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ABSTRACT

This paper investigates operator algebras arising from the left regular representations of the
multiplicative semigroup of natural numbers and the integer group. It is shown that the Banach algebra
generated by it contains neither non-trivial projections nor compact operators. Additionally, it is proven
that the -algebra, generated by a family of bounded operators in, does not contain any non-zero compact
operators. The study further examines the von Neumann algebras generated by in. Moreover, it is shown
that the, where is the Cx-algebra generated by in and represents the space of continuous functions on
the unit circle. The results connect naturally with number theory through arithmetic semigroup actions
and with quantum mechanics as models for noncommutative observables and symmetries. These links
suggest that the structural rigidity established in this work may have implications for both arithmetic
and guantum spectral analysis.
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1. INTRODUCTION

Motivated by some problems in the study of quantum mechanics, von Neumann (1929)
introduced operator algebras around 1930 (Liu, 2011). More specifically, he introduced
algebraic structures consisting of a class of bounded operators on a Hilbert space, which he
called ’rings of operators’, later renamed ’von Neumann algebras’ (Dixmier, 1957). Such
algebras are self-adjoint, strong-operator closed, and contain the identity operator. Soon after,
von Neumann and his collaborator Murray laid the foundation of operator algebras their notions
and methods were successfully applied in many mathematical and physical problems.

In recent years, operator algebras have been further related to dynamical systems,
number theory, and quantum information (Grigoletto et al., 2024; Bhattacharya (2025);
Leutheusser and Liu, 2025). Most classical examples of operator algebras arise from group
algebras and actions of groups on manifolds or measure spaces. In many applications, however,
semigroups—and their associated algebras—serve as natural generalizations of groups and
group algebras (Murray and von Neumann, 1937; 1939; Murphy, 1990; Choi et al., 2023). This
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motivates the study of operator algebras associated with the multiplicative semigroup of natural
numbers N and its actions.

A central object in this setting is the multiplicative convolution operator on £2(N)
induced by an arithmetic function f. It is defined by

M) (M) = Tapn f (@D g (3.

Such operators naturally connect operator theory with problems in number theory and
noncommutative analysis, thereby building a bridge between these fields (Chib and Komal,
2014; Kadison and Ringrose, 1983, 1997).

The study of operator algebras related to number theory is currently an active area of
research. Much of the existing work has focused on boundedness properties of these operators
(Codeca and Nair, 2008; Dong et al., 2018; Hilberdink, 2013; Kibrom and LinZhe, 2019; Thorn,
2018). Codeca and Nair were among the first to address boundedness explicitly. They showed

that for any completely multiplicative function f € €', the operator M;:£"(N) —
¢7(N),p =1, is bounded with [|[M |, = IIf ll., where the norm in this regard is independent

of. Hilberdink (2013) later established the corresponding result for p = 2, proving that
My : £2(N) — £%(N) is bounded for all nonnegative f € £* with || M|, = IIf I, (Hilberdink,

2013).

More recently, Dong et al. (2018) initiated a systematic study of the Banach, C*, and
von Neumann algebras generated by the left regular representation of the multiplicative
semigroup of natural numbers. They showed that the maximal ideal space of the Banach
algebra B generated by Qy = {M,:n € N} is homeomorphic to DF, where D is the closed
unit disk in the complex plane. Despite these advances, the internal structural properties of the
algebra B, the existence of non-trivial projections and compact operators, remain largely
unexplored.

In this paper, we address this gap by investigating whether 8 contains any non-trivial
projections or non-zero compact operators, and by examining the weak operator topology
closure BWOT, We prove that B admits neither non-trivial projections nor non-zero compact
operators, while the characterization of 8VOT remains open.

From a broader perspective, these questions are motivated by applications to arithmetic
dynamics in number theory and to quantum mechanics, where operator algebras model algebras

of observables and discrete symmetries. Understanding rigidity phenomena such as the absence
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of compact operators provides insight into the spectral and structural behavior of systems

arising in both arithmetic and quantum settings.

2. RESULTS

The following is our first main result:

Theorem 1. The Banach algebra 8B generated by Qy := {M,,:n € N} in B(#?(N)) contains
no non-trivial projections.

Next, we consider the adjoint operators M, where k € N. Forall f,g € £?(N),
(M f,9) = L1 M (g () = Ty £ ) 9(0) = Ti—o f (M) g (kem),
which shows that (M g)(n) = g(kn),n € N. Moreover, || M} || = 1. Replacing g by &,,, for

any, m € N,

5 if klm
kZm =10, otherwise

The C*-algebra 2 generated by a family of bounded operators by Qy = {M,,:n € N}
in B(#?(N)) contains no projection of finite rank other than 0, as shown by Dong et al. (2018).
From the importance and success of the theory of compact operators, it is natural to extend and
investigate the existence of the compact operators to C*-algebra 2. So, the next natural
question is: “Does the C*-algebra 2 contain any non-zero compact operators?” We have the
following theorem.
Theorem 2. The Cx-algebra 2 generated by Qdoes not contain any non-zero compact
operators.
Let S be a set of bounded linear operators on a Hilbert space ', i.e.,§ S B(H).
The commutant of S is

§'={Te€BH):TS =ST forallSES }.
The double commutant of § is the commutant of the commutant:
§" =(8"Y ={T € B(}):TR =RT forallR € S }.
Theorem 3. (Double Commutant Theorem): If R is a *-subalgebra of B(H) that contains the
identity operator, then
R = (R") = RWOT = RSOT

That is, the double commutant equals the weak (or strong) operator topology closure of
R. Hence, R"is the von Neumann algebra generated by R. That is, a von Neumann algebra
is a subalgebra R of B(H) that contains the identity operator, is self-adjoint, and is closed

under the weak operator topology(WOT).
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The double commutant of R is R"” := (R')". Itis a trivial consequence that R € R"' for
all p # R € B(H). Remarkably, this relates a topological property (WOT-closure) to an
algebraic property (double commutant). In particular, if R is a WOT -closed, unital Cx-
subalgebra of B(#), then R = R"" (Kadison and Ringrose, 1983; 1997) The authors Kibrom
and LinZhe (2019) applied the double commutant theorem and determined the von Neumann
algebra generated by Q on weighted Hilbert spaces #2(N, 1/n#), B = 0 (Kibrom and LinZhe,
2019; Konca et al., 2015). We next consider the integer group Z and determine the von
Neumann algebra generated by {L,:n € N} in B(#2(Z)). The following theorem is proved in
section 3.

Theorem 4. {L,:n € N} in B(#2(Z)) generates a von Neumann algebra
Ly ={L, € B(#*(2)): a € +*(T)}.

Let Stdenote the unit circle {z € C: |z| = 1} and P(S') the polynomials over the

circle, i.e., finite sums of the form
A =Y oepAnz™, A, € L.

We denote L?(S1) as the set of all square-integrable functions. Recall that (S1,x) is a
multiplicative abelian group isomorphic to the additive group (R/Z, +). Furthermore, R/Z is
in one-to-one correspondence with [0, 1). Thus, we have an isomorphism between [0, 1) and
St via t » 2™ Topologically, R/Z, [0, 1), and S are homeomorphic (Katznelson, 2004).
We will show that the Fourier transform is an algebra isomorphism CZ = P(s1), extending to
an isometric isomorphism of C* -algebras: C*Z = C(S81), where C*Z is the C* —algebra
generated by CZ in B(#2(Z)), and C(S1), is the space of continuous functions on the unit circle
St
Theorem 5. C*Z = C(SY).

3. DISCUSSION AND PROOFS OF THE RESULTS
In the study of commutative Banach algebras, the Gelfand representation plays a crucial role.
Let A denote a commutative Banach algebra. The spectrum of A, denoted a(A), is the set of all
non-zero homomorphisms from A to C. The space C(c(A)) consists of continuous complex-
valued functions on a(A). For x € A, define X : 6(A) = C by X(¢) = @(x). Then X is a
continuous function, called the Gelfand transform of x. The mapping

T4 - C(o(d), x—2
is a homomorphism, called the Gelfand homomorphism. Note that

o(x) ={1 €C:x— Al &A*}

© CNCS, Mekelle University 52 ISSN: 2220-184X



Kibrom Gebrehiwot Gebremeskel (MEJS) Volume 18(1):49-61, 2026

= {1 € C:X — Avanishes at least at one point ¢ A}
= %(o(A)),
where A* denotes the group of invertible elements of A.
Example 1. Let A = C([0,1]), the Banach algebra of continuous functions on [0,1] with sup
norm. For each x € [0,1], define ¢, (f) = f(x). The Gelfand transform: for f € A is given
as follows:
f(@) = ¢:(f) = f(2),x €[01].
3.1. Projections in Banach Spaces
The study of projections, or idempotents, in Banach spaces is a central topic in functional
analysis. A projection in a Banach space is a bounded linear operator P satisfying P? = P
(Randrianantoanina, 2001).
The following lemma is useful for our main results.
Lemma 1. If Ais in the Banach algebra 8B and o(A) is not connected, then B contains an
idempotent different from 0 and I.
We now prove Theorem 1.
Proof. From Theorem 1.1 of Dong et al. (2018), we have 6(B) = IppD”, where D is the
closed unit disk in the complex plane. By the Gelfand transform, there is a homomorphism
m: B — C(c(B)) = C(pepD®).
Consider an idempotent P in 8. There is a corresponding idempotent P in C(o(‘B)), i.e.,
P — P.
Since MpepD? is connected, the only idempotents in C(G(SB)) areOand 1;i.e.,
P—P €{0,1}.
Since the Gelfand transform maps I — 1, let P = 0. Then o(P) = 0, which implies r(P) = 0,

where r denotes the spectral radius. Thus,
lim [|P"||"/n = 0,
n—co
so P = 0. Hence, B contains no non-trivial projections.
Definition 1. Let A be a commutative Banach algebra over C. The radical of A, rad(A), is
defined by rad(A) = {T € A: r(T) = 0}. A is semi-simple if rad(A) = {0}, i.e.,
r(T) = Tlli_r)gollTnlll/n = 0, which implies T = 0.
A character on A is a non-zero homomorphism t: A — C satisfying 7(ab) = t(a)t(b) for
a,b € A.We denote Q(A) as the set of characters on A.
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Example 2. Let A = C(X), where X is a compact topological space. For each x € X, the map
T:A = C, f— f(x),isacharacter on A.

Lemma 2. The Banach algebra 8B generated by Q is semi-simple, i.e., if T € B and ¢(T) = 0,
then T = 0.

Proof. LetT € B, so T = M; € B(#*(N)), where f € £*(N). We show semi-simplicity by

proving that lim ||T"||1/n =0impliesT = 0. AssumeT # 0,50 f # 0. Take aminimal n €
n—-00

N such that f(n) # 0.

IT™ | = (T8¢, Sl = |[(Mpsnf 50,5, m)
m-—times

=g pem

m-—times

lf ™,

So, [IT™|/m = |[f(n)| > 0. Thus,

r(T) = lim ||IT™||"/m > |f(n)| > 0, contradicting r(T) = 0. Therefore, T = 0.
m-—-00

Corollary 1. For B, a unital commutative Banach algebra,
o(a) ={t(a):t € QA(B)}, a €B.

Proof. This follows from Theorem 1.3.4 of Dong et al. (2018).
3.2. Compact Operators
The theory of compact operators is a significant area in operator algebras. A bounded linear
transformation T: H — H is compact if the closure of T(S) is compact in H, where S is the
closed unit ball. The set of compact operators is the closure of the set of finite-rank operators
in the operator norm.
Definition 2. A x-algebra is an algebra A with an involution x: A — A such that for all
a,b €A, 1€C, (a)* =a, (aa+b)* =aa* +b*, (Aa)* = 1a* and (ab)* =b*a* . A
normed algebra A satisfies [l ab | <[l a |l |l b || forall a,b € A.A Cx-algebra A is aBanach
algebra with an involution a+ a* satisfying |la*all = |la|l*> for all a€A .
We now prove Theorem 2.
Proof. Suppose T € A is a compact operator with ||T|| = 1. For any € > 0, there exists
Y finite AmnMn My, € U such that || finice AmnMnMyy, — T|| < €. Since T is compact, there
exists a finite-rank operator F = Y}~ , £;®n; € B(#2(N)) such that

|F —T| <€E. (2.1)
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For x € £2(N), Fx = XN ,(x,n;) & For a large prime p, Ep = MpM; is a projection onto the
closed subspace generated by {6p, 8,p,3p, + }. Then,

N

F = Sup ||[Fx|| < Sup |Ce,nad 11|
=1

[Ix|l=1 [[x|I= 14

N N
< sup > llxllinell 1§ = Sup > il 1l
lxll=1 & Ilxli=14

Forall ¢; € £2(N), ||Epé;]| = 0as p = o. Thus, ||EpF|| = 0. From (2.1),
|Ep(F — D)l < l|Ep[IIIF — T|| <e.
For large p, [|[EpF|| < &, 0O

IEpTIl < [IEpFIl + & < 2¢ (2.2)
Also,

IX8=1 @mnMnMpy — Tl < & (2.3)
Thus,

IEp(Zn=1 @mnMa M) — EpT|l < ¢,
implying

”EP(Zn 1 My, M;;l)” < 3¢

For p > max{m,n},

| Ep (XR=1 @mn M M)l = 1X5= 1 Qo M M I
Thus,
1201 AmnMa Myl < 3e.
From (2.3), ||T|| < 4¢, but ||T|| = 1, a contradiction. Hence, 2l contains no non-zero
compact operators.
It follows that the Banach algebra 8B generated by Q in B(£?(N) contains no non-zero
compact operators. We provide an alternative proof.
Lemma 3. The Banach algebra 8 generated by Q in B(#2(N) contains no compact operator
other than zero.
Proof. The Gelfand transform gives a homomorphism
m: B — C(0(B)) = C(MlpepD®).
If T € B is compact, there is a corresponding T € C(o(%)). Since o(T) = {0} U
a,¢(T) is disconnected, if o(T) = {0} or 0,,.(T) = @, then by Lemma 2, T = 0. Otherwise, by
Lemma 1, B contains a non-trivial projection, which contradicts Theorem 1. Thus, 8B contains

No non-zero compact operators.
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In operator theory, compact operators often behave like finite-dimensional matrices—
they can be “approximated” by simpler, finite-rank operators. Showing that certain operators
do not have compact components indicates that their behavior is inherently infinite-
dimensional. This matter because it means these operators cannot be simplified to finite
approximations without losing essential structure, which is important for both theoretical
understanding and practical computation in quantum information or dynamical systems.

3.3. Integer Group and Operator Algebras
Let G be a group (or semigroup). The complex group algebra CG is the set of finitely supported
complex functions on G:
€6 ={Yyecc A9/, €CgeE G}
Addition is pointwise:
YgecAg g+ XgecAg 9= Ygec(Ag +25)

and multiplication is defined by

af = Zg,he G Ag/lh gh= de G (Zhe G Agh_l ﬂh)h,
fora=Y4c6Aggand B = Ypeg Ang.ForG = Z,

CZ={a:a = X5, 2, 9(ny), 2; € C, g(ny) = n; € Z}.
Similarly, for N,

CN={a:a = %5, 2, 9(ny), 2; € C, g(n;) =n; € N}
Proposition 1. Both CZ and CN are integral domains with units.
Proof. We prove for CZ (since CN is a subring). The unit is §, = g(0). Take a =
Yk aigm)and B =3M, Big(t), witha, f; #0andny <n, < - <ny, t; <tp <+ <
tm.- Then, (af)(t; +ny) = a;f;. Since g(ny +t;) and other g(n; +t;) are linearly
independent, a8 # 0, CZis an integral domain.
3.3.1. Regular Representation of Z
Consider a discrete group G with unit e. Define

£2(6) = {§:G — C| Xyeclé (9] < oo},

Let 5, be the function that is 1 at g and 0 elsewhere; {,} is an orthonormal basis for

£2(G). Let G act on £2(G) by left multiplication:
Ly:§ — &™)

L, is isometric, called the left regular representation. The right regular representation is
Rg:§ — & 9).

Represent G on £2(G):

© CNCS, Mekelle University 56 ISSN: 2220-184X



Kibrom Gebrehiwot Gebremeskel (MEJS) Volume 18(1):49-61, 2026

m:G — B(£2(6)), g — L,.

Lgis unitary with £,* = Lg-1,and Ly, = L L. Elements in £2(G) can be written as

{ZQEG Ang:ZgEGMg'z < 00}-
For a € CG, L,: £%(G) — £%(G) is bounded, representing CG by bounded operators:
L,:CG — B(¢%(G)).
ForG = Z,

02(Z) = (Znez AnLn: Znezldnl® < 0},

and
L Qnez Anln) = Xnez AnLmin = Lnez n-mLn-

Lemma 4. Let T € B(#2(G)), & € £2(Z). If (T8, 6n) = (& * 8y, 8y for all m,n € Z, then
T = Lg.
Proof. Since & € #%(Z),L; is defined. For any y € #%(Z), prove ¢ *y = T(y). For fixed
n,vm

(§ * 8m) (M) = (& * 6, 6y) = (T6m, 6) -
Since y — (¢ * y)(n) and y +— T(y)(n) are continuous linear functionals agreeing on the
basis {5,,},§ * y = T(y). Thus, Ly = T(y), soT = L.
Proposition 2. If L, is bounded, then a € ¢%(Z). If Lg is bounded, then L,.5 = L, L.
Proof. Since £,6,,(m +n) = a(m),

Viitenl@(1? < 1£a64 1172 < 1 £al1.
Thus, a € £%(Z). For a (B * 6,y) = Lo L8y, sSet m = 0 to get a * B € £*(Z). Then,

(LaepOm, 6r) = (a * f)(n —m),
(Lo Lp8m, 8n) = (a* (B * 8p))(n) = (a * B)(n—m).
By Lemma 2.4, Ly.p = L Lp.
Proposition 3.3. CZ acting on ¢%(Z) is a unital x-subalgebra of B(#2(Z)).
Proof. Define Ly == {L,: @ € CZ}.Fora = ¥¥ , 2,9(n)),
ILa(B)llpz = lla * Bll2 = (Tl X @B — DIZ) /2

< Zla(l) 181l 2 ( Holder’s inequality)
1

Thus, [I£.]l < Zila D], s0 L, € B(£*(D)). For B = X, 4,g(—ny), Lg" = Lp. Als0, Lo
= L, + Lg. Hence, Lz is a unital *-subalgebra.

Corollary 2. #*(Z) is a subalgebra of B(¢2(Z)).
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Proof. For a, B € ¢1(Z),
Toll@x M) < ZpXila@Bn — DI = llallallBlly . Thus, a =g € £1(Z).
3.4. Group von Neumann algebra
The weak operator topology on B(H) is induced by {wx,y(A) = (Ax,y):x,y € }[} . The
closure of a C* algebra under this topology is a von Neumann algebra.
Lemma 5. {L,:n €Z} in B(fz (Z)) generates a von Neumann algebra L; = {La €
B(¢2(Z)):a € ¢2(7)}.
Proof. Let £ be the commutant of {L,,:n € Z}. Since {L,,} is self-adjoint, prove L' = L; .
Since LyLy = LypLy ,{L,} S L, so L' ={L,}' S L.ForT €L, let a =T5, € £2(Z) . For
anym,n € Z,
(TS, 8n) = (TLpSo, 6n) = (LT, 8n) = (Lina, 8y,
By Lemma4, T = L,,s0 L S Ly.Since Ly is commutative, L; S L;' < L' . Thus,
L=L;=L,=1".
Denote P(S1) as polynomials over the circle:

A=2Anzn, A, €Z.

nez

P(Ss1) is a pre-Hilbert space with inner product

(A,B) = jA(Z)B(Z)dZ,
51
extending to L2(§") = {F:S' — C| [,|F(2)|*dz < o} . The set {z"},,¢z is an orthonormal

basis for P(s1), since

1, ifn=0

n —
fz dz _{ 0, otherwise.

51
The Fourier transform is

FiCZ —CSY, [ F(HE) = Z Fn)zm,

nez
an algebra isomorphism since F (6, * 8,,,) = z™t™ = F(6,)F (6,,) .
Lemma 6. CZ and P(s1) are isomorphic.
We now prove Theorem 4.
Proof. Consider S as R/Z viat +— e?™t . Define
F: £2(Z) — L*([0,1),dx), F(6,) = e?™™nt,

Since |18, 1l = ||e?™™¢|| = 1, F is norm-preserving. It induces an isometric isomorphism from
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B(¥%*(Z)) to B(L*([0,1),dx)) . For f € L*([0,1),dx), the multiplication Ms:g +— fg
satisfies || M || = l|f I, . Since F(CZ) are polynomials on §*, the norm closure of

Myczy = {My; f € CL}is M1y = {My: f € C(S1) }.Thus, C*Z = C(S?).
Corollary 3. o(L,) = S*.
Proof. Since L} = L, and L™, = L_,,, C*Z is generated by the unitary L,, C*Z = C(a(L,)).
By Theorem 4., a(L;) = S.

Alternatively, since L, is unitary, o(L;) €8*. For 1 € S, take a,(i) =%, i =
—1,---,—n, zero elsewhere. Then ||la,|| = 1, and
yl /11+n \/?
Lia, — Aa,|| = ||=06p ———=6,|| =—=— 0.
ILiar nll H\/ﬁ 0 — || = 7

Thus A € a(L,).

4. CONCLUSION

Inspired by von Neumann’s foundational work linking operator algebras to quantum
mechanics, this study investigates Banach algebras generated by multiplicative convolution
operators on £2(N), connecting number theory with operator theory. Building on previous
results regarding boundedness and C*-algebraic structures, we examined structural properties
of the algebra B generated by Qy := {M,,;: n € N}. We showed that B contains no non-trivial
projections and no non-zero compact operators, highlighting its rigidity and revealing new
insights into the interplay between arithmetic functions and operator algebra. These findings
further the understanding of how multiplicative semigroups of natural numbers act in operator-
theoretic frameworks, offering a foundation for future exploration of B under the weak
operator topology and potential applications in non-commutative analysis and quantum

information.
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