
Research Article                 http://dx.doi.org/10.4314/mejs.v18i1.4                      Open Access 
 

Momona Ethiopian Journal of Science (MEJS), V18(1):49-61,2026 ©CNCS, Mekelle University,ISSN:2220-184X  

Submitted: 8th June 2025           Accepted: 3rd January 2026           Published: 2nd May 2026                           

© CNCS Mekelle University. This article is licensed under a Creative Commons Attribution 4.0 

International License. This license enables re-users to distribute, remix, adapt, and build upon 

the material in any medium or format, so long as attribution is given to the creator. The license 

allows for commercial use. To view the details of this license, visit http:// creativecommons.org/ 

licenses/ by/4. 0/. CC: Creative Commons; BY: credit must be given to the creator.   

 

Operator Algebras Associated with the Multiplicative Semigroup of Natural 

Numbers and Integer Groups ℤ  
 

Kibrom Gebrehiwot Gebremeskel* 
Department of Mathematics, Aksum University, Axum, Tigray, 1010, Ethiopia (*kibg2002@gmail.com; 

gebrehiwotki@mail.aku.edu.et; ORCID:  https://orcid.org/0009-0004-1814-2530). 

 
ABSTRACT  

This paper investigates operator algebras arising from the left regular representations of the 

multiplicative semigroup of natural numbers and the integer group. It is shown that the Banach algebra 

generated by it contains neither non-trivial projections nor compact operators. Additionally, it is proven 

that the -algebra, generated by a family of bounded operators in, does not contain any non-zero compact 

operators. The study further examines the von Neumann algebras generated by in. Moreover, it is shown 

that the, where is the C∗-algebra generated by in and represents the space of continuous functions on 

the unit circle. The results connect naturally with number theory through arithmetic semigroup actions 

and with quantum mechanics as models for noncommutative observables and symmetries. These links 

suggest that the structural rigidity established in this work may have implications for both arithmetic 

and quantum spectral analysis. 
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1. INTRODUCTION 

Motivated by some problems in the study of quantum mechanics, von Neumann (1929) 

introduced operator algebras around 1930 (Liu, 2011). More specifically, he introduced 

algebraic structures consisting of a class of bounded operators on a Hilbert space, which he 

called ’rings of operators’, later renamed ’von Neumann algebras’ (Dixmier, 1957). Such 

algebras are self-adjoint, strong-operator closed, and contain the identity operator. Soon after, 

von Neumann and his collaborator Murray laid the foundation of operator algebras their notions 

and methods were successfully applied in many mathematical and physical problems.  

In recent years, operator algebras have been further related to dynamical systems, 

number theory, and quantum information (Grigoletto et al., 2024; Bhattacharya (2025); 

Leutheusser and Liu, 2025). Most classical examples of operator algebras arise from group 

algebras and actions of groups on manifolds or measure spaces. In many applications, however, 

semigroups—and their associated algebras—serve as natural generalizations of groups and 

group algebras (Murray and von Neumann, 1937; 1939; Murphy, 1990; Choi et al., 2023). This 
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motivates the study of operator algebras associated with the multiplicative semigroup of natural 

numbers ℕ and its actions. 

A central object in this setting is the multiplicative convolution operator on ℓ2(ℕ) 

induced by an arithmetic function 𝑓. It is defined by 

(ℳ𝑓𝑔)(𝑛) = ∑ 𝑓(𝑑)𝑔(
𝑛

𝑑
)𝑑|𝑛 . 

Such operators naturally connect operator theory with problems in number theory and 

noncommutative analysis, thereby building a bridge between these fields (Chib and Komal, 

2014; Kadison and Ringrose, 1983, 1997). 

The study of operator algebras related to number theory is currently an active area of 

research. Much of the existing work has focused on boundedness properties of these operators 

(Codecà and Nair, 2008; Dong et al., 2018; Hilberdink, 2013; Kibrom and LinZhe, 2019; Thorn, 

2018). Codecà and Nair were among the first to address boundedness explicitly. They showed 

that for any completely multiplicative function 𝑓 ∈ ℓ1,  the operator ℳ𝑓 : ℓ
𝑃(ℕ) →

ℓ𝑃(ℕ) , 𝑝 ≥ 1, is bounded with ‖ℳ𝑓‖2
= ‖𝑓‖1, where the norm in this regard is independent 

of. Hilberdink (2013) later established the corresponding result for 𝑝 = 2 , proving that 

ℳ𝑓 : ℓ
2(ℕ) → ℓ2(ℕ) is bounded for all nonnegative 𝑓 ∈ ℓ1 with ‖ℳ𝑓‖2

= ‖𝑓‖1 (Hilberdink, 

2013). 

More recently, Dong et al. (2018) initiated a systematic study of the Banach, C*, and 

von Neumann algebras generated by the left regular representation of the multiplicative 

semigroup of natural numbers. They showed that the maximal ideal space of the Banach 

algebra 𝔅 generated by Ωℕ ≔ {ℳ𝑛: 𝑛 ∈ ℕ} is homeomorphic to 𝔻P, where 𝔻 is the closed 

unit disk in the complex plane. Despite these advances, the internal structural properties of the 

algebra 𝔅 , the existence of non-trivial projections and compact operators, remain largely 

unexplored.  

In this paper, we address this gap by investigating whether 𝔅 contains any non-trivial 

projections or non-zero compact operators, and by examining the weak operator topology 

closure 𝔅̅WOT. We prove that 𝔅 admits neither non-trivial projections nor non-zero compact 

operators, while the characterization of 𝔅̅WOT remains open.   

From a broader perspective, these questions are motivated by applications to arithmetic 

dynamics in number theory and to quantum mechanics, where operator algebras model algebras 

of observables and discrete symmetries. Understanding rigidity phenomena such as the absence 
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of compact operators provides insight into the spectral and structural behavior of systems 

arising in both arithmetic and quantum settings. 

  

2. RESULTS 

The following is our first main result: 

Theorem 1. The Banach algebra 𝔅 generated by Ωℕ ≔ {ℳ𝑛: 𝑛 ∈ ℕ}  in ℬ(ℓ2(ℕ)) contains 

no non-trivial projections. 

Next, we consider the adjoint operators ℳ𝑘, where 𝑘 ∈  ℕ. For all  𝑓, 𝑔 ∈ ℓ2(ℕ),  

〈ℳ𝑘𝑓, 𝑔〉 = ∑ (ℳ𝑘𝑓)(𝑛)𝑔(𝑛)̅̅ ̅̅ ̅̅ = ∑ 𝑓(
𝑛

𝑘
)𝑘|𝑛

∞
𝑛=1 𝑔(𝑛)̅̅ ̅̅ ̅̅ = ∑ 𝑓(𝑚)𝑔(𝑘𝑚)̅̅ ̅̅ ̅̅ ̅̅ ̅∞

𝑚=0 , 

which shows that (ℳ𝑘
∗𝑔)(𝑛) = 𝑔(𝑘𝑛), 𝑛 ∈ ℕ. Moreover, ‖ℳ𝑘

∗‖ = 1. Replacing 𝑔 by 𝛿𝑚, for 

any , 𝑚 ∈ ℕ, 

ℳ𝑘
∗𝛿𝑚 = {

𝛿𝑚/𝑘,        𝑖𝑓 𝑘|𝑚

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

The C*-algebra 𝔄 generated by a family of bounded operators by Ωℕ ≔ {ℳ𝑛: 𝑛 ∈ ℕ}  

in ℬ(ℓ2(ℕ)) contains no projection of finite rank other than 0, as shown by Dong et al. (2018). 

From the importance and success of the theory of compact operators, it is natural to extend and 

investigate the existence of the compact operators to C*-algebra 𝔄 . So, the next natural 

question is: “Does the C*-algebra 𝔄 contain any non-zero compact operators?” We have the 

following theorem. 

Theorem 2. The C∗-algebra 𝔄  generated by Ω does not contain any non-zero compact 

operators. 

Let 𝒮 be a set of bounded linear operators on a Hilbert space ℋ, i.e., 𝒮 ⊆  ℬ(ℋ). 

The commutant of 𝒮 is   

𝒮′ = {𝑇 ∈ ℬ(ℋ): 𝑇𝑆 = 𝑆𝑇 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑆 ∈ 𝒮 }. 

The double commutant of 𝒮 is the commutant of the commutant:  

𝒮′′ = (𝒮′)′ = {𝑇 ∈ ℬ(ℋ): 𝑇𝑅 = 𝑅𝑇 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑅 ∈ 𝒮′ }. 

Theorem 3. (Double Commutant Theorem):  If ℛ is a *-subalgebra of ℬ(ℋ) that contains the 

identity operator, then 

ℛ′′ ≔ (ℛ′)′ = ℛ̅WOT = ℛ̅SOT. 

That is, the double commutant equals the weak (or strong) operator topology closure of 

ℛ. Hence, ℛ′′is the von Neumann algebra generated by ℛ. That is, a von Neumann algebra 

is a subalgebra ℛ of ℬ(ℋ) that contains the identity operator, is self-adjoint, and is closed 

under the weak operator topology(WOT). 
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The double commutant of ℛ is ℛ′′ ≔ (ℛ′)′. It is a trivial consequence that ℛ ⊆ ℛ′′ for 

all ∅ ≠ ℛ ⊆ ℬ(ℋ).  Remarkably, this relates a topological property (WOT-closure) to an 

algebraic property (double commutant). In particular, if ℛ  is a WOT -closed, unital C∗-

subalgebra of ℬ(ℋ), then ℛ = ℛ′′ (Kadison and Ringrose, 1983; 1997) The authors Kibrom 

and LinZhe (2019) applied the double commutant theorem and determined the von Neumann 

algebra generated by Ω on weighted Hilbert spaces ℓ2(ℕ, 1 𝑛𝛽⁄ ), 𝛽 ≥ 0 (Kibrom and LinZhe, 

2019; Konca et al., 2015). We next consider the integer group ℤ  and determine the von 

Neumann algebra generated by {𝐿𝑛: 𝑛 ∈ ℕ} in ℬ(ℓ2(ℤ)). The following theorem is proved in 

section 3. 

Theorem 4. {𝐿𝑛: 𝑛 ∈ ℕ} in ℬ(ℓ2(ℤ)) generates a von Neumann algebra 

ℒℤ = {𝐿𝛼 ∈  ℬ(ℓ
2(ℤ)): 𝛼 ∈ ℓ2(ℤ)}. 

Let 𝒮1denote the unit circle { 𝑧 ∈ ℂ ∶  |𝑧| = 1} and P(𝒮1) the polynomials over the 

circle, i.e., finite sums of the form  

𝒜 = ∑ 𝐴𝑛𝑧
𝑛, 𝐴𝑛 ∈ ℤ𝑛∈ℤ . 

We denote 𝐿2(𝒮1) as the set of all square-integrable functions. Recall that (𝒮1,×) is a 

multiplicative abelian group isomorphic to the additive group (ℝ ℤ⁄ ,+). Furthermore, ℝ ℤ⁄  is 

in one-to-one correspondence with [0, 1). Thus, we have an isomorphism between [0, 1) and 

𝒮1 via t ↦ 𝑒2𝜋𝑖𝑡. Topologically, ℝ ℤ⁄ , [0, 1), and 𝒮1 are homeomorphic (Katznelson, 2004). 

We will show that the Fourier transform is an algebra isomorphism Cℤ ≅ P(𝒮1), extending to 

an isometric isomorphism of C∗ -algebras: C∗ℤ ≅ C(𝒮1) , where C∗ℤ  is the C∗ − algebra 

generated by Cℤ in ℬ(ℓ2(ℤ)), and C(𝒮1), is the space of continuous functions on the unit circle 

𝒮1.  

Theorem 5.  C∗ℤ ≅ C(𝒮1). 

 

3. DISCUSSION AND PROOFS OF THE RESULTS 

In the study of commutative Banach algebras, the Gelfand representation plays a crucial role. 

Let A denote a commutative Banach algebra. The spectrum of A, denoted 𝜎(A), is the set of all 

non-zero homomorphisms from A to C. The space C(σ(A)) consists of continuous complex-

valued functions on 𝜎(A) . For 𝑥 ∈ A , define 𝑥̂ ∶ σ(A) → C  by 𝑥̂(𝜑) = 𝜑(𝑥) . Then 𝑥̂  is a 

continuous function, called the Gelfand transform of 𝑥. The mapping 

ΓA: 𝐴 → C(σ(A)), x ⟼ 𝑥̂ 

is a homomorphism, called the Gelfand homomorphism. Note that 

σ(x) = { 𝜆 ∈ C: 𝑥 − 𝜆𝐼 ∉ A×} 
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= { λ ∈ ℂ: 𝑥̂ − λ vanishes at least at one point ∉ A} 

= 𝑥̂(σ(A)), 

where A× denotes the group of invertible elements of A.  

Example 1.  Let A = C([0,1]), the Banach algebra of continuous functions on [0,1] with sup 

norm. For each 𝑥 ∈ [0,1], define 𝜙𝑥(𝑓) = 𝑓(𝑥).  The Gelfand transform: for 𝑓 ∈ A is given 

as follows: 

𝑓(𝜙𝑥) = 𝜙𝑥(𝑓) = 𝑓(𝑥), 𝑥 ∈ [0,1]. 

3.1. Projections in Banach Spaces 

The study of projections, or idempotents, in Banach spaces is a central topic in functional 

analysis. A projection in a Banach space is a bounded linear operator P satisfying P2 = P 

(Randrianantoanina, 2001). 

The following lemma is useful for our main results. 

Lemma 1. If A is in the Banach algebra 𝔅 and σ(A) is not connected, then 𝔅 contains an 

idempotent different from 0 and I.  

We now prove Theorem 1. 

Proof. From Theorem 1.1 of Dong et al. (2018), we have σ(𝔅) ≅ Π𝒫∈P𝔻
𝒫, where 𝔻 is the 

closed unit disk in the complex plane. By the Gelfand transform, there is a homomorphism  

𝜋: 𝔅 ⟶ C(σ(𝔅)) = C(Π𝒫∈P𝔻
𝒫). 

Consider an idempotent P in 𝔅. There is a corresponding idempotent P̂ in C(σ(𝔅)), i.e.,  

P ⟼ P̂.  

Since Π𝒫∈P𝔻
𝒫 is connected, the only idempotents in C(σ(𝔅)) are 0 and 1; i.e.,  

P ⟼ P̂  ∈ {0,1}.  

Since the Gelfand transform maps I ⟼ 1, let P̂ = 0. Then σ(P) = 0, which implies r(P) = 0, 

where r denotes the spectral radius. Thus, 

lim
𝑛→∞

‖P𝑛‖
1
𝑛⁄ = 0,  

so P =  0. Hence, 𝔅 contains no non-trivial projections. 

Definition 1. Let 𝒜 be a commutative Banach algebra over C. The radical of 𝒜, rad(𝒜), is 

defined by rad(𝒜) = {T ∈ 𝒜: r(T) = 0}. A is semi-simple if rad(𝒜) = {0}, i.e., 

r(T) = lim
𝑛→∞

‖T𝑛‖
1
𝑛⁄ = 0, which implies T = 0. 

A character on 𝒜 is a non-zero homomorphism 𝜏:𝒜 → ℂ satisfying 𝜏(𝑎𝑏) = 𝜏(𝑎)𝜏(𝑏) for 

𝑎, 𝑏 ∈  𝒜. We denote Ω(𝒜) as the set of characters on 𝒜. 
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Example 2. Let 𝒜 = C(X), where X is a compact topological space. For each 𝑥 ∈ X, the map 

𝜏:𝒜 → ℂ , 𝑓 ⟼ 𝑓(𝑥), is a character on 𝒜. 

Lemma 2. The Banach algebra 𝔅 generated by Ω is semi-simple, i.e., if  𝑇 ∈ 𝔅 and 𝜎(𝑇) = 0, 

then  𝑇 = 0. 

Proof. Let 𝑇 ∈ 𝔅, so 𝑇 = 𝑀𝑓 ∈ ℬ(ℓ
2(ℕ)), where 𝑓 ∈ ℓ2(ℕ). We show semi-simplicity by 

proving that lim
𝑛→∞

‖𝑇𝑛‖
1
𝑛⁄ = 0 implies 𝑇 =  0. Assume 𝑇 ≠ 0, so 𝑓 ≠ 0. Take a minimal 𝑛 ∈

ℕ such that 𝑓(𝑛) ≠ 0. 

‖𝑇𝑚‖ ≥ ‖〈𝑇𝑚𝛿𝑒 , 𝛿𝑛𝑚〉‖ = ‖〈𝑀𝑓∗ ⋯∗𝑓⏟    ⏟    𝛿𝑒,𝛿𝑛𝑚

𝑚−𝑡𝑖𝑚𝑒𝑠

〉‖ 

= ‖(𝑓 ∗ ⋯∗ 𝑓)⏟      (𝑛𝑚)
𝑚−𝑡𝑖𝑚𝑒𝑠

‖ 

= |𝑓(𝑛)|𝑚 , 

So, ‖𝑇𝑚‖
1
𝑚⁄ ≥ |𝑓(𝑛)| > 0.  Thus, 

r(𝑇) = lim
𝑚→∞

‖𝑇𝑚‖
1
𝑚⁄ ≥ |𝑓(𝑛)| > 0,  contradicting r(𝑇) = 0. Therefore, 𝑇 =  0. 

Corollary 1. For 𝔅, a unital commutative Banach algebra, 

𝜎(𝑎) = {𝜏(𝑎): 𝜏 ∈ Ω(𝔅)},   𝑎 ∈ 𝔅. 

Proof. This follows from Theorem 1.3.4 of Dong et al. (2018). 

3.2. Compact Operators 

The theory of compact operators is a significant area in operator algebras. A bounded linear 

transformation 𝑇:ℋ → ℋ is compact if the closure of 𝑇(𝒮) is compact in ℋ, where 𝒮 is the 

closed unit ball. The set of compact operators is the closure of the set of finite-rank operators 

in the operator norm. 

Definition 2. A ∗-algebra is an algebra 𝒜  with an involution ∗:𝒜 → 𝒜  such that for all 

𝑎, 𝑏 ∈ 𝒜, 𝜆 ∈ ℂ,  (𝑎∗)∗ = 𝑎, (𝛼𝑎 + 𝑏)∗ = 𝛼̅𝑎∗ + 𝑏∗,  (𝜆𝑎)∗ = 𝜆̅𝑎∗ and (𝑎𝑏)∗ = 𝑏∗𝑎∗ . A 

normed algebra 𝒜 satisfies ∥ 𝑎𝑏 ∥ ≤ ∥ 𝑎 ∥ ∥ 𝑏 ∥ for all 𝑎, 𝑏 ∈ 𝒜. A C∗-algebra 𝒜 is a Banach 

algebra with an involution 𝑎 ⟼ 𝑎∗  satisfying ‖𝑎∗ a‖ = ‖𝑎‖2 for all 𝑎 ∈ 𝒜 . 

We now prove Theorem 2.  

Proof. Suppose 𝑇 ∈ 𝒜   is a compact operator with ‖𝑇‖ = 1.  For any 𝜀 > 0 , there exists 

∑ 𝑎𝑚𝑛𝑀𝑛𝑀𝑚
∗

𝑓𝑖𝑛𝑖𝑡𝑒 ∈ 𝔄  such that ‖∑ 𝑎𝑚𝑛𝑀𝑛𝑀𝑚
∗

𝑓𝑖𝑛𝑖𝑡𝑒 − 𝑇‖ < 𝜀 . Since 𝑇 is compact, there 

exists a finite-rank operator 𝐹 = ∑ 𝜉𝑖⨂𝜂𝑖 ∈ ℬ(ℓ
2(ℕ))𝑁

𝑖=1  such that 

‖𝐹 − 𝑇‖ <∈ .                                       (2.1) 
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For 𝑥 ∈ ℓ2(ℕ), 𝐹𝑥 = ∑ 〈𝑥, 𝜂𝑖〉 𝜉𝑖
𝑁
𝑖=1 . For a large prime p, 𝐸P = 𝑀P𝑀P

∗  is a projection onto the 

closed subspace generated by {𝛿P, 𝛿2P, 𝛿3P, ⋯ }. Then, 

𝐹 = Sup
‖𝑥‖=1

‖𝐹𝑥‖ ≤ Sup
‖𝑥‖=1

∑|〈𝑥, 𝜂𝑖〉|

𝑁

𝑖=1

‖𝜉𝑖‖ 

≤ Sup
‖𝑥‖=1

∑‖𝑥‖‖𝜂𝑖‖

𝑁

𝑖=1

‖𝜉𝑖‖ = Sup
‖𝑥‖=1

∑‖𝜂𝑖‖

𝑁

𝑖=1

‖𝜉𝑖‖ 

For all 𝜉𝑖 ∈ ℓ
2(ℕ),  ‖𝐸P𝜉𝑖‖ → 0 as p → ∞. Thus,  ‖𝐸P𝐹‖ → 0.  From (2.1), 

‖𝐸P(𝐹 − 𝑇)‖ ≤ ‖𝐸P‖‖𝐹 − 𝑇‖ < 𝜀. 

For large p, ‖𝐸P𝐹‖ < 𝜀, so 

‖𝐸P𝑇‖ < ‖𝐸P𝐹‖ + 𝜀 < 2𝜀                    (2.2) 

Also,  

‖∑ 𝑎𝑚𝑛𝑀𝑛𝑀𝑚
∗𝑁

𝑛=1 − 𝑇‖ < 𝜀                   (2.3) 

Thus,  

‖𝐸P(∑ 𝑎𝑚𝑛𝑀𝑛𝑀𝑚
∗𝑁

𝑛=1 ) − 𝐸P𝑇‖ < 𝜀,  

implying 

‖𝐸P(∑ 𝑎𝑚𝑛𝑀𝑛𝑀𝑚
∗𝑁

𝑛=1 )‖ < 3𝜀  

For  p > max
 
{𝑚, 𝑛}, 

‖𝐸P(∑ 𝑎𝑚𝑛𝑀𝑛𝑀𝑚
∗𝑁

𝑛=1 )‖ = ‖∑ 𝑎𝑚𝑛𝑀𝑛𝑀𝑚
∗𝑁

𝑛=1 ‖.  

Thus,  

‖∑ 𝑎𝑚𝑛𝑀𝑛𝑀𝑚
∗𝑁

𝑛=1 ‖ < 3𝜀.  

From (2.3), ‖𝑇‖ < 4𝜀, but ‖𝑇‖ = 1, a contradiction. Hence, 𝔄 contains no non-zero 

compact operators.  

It follows that the Banach algebra 𝔅 generated by Ω in ℬ(ℓ2(ℕ) contains no non-zero 

compact operators.  We provide an alternative proof. 

Lemma 3. The Banach algebra 𝔅 generated by Ω in ℬ(ℓ2(ℕ) contains no compact operator 

other than zero. 

Proof. The Gelfand transform gives a homomorphism 

𝜋: 𝔅 ⟶ C(σ(𝔅)) = C(Π𝒫∈P𝔻
𝒫). 

If 𝑇 ∈ 𝔅  is compact, there is a corresponding T̂ ∈ C(σ(𝔅)).  Since σ(T) = {0} ∪

𝜎𝑝𝑡(T) is disconnected, if σ(T) = {0} or 𝜎𝑝𝑡(T) = ∅, then by Lemma 2, T = 0. Otherwise, by 

Lemma 1, 𝔅 contains a non-trivial projection, which contradicts Theorem 1. Thus, 𝔅 contains 

no non-zero compact operators. 
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In operator theory, compact operators often behave like finite-dimensional matrices—

they can be “approximated” by simpler, finite-rank operators. Showing that certain operators 

do not have compact components indicates that their behavior is inherently infinite-

dimensional. This matter because it means these operators cannot be simplified to finite 

approximations without losing essential structure, which is important for both theoretical 

understanding and practical computation in quantum information or dynamical systems. 

3.3. Integer Group and Operator Algebras 

Let 𝐺 be a group (or semigroup). The complex group algebra ℂ𝐺 is the set of finitely supported 

complex functions on 𝐺: 

ℂ𝐺 = {∑ 𝜆𝑔𝑔∈ 𝐺 𝑔| 𝜆𝑔 ∈ ℂ, 𝑔 ∈  𝐺 }.  

Addition is pointwise: 

∑ 𝜆𝑔𝑔∈ 𝐺 𝑔 + ∑ 𝜆𝑔
∗

𝑔∈ 𝐺 𝑔 = ∑ (𝜆𝑔 + 𝜆𝑔
∗

𝑔∈ 𝐺 )  

and multiplication is defined by 

𝛼𝛽 = ∑ 𝜆𝑔𝜆ℎ𝑔,ℎ∈ 𝐺 𝑔ℎ = ∑ (∑ 𝜆𝑔ℎ−1ℎ∈ 𝐺 𝜆ℎ)ℎ,𝑔∈ 𝐺   

for 𝛼 = ∑ 𝜆𝑔𝑔∈ 𝐺 𝑔 and 𝛽 = ∑ 𝜆ℎℎ∈ 𝐺 𝑔. For 𝐺 =  ℤ, 

ℂℤ={𝛼: 𝛼 = ∑ 𝜆𝑖
𝑘
𝑖=1 𝑔(𝑛𝑖), 𝜆𝑖 ∈ ℂ, 𝑔(𝑛𝑖) = 𝑛𝑖 ∈ ℤ}.  

Similarly, for ℕ, 

ℂℕ={𝛼: 𝛼 = ∑ 𝜆𝑖
𝑘
𝑖=1 𝑔(𝑛𝑖), 𝜆𝑖 ∈ ℂ, 𝑔(𝑛𝑖) = 𝑛𝑖 ∈ ℕ}. 

Proposition 1. Both ℂℤ and ℂℕ are integral domains with units. 

Proof. We prove for ℂℤ  (since ℂℕ  is a subring). The unit is 𝛿0 = 𝑔(0).  Take 𝛼 =

∑ 𝛼𝑖𝑔(𝑛𝑖)
𝑘
𝑖=1  and 𝛽 = ∑ 𝛽𝑖𝑔(𝑡𝑖)

𝑚
𝑖=1 , with 𝛼𝑖, 𝛽𝑖 ≠ 0 and 𝑛1 < 𝑛2 < ⋯ < 𝑛𝑘 , 𝑡1 < 𝑡2 < ⋯ <

𝑡𝑚.  Then, (𝛼𝛽)(𝑡1 + 𝑛1) = 𝛼1𝛽1.  Since 𝑔(𝑛1 + 𝑡1) and other 𝑔(𝑛𝑖 + 𝑡𝑗) are linearly 

independent, 𝛼𝛽 ≠ 0, ℂℤis an integral domain. 

3.3.1. Regular Representation of ℤ 

Consider a discrete group 𝐺 with unit 𝑒. Define 

ℓ2(𝐺) = {𝜉: 𝐺 ⟶ ℂ|∑ |𝜉(𝑔)|2 < ∞𝑔∈𝐺 }.    

Let 𝛿𝑔 be the function that is 1 at 𝑔 and 0 elsewhere; {𝛿𝑔} is an orthonormal basis for 

ℓ2(𝐺).  Let 𝐺 act on ℓ2(𝐺) by left multiplication: 

ℒ𝑔: 𝜉 ⟼ 𝜉(𝑔−1. ). 

ℒ𝑔 is isometric, called the left regular representation. The right regular representation is  

ℛ𝑔: 𝜉 ⟼ 𝜉(. 𝑔). 

Represent 𝐺 on ℓ2(𝐺): 
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𝜋: 𝐺 ⟶ ℬ(ℓ2(𝐺)), 𝑔 ⟼ ℒ𝑔. 

ℒ𝑔is unitary with ℒ𝑔
∗ = ℒ𝑔−1, and ℒ𝑔ℎ = ℒ𝑔ℒℎ.  Elements in ℓ2(𝐺) can be written as 

{∑ 𝜆𝑔ℒ𝑔: ∑ |𝜆𝑔|
2
< ∞𝑔∈𝐺𝑔∈𝐺 }.  

For 𝛼 ∈ ℂ𝐺, ℒ𝛼: ℓ
2(𝐺) → ℓ2(𝐺) is bounded, representing ℂ𝐺 by bounded operators: 

ℒ𝑔: ℂ𝐺 ⟶ ℬ(ℓ2(𝐺)). 

For 𝐺 =  ℤ, 

ℓ2(ℤ) = {∑ 𝜆𝑛ℒ𝑛: ∑ |𝜆𝑛|
2 < ∞𝑛∈ℤ𝑛∈ℤ },  

and 

ℒ𝑚(∑ 𝜆𝑛ℒ𝑛𝑛∈ℤ ) = ∑ 𝜆𝑛ℒ𝑚+𝑛 = ∑ 𝜆𝑛−𝑚ℒ𝑛𝑛∈ℤ𝑛∈ℤ .  

Lemma 4. Let 𝑇 ∈ ℬ(ℓ2(𝐺)), 𝜉 ∈ ℓ2(ℤ). If 〈𝑇𝛿𝑚, 𝛿𝑛〉 = 〈𝜉 ∗ 𝛿𝑚, 𝛿𝑛〉 for all 𝑚, 𝑛 ∈ ℤ, then 

𝑇 = ℒ𝜉 .  

Proof. Since 𝜉 ∈ ℓ2(ℤ), ℒ𝜉  is defined. For any 𝑦 ∈ ℓ2(ℤ),  prove 𝜉 ∗ 𝑦 = 𝑇(𝑦).  For fixed 

𝑛, ∀𝑚 

(𝜉 ∗ 𝛿𝑚)(𝑛) = 〈𝜉 ∗ 𝛿𝑚, 𝛿𝑛〉 = 〈𝑇𝛿𝑚, 𝛿𝑛〉 . 

Since 𝑦 ⟼ (𝜉 ∗ 𝑦)(𝑛)  and 𝑦 ⟼ 𝑇(𝑦)(𝑛) are continuous linear functionals agreeing on the 

basis {𝛿𝑚}, 𝜉 ∗ 𝑦 = 𝑇(𝑦). Thus, ℒ𝜉𝑦 = 𝑇(𝑦),  so 𝑇 = ℒ𝜉 . 

Proposition 2. If  ℒ𝛼 is bounded, then 𝛼 ∈ ℓ2(ℤ). If ℒ𝛽 is bounded, then ℒ𝛼∗𝛽 = ℒ𝛼ℒ𝛽. 

Proof.  Since ℒ𝛼𝛿𝑛(𝑚 + 𝑛) = 𝛼(𝑚), 

∑ |𝛼(𝑖)|2 ≤ ‖ℒ𝛼𝛿𝑛‖ℓ2
2 ≤ ‖ℒ𝛼‖

2
|𝑖|<𝑛 .  

Thus, 𝛼 ∈ ℓ2(ℤ). For 𝛼 ∗ (𝛽 ∗ 𝛿𝑚) = ℒ𝛼ℒ𝛽𝛿𝑚, set 𝑚 = 0 to get 𝛼 ∗ 𝛽 ∈ ℓ2(ℤ). Then, 

〈ℒ𝛼∗𝛽𝛿𝑚, 𝛿𝑛〉 = (𝛼 ∗ 𝛽)(𝑛 − 𝑚),   

〈ℒ𝛼ℒ𝛽𝛿𝑚, 𝛿𝑛〉 = (𝛼 ∗ (𝛽 ∗ 𝛿𝑚))(𝑛) = (𝛼 ∗ 𝛽)(𝑛 −𝑚) .  

By Lemma 2.4, ℒ𝛼∗𝛽 = ℒ𝛼ℒ𝛽. 

Proposition 3.3. Cℤ acting on ℓ2(ℤ) is a unital ∗-subalgebra of ℬ(ℓ2(ℤ)).  

Proof. Define ℒCℤ ≔ {ℒ𝛼: 𝛼 ∈  Cℤ}. For 𝛼 = ∑ 𝜆𝑖𝑔(𝑛𝑖),
𝑘
𝑖=1   

‖ℒ𝛼(𝛽)‖ℓ2 = ‖𝛼 ∗ 𝛽‖ℓ2 = (∑ |∑ 𝛼(𝑙)𝛽(𝑛 − 𝑙)𝑙 |2𝑛 )
1
2⁄     

≤ ∑|𝛼(𝑙)|‖𝛽‖ℓ2             ( Hölder’s inequality)

𝑙

 

Thus, ‖ℒ𝛼‖ ≤ ∑ |𝛼(𝑙)|,𝑙  so ℒ𝛼  ∈ ℬ(ℓ
2(ℤ)). For 𝛽 = ∑ 𝜆𝑖̂𝑔(−𝑛𝑖),

𝑘
𝑖=1  ℒ𝛼

∗ = ℒ𝛽 . Also, ℒ𝛼+𝛽 

= ℒ𝛼 + ℒ𝐵 . Hence, ℒℂℤ is a unital ∗-subalgebra. 

Corollary 2. ℓ1(ℤ) is a subalgebra of ℬ(ℓ2(ℤ)). 
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Proof. For 𝛼, 𝛽 ∈  ℓ1(ℤ),   

∑ |(𝛼 ∗ 𝛽)(𝑛)| ≤  ∑ ∑ |𝛼(𝑙)𝛽(𝑛 − 𝑙)| = ‖𝛼‖ℓ1‖𝛽‖ℓ1  .𝑙𝑛𝑛   Thus, 𝛼 ∗ 𝛽 ∈  ℓ1(ℤ). 

3.4. Group von Neumann algebra 

The weak operator topology on ℬ(ℋ)  is induced by {𝜔𝑥,𝑦(Α) = 〈Α𝑥, 𝑦〉: 𝑥, 𝑦 ∈ ℋ}  . The 

closure of a C∗ algebra under this topology is a von Neumann algebra.  

Lemma 5. {𝐿𝑛: 𝑛 ∈ ℤ}  in ℬ(ℓ2(ℤ))  generates a von Neumann algebra ℒℤ = {𝐿𝛼 ∈

 ℬ(ℓ2(ℤ)): 𝛼 ∈  ℓ2(ℤ)} .   

Proof. Let ℒ  be the commutant of {𝐿𝑛: 𝑛 ∈ ℤ} . Since {𝐿𝑛} is self-adjoint, prove ℒ′ = ℒℤ . 

Since 𝐿𝑛𝐿𝑚 = 𝐿𝑚𝐿𝑛 , {𝐿𝑛} ⊆ ℒ,  so ℒ′ = {𝐿𝑛}
′′ ⊆ ℒ .  For 𝑇 ∈ ℒ,  let 𝛼 = 𝑇𝛿0 ∈ ℓ

2(ℤ) .  For 

any 𝑚, 𝑛 ∈  ℤ , 

〈𝑇𝛿𝑚, 𝛿𝑛〉 = 〈𝑇𝐿𝑚𝛿0, 𝛿𝑛〉 = 〈𝐿𝑚𝑇𝛿0, 𝛿𝑛〉 = 〈𝐿𝑚𝛼, 𝛿𝑛〉 . 

By Lemma 4, 𝑇 = 𝐿𝛼 , so ℒ ⊆  ℒℤ . Since ℒℤ is commutative, ℒℤ  ⊆  ℒℤ
′ ⊆ ℒ′ . Thus, 

ℒ = ℒℤ = ℒℤ
′ = ℒ′ . 

Denote P(𝒮1) as polynomials over the circle: 

𝐴 =∑𝐴𝑛𝑧
𝑛 , 𝐴𝑛 ∈

𝑛∈ℤ

ℤ . 

P(𝒮1) is a pre-Hilbert space with inner product  

〈𝐴, 𝐵〉 = ∫𝐴(𝑧)𝐵(𝑧)̅̅ ̅̅ ̅̅ 𝑑𝑧,

 

𝒮1

 

extending to ℒ2(𝒮1) = {𝐹: 𝒮1 ⟶ ℂ | ∫ |𝐹(𝑧)|2𝑑𝑧
 

𝒮1
< ∞} . The set {𝑧𝑛}𝑛∈ℤ is an orthonormal 

basis for P(𝒮1), since  

∫𝑧𝑛𝑑𝑧

 

𝒮1

= {
1,           𝑖𝑓 𝑛 = 0
  0,       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 

The Fourier transform is 

ℱ: ℂℤ ⟶ 𝐶(𝒮1), 𝑓 ⟼  ℱ(𝑓)(𝑧) =∑𝑓(𝑛)𝑧𝑛,

𝑛∈ℤ

 

an algebra isomorphism since ℱ(𝛿𝑛 ∗ 𝛿𝑚) = 𝑧
𝑛+𝑚 = ℱ(𝛿𝑛)ℱ(𝛿𝑚) .  

Lemma 6.  ℂℤ and P(𝒮1) are isomorphic. 

We now prove Theorem 4. 

Proof. Consider 𝒮1 as ℝ ℤ⁄  via 𝑡 ⟼ 𝑒2𝜋𝑖𝑡 . Define 

𝐹 ∶  ℓ2(ℤ) ⟶ 𝐿2([0,1), 𝑑𝑥), 𝐹(𝛿𝑛) = 𝑒
2𝜋𝑖𝑛𝑡. 

Since ‖𝛿𝑛‖ = ‖𝑒
2𝜋𝑖𝑛𝑡‖ = 1, 𝐹 is norm-preserving. It induces an isometric isomorphism from 
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ℬ(ℓ2(ℤ))  to ℬ(𝐿2([0,1), 𝑑𝑥)) . For 𝑓 ∈  𝐿∞([0,1), 𝑑𝑥),  the multiplication ℳ𝑓: 𝑔 ⟼ 𝑓𝑔 

satisfies ‖ℳ𝑓‖ = ‖𝑓‖𝐿∞ . Since 𝐹(ℂℤ) are polynomials on 𝒮1, the norm closure of 

ℳ𝐹(ℂℤ) = {ℳ𝑓 ;  𝑓 ∈  ℂℤ }is 𝑀C(𝒮1) = {ℳ𝑓 ∶ 𝑓 ∈  C(𝒮
1) } . Thus,  𝐶∗ℤ ≅ C(𝒮1) . 

Corollary 3.  𝜎(𝐿1) = 𝒮
1. 

Proof. Since 𝐿1
𝑛 = 𝐿𝑛 and 𝐿−1

𝑛 = 𝐿−𝑛, C∗ℤ  is generated by the unitary 𝐿1, C
∗ℤ ≅ C(𝜎(𝐿1)). 

By Theorem 4., 𝜎(𝐿1) = 𝒮
1. 

Alternatively, since 𝐿1  is unitary, 𝜎(𝐿1) ⊆ 𝒮
1 . For 𝜆 ∈  𝒮1 ,  take 𝛼𝑛(𝑖) =

𝜆−𝑖

√𝑛
, 𝑖 =

−1,⋯ ,−𝑛, zero elsewhere. Then ‖𝛼𝑛‖ = 1,  and  

‖𝐿1𝛼𝑛 − 𝜆𝛼𝑛‖ = ‖
𝜆

√𝑛
𝛿0 −

𝜆1+𝑛

√𝑛
𝛿𝑛‖ =

√2

√𝑛
⟶ 0. 

Thus 𝜆 ∈ 𝜎(𝐿1).  

 

4. CONCLUSION 

Inspired by von Neumann’s foundational work linking operator algebras to quantum 

mechanics, this study investigates Banach algebras generated by multiplicative convolution 

operators on ℓ2(ℕ), connecting number theory with operator theory. Building on previous 

results regarding boundedness and C*-algebraic structures, we examined structural properties 

of the algebra 𝔅 generated by Ωℕ ≔ {𝑀𝑛: 𝑛 ∈ ℕ}. We showed that 𝔅 contains no non-trivial 

projections and no non-zero compact operators, highlighting its rigidity and revealing new 

insights into the interplay between arithmetic functions and operator algebra. These findings 

further the understanding of how multiplicative semigroups of natural numbers act in operator-

theoretic frameworks, offering a foundation for future exploration of 𝔅  under the weak 

operator topology and potential applications in non-commutative analysis and quantum 

information. 
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