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ABSTRACT: Reliability is an important area that is receiving attention globally. This paper studies reliability analysis of
a two-dissimilar-unit cold standby system with three modes using Kolmogorov forward equation’s method, in which its
reliability and availability analysis are evaluated. This proposed system has been investigated under three modes:
normal, partial failure, total failure. The failure and the repair time are assumed to have exponential distribution. The
effect of failure rate on meantime to system failure (MTSF ), steady state availability ( Ar (<) ) and the profit function

PF (o) of the system are compared. It was found that MTSF, Ar(w), and PF () are decreasing with the

increase of the failure rate.
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INTRODUCTION

Reliability is a vital for proper utilization and
maintenance of any system. It involves technique for
increasing system effectiveness through reducing
falure  frequency and  maintenance  cost
minimization. Studies on two unit redundant system
with repair can be obtained in Arora(1976), Emara
and El-said (1992), Goel et al. (1986). Damcese and
Temraz (2010), Goel and Gupta (1984) have studied
the analysis of two unit parallel system. El-said
(2008), El-said and El- sherbeny (2005), Gopalan
and Nagawalia (1985), and Rander (1994) have
studied the cost analysis with preventive
maintenance of different system. El-said and El-
sherbeny (2005) by wusing linear first order
differential equation evaluated the reliability and
availability characteristics of two different systems.
Gupta and Mittal (2006) studied the stochastic
behavior of a two unit warm standby system with two
types of repairmen and patience time. Mokaddis et
al. (2009) using linear first order differential equation
evaluated the reliability —and  availability
characteristics of two-dissimilar-unit cold standby
system with three mode for which no cost benefit
analysis was considered. El-said (1994) contributed
on stochastic analysis of a two-dissimilar-unit
standby redundant system. This research work
deals with the reliability analysis of a two-dissimilar-
unit cold standby system with three modes using
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Kolmogorov forward equation method. Initially one
unit is operative and the other unit is kept as a cold
standby, i.e. it does not fail while standing by. Each
unit works with three modes; normal, partial failure
and total failure. The system fails when both units
fail totally. The failure and the repair rate are
assumed to have exponential distribution. The effect
of failure rate on meantime to system failure, steady
state availability and profit function are determined
based on the assumed numerical values given to the
system parameters and reliability measures.

METHODOLOGY

Assumption and Notations
Assumptions

The following assumptions were adopted:

. The system works with one unit that is
operative and the other is kept as a cold
standby, i.e. it does not fail while standing
by unless it goes into operation.

ii.  The standby is switched to operative state in
negligible time.

i. ~ The operative units have three modes of
operation: these are normal, O-mode, which
means the functioning of the units with full
capacity, partial failure, p-mode which
means the functioning of the units with
reduced capacity at specified level and the
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total failure, T-mode which means the
capacity goes below a specified level.

A unit, which is replaced or repaired in total
failure mode. This assumed to go directly to
the normal without passing through the
partial failure mode.

A unit in the normal mode must pass
through the partial failure mode to get in to
the total failure mode. In the partial failure
mode, a unit is working as good as being
repaired.

The system is down when all units are non-
operative.

For constructing the probabilistic structure of
the system, it is assumed that the failure
and reparr times have exponential
distributions.

Notations

A1 the failure rate of the it unit from Oi-
mode to Pi-mode, i=1,2.

ai the failure rate of the ith unit from Pi-
mode to Ti-mode, i=1,2.

wi; the repair rate of the it unit from Ti-
mode to Oi -mode, i=1,2.

Bi; the repair rate of the it" unit from Pi-
mode to Oi-mode, i=1,2.

Oi; the it" unit is operative, i=1, 2

S,;the i unit is in a cold standby mode, |
=1, 2.

Pi; the it" unit is partial failure, i=1, 2.

Ti; the it" unit is in a total failure mode, i=1,
2.

S,; denotes the state of the systems i=0 to
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Figure 1: Transition Diagram of the System
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States of the System

state So; unit one is operative, unit two is in a cold standby.

State St ; unit two is operative, unit one is in a cold standby.

state Sz one unitis in a partial failure, unit two is in a cold standby.

state Ss3; unit one is in a cold standby, two unit is in a partial failure mode.

state Sa; unit one is in a total failure modes, unit two is operative.

state Ss; unit one is operative, unit two is in a total failure mode.

state Se; unit one is operative, unit two is in a total failure mode.

state S7; unit one is in a partial failure mode, unit two is in a total failure mode.

state Ss; both units are in total failure mode. i.e. the system is down completely.

Mean Time to System Failure probability that the system at time (t>=0) in state s;. Let
By using the method of kolmogorov forward equations P(t) denote the probability row vector at time t, the
and the above mentioned set of assumptions, the mean initial conditions for this problem are

time to system failure MTSF for the proposed system
will be evaluated. From Figure 1, let Pi(t) be the

P(0) =[Po(0), p:(0), p2(0), p(0), p4(0), ps(0). ps(0), p7(0), pe(0)]=[1,0,0,0,0,0,0,0,0] (1)

By employing the method of kolmogorov forward equations, El-Said and Elshebeny (2005), the following differential
equations are obtained:

% =—A1Po(t) + B1 pa(t) + p1 pa(t)
% = —A2pa(t) + B2 ps(t) + p2 ps(t)
PO (v ) patt) + b0+ 22 o)
PO a2 o) + s pelt) + 22p2(0)
% = —(A2+ ) pa(t) +aapa(t) + w2 ps(t)
PO (122 pe(t) + 2 p(t) + ()
9oE) — (s g poft) + 220100
% =— (a1 + p2) pr(t) + A1ps(t)
o) (s 1) it + ac2p) + )
This can be written in the matrix form as @)
\
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Where,
—A 0 il 0 U1 0 0 0 0
0 -2 0 i 0 U2 0 0 0
A1 0 —(a1+ 1) O 0 0 0 2 0
0 A2 0 —(az2+p2) 0 0 H 0 0
Q=|0 0 o1 0 —(A2+pu) O 0 0 L2
0 0 0 a2 0 —(h+u2) O 0 7
0 0 0 0 A2 0 —(o2+ ) 0 0
0 0 0 0 0 A 0 —(ai+u2) 0
0 0 0 0 0 0 a2 a1 —(m+ p2) (4)

To calculate the MTSF , we took the transpose of the matrix Q and deleted the rows and columns for the absorbing
state. The new matrix is called A

(-2, O A 0 0 0 0 0 |
0 - 0 A2 0 0 0
ﬁl 0 _(a1+ﬁ1) 0 ) 0 0 0
A= 0 ﬁz 0 _(a2+ﬁ2) 0 a, 0 0 (5)
W0 0 0 —(h+m) O 4 O
0 0 0 0-(4+m) O A
0 0 0 W 0 0 —(a,+14) O
10 0 U, 0 0 0 0 —(ay + 1) |

Therefore, the expected time to reach an absorbing state was calculated from
1

MTSF = E[Tp(o)—> p(absorbing)] = p(o)*(_Ail)*

e
—~
2

1
MTSF =[p i + p’ aspre+ pd’ aa o+ i’ prpiz + i’ Ao + pudaonffa+ pndefapie + e’ a2 + than@ 2 iz +
oo B+ puBipinas + o’ a2 Ao+ a2 piaai A+ Aeootz B+ Lo Bipeace] | (Adqn) (oo + e + a2 pi2)
+ufAaafo+ afopiz+ cepiean+aifopio+ Bopi2’ + p2’ a2l (Adeq2) (s + a2+ oz pi2) +

[onps - e’ po+ pidoct + piidopio + a2 s + piapiactz + A2osat2 + pea2 2]l A2ai(onpn+ e + a2 piz) +

o+ g+ pecn+ p2* ] Ao (cnpin + aiae + a2 i) + (o + popin+ iz + acapiz) | A2(aspi+ ootz + oz i)
A+ p2] ! Ao+ a2+ oz pz) + (an - pz) [ (oo + onoz + @z pi2) + gl (o + anoz + a2 i2)

Multiplying each term by the L.CM. (awiui+aic2+a2u2) and simplifying the terms, the following equations were
obtained:
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MTSF = (214 22+ 23+ 24) | Z5

1= 2o+ p2) (o2 + pr)(ar+ f2)(A2+ pa)

Z2 = aypz(ar+ p2)(Ar+ pz)(A2+ a2+ fB2)

23= Aaz2(ar+ p2)[(A2+ w)(a2 + 1) + a2+ a2)

24 = a2 i@+ Av)

Zs = quoz k(i + o2 + a2 pi2) (7)

Availability Analysis for the System
For the availability analysis of the states of the system represented in Figure 1, the initial conditions for this problem are
the same as for the reliability case:

P(0) =[po(0), px(0), p2(0), ps(0), p4(0), ps(0), ps(0), p=(0), pe(0)]=[1,0,0,0,0,0,0,0,0]

From the equation (3), the steady state availability could be obtained using the following procedure. In the steady state
situation, the derivatives of the state probabilities become zero (El-Said and Elshebeny, 2005). That allowed to calculate
the steady state availability for the system defined as:

A() =1- py(ec) 8)
we also have equation (9) been satisfied:
Q-p(x)=0 9)
Thus, to obtain Ps(0), equation (7) was solved under the following normalization condition
8
D pi(e)=1 (10)
i=1

This was done by substituting equation (8) in any of the redundant rows in equation (3) to yield equation (11).

A 0 B 0 L 0 0 0 0
0 -2 0 B2 0 L2 0 0 0
A 0 (ou+P) O 0 0 0 M2 0
0 A2 0 —(oc+p2) O 0 1 0 0
B=|0 0 ol 0 —(Ae+w) O 0 0 L2
0 0 0 o2 0 —(M+w) O 0 L
0 0 0 0 A2 0 —(co+w) O 0
0 0 0 A 0 —(ou+w) O
|1 1 1 1 1 1 1 ]
[ po(0) ] [O]
pi() | |0
pa() | |0
pa() | |0 (11)
Bx| pa(o) [=]0
ps(0) | |0
Ps() | |0
pr()| |0
| ps(0) | 1]
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For Figure 1, the steady state availability of the proposed system Ar (o) is given by:
At(0)=1-01 02 A2 A (M1 01 + 02 0z + P2 O2)/(M13 0 02 po + A 01 P22 Ao Ot 2 A O Ao G2 2 o pla + Ag 01 A2 022 o +
M1 A A2 02 Q12+ o Ap G At i + 1 A 2 A2 @22 + M A2 @22 12 + A A2 O a2 Potihz 022 012 + i A2 Br p2 022 + [y
N2 P2 022 @z + o A2 H2? Br ot M1 022 P2 01 B+ Pa 22 022 Br+ Pa Ar Az P22 02+ Mo A P22 022+ Pa M A P2 02 + g
Mp2? 0rho+ e A2 012 p2? + o A2 an P23+ Mo A 02 012 o+ o A 012 Po P2+ P As 02 Oz P22+ o A M2 ? an B2 +2 e
M2 022 @12 + 1012 Ba M2 O2 + M1 M2? 012 Ot Pa 012 P22 P2+ 2 P M2? 01 @22 + Pg M2® Oy G2 + o Oz P22 B2 Ozt Pa
01 Y28 B2+ M M2 022 012 + A 22 01022 + a2 A o OF P18 Y2 Q2 Bl+|112 MaO1 Ao Ai+o 12 Ho Oz O A+ a2 o
A Bo A+ pe? A po? o+ a2 M2 022 + s 12 Aot a2 Ao o n? + a2 Ao Oz P2 O + a2 22 arho+ pu? b
Br Mot 2 12 G2 012 Mo+ M1? 012 Mo P2+ Ma? 01 @22 Mo+ P12 Op Mo Br Ot 2 M1? Oz P22 O + P 201 P22 B2+ Y12 Bu
M2 022 + M1 M2? Protopu A P2 022 Qrt2Ao 0?2 Qo P2+ Ao At 022 Ha Ot Ao 2 02 pln Ar+ 2 A2 g 2 s 02 %)
(12)

Where N = A14z2hs
D = Aid2cipi(hi+ p2h2) + A1dz pai(ha + aiuihs) + A1° 12° aaer2h

hi= (o1 + o, ) [ur® (A2 + B,) + 2® (A1 + 2 pn) + A2pi(Ar+ 202)]

h, =(az+ B,) (At + Az + aipe) + (A + p2®) + a2(a2f) + p2f, +a2f,) + 2na2(o2 + f)
hs= (a2 + p2)(Aipn+ Ade + 2pnoe2) + pa(pin+ A2) + (Ar+ o+ f)) + pe(aipz + o2 B + Aiorz)

ha = cao2(pn+ a2) (22 + A20) + A2 pf pz(on® + a2 3) + oe2* (ar+ )]

hs = (1 + p2)(ar+ o2 + pi+ p2)

The solution of equation (12) above produced the steady state probabilities of the availability analysis.

2.5 Busy Period Analysis BP ()
The initial conditions for this problem are the same as for the reliability case:

P(0) = [po(0), px(0), p2(0), p3(0), p4(0), ps(0), ps(0), p7(0), ps(0)]
=[10,0,0,0,0,0,0,0]

The differential equation form can be expressed as shown in equation (13).

[ 21 0 B 0 m 0 0 0
0 12 0 B2 0 W2 0 0
A1 0 (au+p) O 0 0 0 w2
A2 0 —(02+B2) 0 0 L 0
o 0 —(A2+u1) O 0 0 W2
0 o2 0 —(Ai+w2) O 0 o
0 0 A2 0 —(oe+w) O 0
0
1

o O O o

0 0 A1 0 —(ou+w) O
1 1 1 1 1 1

P O o o o o
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dpo(«0) |

dt
dpy(x0)
dt
dp2(0)
dt
dps(=0)
dt
dps(x0)
dt
dps(0)
dt
dps(0)
dt
dpr(x0)
dt
dps(0)
dt
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[ po(=0) |

py(x)
p2(x)
p3(0)
p4()
ps()
Ps()
p7()

| ps(eo) |

13)

The steady state busy period was obtained using the following procedure. In the steady state, the derivatives of the state
probabilities become zero (El-Said and Elshebeny, 2005). That allows us to calculate the steady state probabilities with

B(oc) =1-[p(o) + pa(ec)]

(14)
e*p()=0 (15)
The matrix form of equation (15) is given in equation (16)

[ A1 0 B 0 0 0 0 0 0 ]

0 A2 0 B 0 w0 0 0

Y5 0 (ou+P1) O 0 0 0 L2 0

0 A2 0 —(ou+P2) 0 0 [ 0 0
Q=0 0 a0 —(le+w) O 0 0 L2

0 0 0 o 0 —(M1+w) O 0 o

0 0 0 0 A2 0 —(oz+w) O 0

0 0 0 0 0 M 0 —(ou+p) O

0 0 0 0 0 0 —(u+w)]

[ po(0) ] [O]

py() | |0

p2()| |0

pa() | |0 (16)
Qx| pa() |=|0

ps() | |0

ps() | |0

pr(>)| |0

| Ps(0) | [1]
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To obtain Po(w), P1(0), equation (16) was solved and the following normalization condition. Equation (16) was
substituted in any one of the redundant rows in equation (15) to yield equation (17):
po(>) | |0
pa(e)
p2(e)
ps(0)
D x p4(oo) =
ps(0)
Ps(e0)
p7(e)
| Pe(0) |

P O O o o o o o

The steady state busy period BP (o) is given

BP(0)=( Hd M M2 otz Mo 02 o1 A+ M Mo o Mo ar A Mt N M2
a+ M M2? Ot M2 o Mtaz A oat 2 Ak o Mt A o H2 ot Ay o
M) M2+ A o o 2 A o A ot A a2 a’+ A He @ it M
e M2 ot M A e ™ M N He i+ M M2 o A+ N af? M2t A
M2 o+ M o2 M2 A a2 dr et A 2 A N o 2 b oo
M2 a2tz M Mz 022 ot A2 M 02 ) Mt A g M2 A ot M M2 022
at Moo A 02 et M A o a2 et M A a2 ot M P2 o a2
o, it M Mo Ot M2 P ) M3+ 0n  a? Mot M2 01 A Mtog? M2 Bt PBi
M2 02+ M M2 02+ M M2 ot M2 o1 P2 Mt M2 A o Mt P2 At2
Ho a2 Mt2 0 042 Mot a1 M2 Bt A 2 Rz atQy Mo Br @t2 M2?
ot A He 2 P2 Br a2 A et A2 o a2 MF A o Bu Hz) Hi2+( ar?
M2 ot M2 a? 0pt2 Mo 022 ai+ P2 a? Pt M2 Bt M2 a1 Q2 M2 O
a?+ M M2 a2+ N g M3+ A oo A ot A A o’ A He A
a?+ A M2 a2 art A A M2 ot M N M2 ai>+ M M2 a1 At M o 042
Mot M a2 g pA42 M 2 a? a2 A a2 Mot A2 A 02 ait2 A o
M2 ot A a2 ait N af? M2+ A Bu Mo a?+ A M2 B oot 02 M2 o1 Pat
Moo M2 Bt M M2 01 Potai® P2 M2 Oton M2 P2 O) Mat Ao oar 2
Ao owt M M2 022 o+ A ar A 02 et M A a2 af? et A A o2 i+ Ay

M2 01 O) (18)
Table 1. Relation Between Failure Rate, MTSF,
RESULTS AND DISCUSSIONS At (o) and PF (o0) of the System.
Profit Analysis _ o M MTSF SAV Profit
The expecrt]ed total' prpflt pber unit time incurred to the 010 49 6753 05175 431.8572
system in the state Is given by 0.20 30.2215 04260 3345789
Profit = total revenue- total cost 0.30 23.7935 0.3873 293.3997
B} - 0.40 20.5196 0.3659 270.6531
PF () = CoA(0) — C1B(x) (19) 0.50 18,5792 03523  256.2262
Where, 0.60 17.2856 0.3429 246.2603
PF (o0) : is the profit incurred to the system 0.70 16.3616 0.3361 238.9633
Co;is the revenue per unit up-time of the system 0.80 15.6686 0.3308 233.3898
Cu1; is the cost per unit time which the system is under 0.90 151296 0.3267 228.9935
repaired. 1.00 14.6984 0.3234 225.4372
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The failure rate of the system, mean to system failure, in Figure 3 while mean time to system failure is plotted
system availability, and the profit incurred by the system against the system failure rate as shown in Figure 4. In
are summarized in Table 1. Relationship between the each of the three cases, it is found that as the system
system failure rate and the profit incurred is shown in failure increases the dependent variable decreases
Figure 2. System availability is plotted against its failure exponentially.

Relationship between proiofit and failure rate
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Figure 1: Relationship between PF (o) and Ay

Relationship between SAVand failure rate
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Figure 2: Relationship Between Ar(c0) and Ay
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Relationship between profit and failure rate
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Figure 3: Relationship Between MTSF and A,

CONCLUSION
The characteristics, MTSF , Ar (o) and PF (o) were

compared with respect to failure rate A; for the system at
fixed values of a1, a2, B1, B2, A2, p1, 2 ,R1LR2. It

was  found  that MTSF, Ar(o0)and PF (o) are

decreasing with the increase of the failure rate Ai.
Periodic inspection, maintenance, and repairs of the units
would fetch more profit to the system.
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