(x) = x})ilréa 3.4(x, —x%,) ,n=0,1,2,..

Table 4. Iteration of lim f(x) with @ = 3.4, at x, = 0.1,

n 0 1 2 3 4
x, 0.10000 0.30600 0.72204 0.68238 0.73691

I

) 11 |||| |||| 1 0.6 |

0.6} | || |
l'”'ll"' |||II|||||I||

.._HE 1l |II | I l' I | Fl I‘Fl ' I |?| T ;ll |r |],-a§ / o E’ .
| r‘“ 'l'lll'l '|" \| "“'|"|'|| T |||||||| | =

[ IR Il I ' AN I [ I '
I H ! ! 0.4]
04t |
) | \\.
| ',
H 02r )
0.2 ff b/ Ay
i/" - - 1y
! 0.2 0.4 0.6 0.8 1.0
0 0 20 30 ] 0 .
(lines successively connect the first 50 iterates and the dashed line

Figure 6. The linear stability and the Cobweb graph of the map when a = 3.4.
R eI
0.8/
0.6/

0.4l

0.0/ |
0 1 2 3 4
r

(iterates 100 through 150 for each r)

Figure 7. Period doubling pitchfork bifurcation diagram when a = 3.4.

In table 4 and figures 6 and 7, the map shows the limiting behavior, the linear stability

(the cobweb graph of the map) and the bifurcation diagram when a = 3.4. Its limiting behavior
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as the periodic points builds up shows a limit cycle of period 2. Again, it is a supercritical

pitchfork bifurcation showing a double effect in the split of its structure as indicated with a red

vertical line through the parameter « = 3.4. Its representation is a period doubling bifurcation

with two oscillating points as stable limit cycles representing a Hopf bifurcation.

3.1.2.2. The period — 4 orbits as a period — 4 recurrence

Let @ = 3.5 and an initial condition of x, = 0.5 on the function.
2),n=0,1,2,..

Then x})li’f(l).sf(x) = x?i%.s 3.5(x, —x

Table 5. Iteration of lim f(x), at x, = 0.5.

n 0 1

2 3

4

x, 0.50000 0.87500 0.38281 0.82693 0.50090

0.8] - -
t et .
| g \\
0.6 d
- / N
I ./ \\
0.4 / )
| / \
I/ N
al S N
02/ \
Vo \
e - A xy
! 0.z 0.4 0.6 0.8 1.0
(lines successively connect the first 50 iterates and the dashed line y = x)

in

.thf,|F|||

I ||!|| ! '“"ln
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Figure 8. The cobweb and linear stability graph of the logistic map when a = 3.5.

In table 5 and figure 8, the cobweb and the time graph show that the solutions within

the orbits after successive iterations of the map when a = 3.5 shows a limiting behavior which

is stable. The limiting points are attractors and repulsive.

Zoomed in

0.2
0.0/ |
3.40 345 3.50 3.55
r
(iterates 300 through 450 for each r)

3.60

Figure 9. Bifurcation diagram of the logistic map a = 3.5.
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Figure 9 is a representation of a period doubling bifurcation with four oscillating points.
Its limiting periodic behavior is a stable limit cycles of period 4 representing a Hopf bifurcation.
The structural change of the system as it split open with a continuous constant value
approximately within four periodic points is a supercritical pitchfork bifurcation. Moreover,
the bifurcation when a = 3.5 its limiting behavior of the periodic points forming a set of orbits
which are recurrent in nature.
3.2. Summary of Results
Recurrence occurs when a system returns to its original or starting point after successive
iterations for a specific time. Therefore, period — 2 recurrence occurs when a system behaves
as period — 2 cycles and period — 4 recurrence occurs when the limit cycle of the system is
period — 4. During this period the system begins to double up showing the same points or
alternating sequence that forms the orbits or trajectories repeatedly. In the forming of the
various periodic cycles as the parameter is increased beyond 3, periodic — like recurrence are
also formed as a result of the structural changes of the map/system. The system becomes stable
during this period. Hence, periodic is naturally recurrent irrespective of the type of periodic
cycle available.

As opined by Mensah et al. (2016), different orbits are formed as periodic orbits when
the parameter « is increased beyond 3. This is very true when the parameter is beyond 3.2
which shows doubling behavior indicating new period formation and the effect of this is when
they move back to their starting point habitually. Confidently, in periodic doubling recurrence
are formed under the effect of the parameter when it is been changed beyond 3 and
approximately at 3.45, 3.54, 3.564, 3.569, etc. At interval 3 < a < 3.45, the period doubling
bifurcation specifically period — 2 orbits are stable but for the interval 3.45 < a < 4 the period
doubling is unstable.
Let « = 3.57 and an initial condition of xo, = 0.1 on the function.
Then lim 1f(x) = x!,igéa 3.57(x, —x2%,) ,n=0,1,2, ...

x0—>0.

Table 6. Iteration of lim f(x),a = 3.57, at x, = 0.1.

n 0 1 2 3 4
x, 0.10000 0.32130 0.77850 0.61561 0.84479

In table 6, the limiting behavior of the map at this parameter value is chaotic in nature.
Its periodic points are not recurrent as they show uncorrelated behavior along the path. The

possible limit cycles for this parameter in its linear stability is unstable.

© CNCS, Mekelle University 172 ISSN: 2220-184X



Patrick, A. A.M., William Obeng-Denteh and Kwasi, B. G (MEJS) Volume 14(2):163-177, 2022

Zoomed in

0 1 2 3 4 3.50 3.55 360 365

r r

(iterates 100 through 150 for each r) (iterates 300 through 450 for each r)

Figure 10. Bifurcation diagram of the logistic map when a = 3.57.

The bifurcation diagram of the map when the parameter is 3.57 indicates that beyond
this value, the system moves from periodicity to aperiodicity as indicated in figure 10. Even
though one may see the aperiodic behavior of the map when the parameter is beyond « = 3.57,
it is not always chaotic when a > 3.57 as shown in the diagram above. At this point the
happenings of period doubling bifurcation begins to end as the system transitioned into chaotic
region.

3.2.1. The Logistic function illustration of period-3 orbit as period-3 recurrence

Theorem 3.1: Let f: [a, b] = [a, b] be continuous, if f has a 3 — periodic point, the f has N —
periodic points for all positive integers N.

According to Nicholas et al. (2013), period — 3 starts forming when a ~ 3.83 and after several
iterations the periodic points of the orbits obtained are three different values which are constant
throughout the process.

Example 3.2: If « = 3.83 and x, = 0.5 as an initial condition for the function.

. _ . 2 —
Then xoll)rgsof(x) = xolggso 3.83(x, —x%,) ,n=0,1,2,..

Table 7. Iteration of (x) = 3.83(x,, — x2,)), atx, = 0.50000.

n 0 1 2 3 4 5 6 7 8 9

x, 05000 0.95750 0.15586 0.50390 0.95744 0.15606 0.50443 0.95742 0.15612 0.50459

In table 7 and figure 11, the map/function produces a sequence of orbits that give values
oscillating through three numbers approximately {0.50, 0.96, 0.16, ...}. These three points
form the orbits when a = 3.83. They are stable and equilibrium in nature as they oscillate
continuously after successive iterations in figure 8, hence the three — points are period — 3 and

attractors.
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Figure 11. The Graph of period-3 cycle of the logistic function (when a = 3.83, x, = 0.50000).
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(lines successively connect the first 50 iterates and the dashed line y = x)

Figure 12. The cobweb graph of the logistic function when a = 3.83.

Figure 12 shows that when the parameter of the map is @ = 3.83, the limiting behavior
is a limit cycle with period 3. This indicates that the map continuously goes through these
specific values approximately within the same neighborhood of the space. The deep black line

shows the limit cycle of the map at @ = 3.83, which are recurrent in nature.

Zoomed in

375 3.60 3.85 3.90 . 0 1 2 3 4 :

r r

(iterates 300 through 450 for each r) {iterates 100 through 150 for each r)

Figure 13. Bifurcation diagram of the logistic map when a = 3.83.
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Figure 13 shows the splitting of the system as it produces these three numbers after
several and continuous iterations showing the existence of period — 3, hence period — 3
recurrent. The red vertical line shows the periodicity region. This region when it blows up
shows period doubling sequence for each window. This period doubling sequence even-though
are repulsive, they are recurrent. With period — 3 window the period doubling cascade is 3 —
2x3-2%2x3-2*%x3-2"x3 - 13,. Now at this point 73 ., as the accumulation point
of the period — 3 period doubling cascade becomes aperiodic (chaotic). Hence, period 3

doubling cascade is leads to chaos.

Table 8. Stability of the Periodic Nature.

Period Iterates Linear stability
1 0. Unstable

1 0.738903 Unstable

2 0.369161, 0.891935 Unstable

3 0.156149, 0.504666, 0.957417 Stable

3 0.16357, 0.524001, 0.955294 Unstable

4 0.299162,0.803014,0.60584,0.914596 Unstable

As indicated in table 8, the periodic nature of the map in terms of its stability (linear stability)
is unstable. That the linear stability of the map is linear and stable which shows period — 3
recurrence in the iterates 0.16357, 0.524001, 0.955294.

3.3. Summary of Results

The study has clearly shown that in a dynamical system, recurrence depends on the parameter
of a given rule for its formation. Moreover, the formation of a periodic cycle occurs when a
giving parameter is altered constantly and, the system tends to be stable or unstable if the
parameter is within a particular range. Convincingly, beyond this period — 3 is other subsequent
periods called the period-doubling cascade leading into chaos.

Finally, periodicity is naturally recurrent irrespective of the type of periodic cycle.

4. CONCLUSION

The study clearly shows that in dynamical system, recurrence (periodic — like recurrence)
depends on the parameter of a given rule for its formation. The formation of a periodic cycle
occurs when a giving parameter is altered constantly and, the system tends to be stable or

unstable if the parameter is within a particular range. At a > 3, period doubling bifurcation
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begins to happen at specific and certain intervals of a. This type of bifurcation is called the
pitchfork bifurcation as there is a split of the solution beyond the critical value, specifically
starting froma = 3

Confidently, periodic doubling recurrence are formed under the effect of the parameter
when it is being changed beyond 3 and approximately at 3.45, 3.54, 3.564, 3.569, etc. At
interval 3 < a < 3.45, the period doubling bifurcation specifically period — 2 orbits are stable
but for the interval 3.45 < a < 4 the period doubling is unstable.

The study explained that with the existence of period — 2, period — 4, period — 3
recurrent, other periodic recurrence also exist. Hence, the formation of the period — N recurrent
exists when period — N orbits/points (period-doubling) are present. These behaviors depend on
the initial condition and the parameter of the function. Beyond 3.83 is the presence of other
periods called period-doubling bifurcation which confirms that other periodic recurrent ‘period
— N recurrent’ also exist. That is a recurrence formation (periodic — like recurrence) which is
as a result of the doubling behavior of the system.

Finally, the study has shown that when period — 3 orbits exist then the formation of the
period — 3 recurrence also exists which confirms that other periodic recurrence especially
‘period — N recurrent formation’ may also exist. However, at this point 3 o, as the accumulation
point of the period — 3 period doubling cascade becomes aperiodic (chaotic). Hence, beyond
this period — 3 is other subsequent periods called the period-doubling cascade leading into
chaos.

5. ACKNOWLEDGEMENTS
The authors are grateful to all Staff of MEJS and unknown reviewers for their insightful
comments. Sincerely appreciated.

6. CONFLICT OF INTERESTS

The authors declare that there is no conflict of interest.

7. REFERENCE

Ahmadi, S. A. 2018. A recurrent set for one — dimensional dynamical system. Hacettepe
Journal of Mathematics and Statistics, 47(1): 1-7.

Conley, C & Zehnder, E. 1984. Morse type index theory flows and periodic solutions for
Hamiltonian equations. Comm. Pure Appl. Math, 37: 207-253.

© CNCS, Mekelle University 176 ISSN: 2220-184X



Patrick, A. A.M., William Obeng-Denteh and Kwasi, B. G (MEJS) Volume 14(2):163-177, 2022

Das, R & Thakkar, D. 2013. A note on Non-wandering Sets of a Nonautonomous Discrete
Dynamical System: Applied Mathematical Science, 7(138): 6849-6854.

Klages, R. 2008. Introduction to Dynamical Systems. QMUL, Lecture Notes for
MAS424/MTHMO2/, Version 1.2, 18/04/2008.

Lloyd, N. G. 1988 "Limit cycles of polynomial systems - some recent developments” T.
Bedford (ed.) J. Swift (ed.), New directions in dynamical systems, Cambridge University
Press.

Markus, L. 1980. Lectures in differentiable dynamics. Amer. Math. Soc.

Mensah P.A.A., Obeng-Denteh, W., Ibrahim, | & Owusu Mensah, I. 2016. On the Nature of
the Logistic Function as a Nonlinear discrete dynamical system., Journal of Computation
and Modeling, 6(2): 133-150.

Neumann, D.A. 1987. Existence of periodic orbits on 2-manifolds. J. Differential Eq., 27:
313-319.

Nicholas, B. T., Tyler, A & Jeremiah, P. R. 2013. An Experimental Approach to Nonlinear

Dynamics and Chaos. Vol. 2.0 alpha, nbt@coas.oregonstate.edu, 338p.

Ott, E. 1993. Chaos in Dynamical Systems. Cambridge University Press.

Rabinowitz, P.H. 1987. Periodic solutions of Hamiltonian systems and related topics. In: A.
Ambrosetti, I. Ekeland and E.J. Zehnder (eds.). Proc. NATO Adv. Res. Workshop, 1986,
Reidel.

Reiser, P. A. 2020. Modified SIR Model Yielding a Logistic Solution. arXiv:2006.01550.

Sacker, R. J & Sell, G. R. 1972. On the existence of periodic solutions on 2-manifolds. J.
Differential Eq., 11: 449-463.

Tanja, E., Farkas, B., Haase, M & Nagel, R. 2015. Graduate Text in Mathematics:
Operator Theoretic Aspects of Ergodic Theory. Springer Cham Heidelberg New York
Dordrecht, London.

Wolfram Alpha computational knowledge engine. Available: http://wwte.wolframalpha.com/

calculate/msp/msp16592.

© CNCS, Mekelle University 177 ISSN: 2220-184X


mailto:nbt@coas.oregonstate.edu
https://en.wikipedia.org/wiki/ArXiv_(identifier)
https://arxiv.org/abs/2006.01550
http://wwte.wolframalpha.com/

