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 Research Article 
Abstract 

Long down-time and colossus economic loss associated with frequent well shut down required for proper well test analysis near 

oil wellbore damages has necessitated the use of numerical models for simulating change in reservoir properties. In the current 

study, change in reservoir properties has been simulated by formulating models involving modification of Darcy equation in an 

attempt to optimize reservoir pressure for improved reservoir properties. The coupled transient linear partial differential 

equations (CTLPDE) models developed for predicting reservoir properties such as porosity, permeability and water saturation 

profile were numerically solved using finite difference method implemented in MATLAB and solution validated using field data 

perturbed with Gaussian noise of 10%. The results obtained for CTLPDE models indicated initial decrease in both water and 

oil pressure from 4550 psi and 350 psi to 4525 psi and 320 psi respectively. Both water and oil pressure subsequently increased 

to 4530 psi and 325 psi and then remained constant. However, while water saturation (Sw) increased throughout the pressure 

regime; 0.730 through 0.735 to 0.739, oil saturation (So) decreased from 0.320 through 0.268 to 0.263. The results of the 

corresponding auxiliary equation indicated increase in relative permeability of water (Krw) with Sw but decreased with increase 

in So, while relative permeability of oil (Kro) decreased with increase in Sw but increased with So. Generally, however, for every 

value of either So or 𝑆𝑤  , 𝑘𝑟𝑤 ≫ 𝑘𝑟𝑜. Numerical simulation proved to be effective in predicting reservoir behavior. The 

formulated models indicate drop in oil saturation as pressure depleted over time. 
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1. Introduction 

Formation damage in oil wells is any process that causes an 

undesirable reduction of permeability or reduction in the natural 

inherent productivity of an oil producing formation (Civan, 

2007;Civan, 2015). It is a condition most commonly caused by 

wellbore fluids used during drilling, well completions, work-

over operations and subsequent injection of water, steam, and 

CO2 flooding (Civan, 2000; Chen et al.,2018). Formation 

damage could also results in blockage of pore spaces, hindrance 

of flow assurance and high viscosity (Civan, 2002). Loss of 

drilling mud to the formation does not have immediate serious 

consequence. However, if the rate of loss increases or 

completely lost, then there is likelihood of the existence of loss 

of reservoir properties such as porosity, permeability, and water 

saturation. Specifically, permeability has been regarded as the 

most prominent feature of a damaged formation (Civan, 2003; 

Abreuet al. 2007; Wang et al., 2018).  Major causes of 

formation damage include bacterial entrainment, emulsion, 

mud filtrate invasions, clay swelling, organic wax, scale 

formation, fine particles migration and loss of reservoir 

properties (Civan, 2001; Civan2003; Amanda et al. 2018).  

Well stimulation has been recognized as proper antidote for 

formation damage based on its capability to enhance reservoir 

properties by improving the flow of reservoir fluids and 

increase ultimate economic recovery (Marcelo, et al. 2013). 

However, long down-time and its associated enormous 

economic loss as a result of frequent well shut down required 

for proper well test analysis has necessitated the need to develop 

alternative approach. Numerical simulation, process for 

inferring reservoir behavior from the behavior of a 

mathematical model, readily offers a preferred alternative. 

Numerical reservoir simulation is now a useful tool for 

stimulating formation damage processes (Civan et al., 2004; 

Civan, 2007; Lopez, 2011; Ayorindeet al. 2018) as well as 

monitoring flow and fluids transport to describe changes in 

pressure, saturation and reservoir properties for optimized 

recovery (Xuet al. 2018; Cai and Hu, 2019). However, of all the 

methods, finite difference method has some important 

advantages of using implicit pressure and implicit saturation 

schemes when compared with others (Schneider, 2013; Ma et 

al. 2018). It provides approximate solutions in continuous 

discrete points in the domain and progressive time steps. In the 

current study, finite difference method has been used for the 
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estimation of water saturation during pressure and saturation 

changes in the reservoir flow problem for homogeneous and 

isotropic porous media within a regular boundary domain. 

Although, reservoir pressure during lost circulation is governed 

by partial differential problems on mass transport phenomena 

focusing on reservoir engineering problem (Ma et al. 2019). 

 

2. Problem Formulation 

The Darcy’s law can be used together with the mass 

conservation law and equation of state to obtain coupled linear 

transient partial differential equation for the prediction of 

reservoir propertiesof the two-phase flow of liquids in porous 

and permeable media (Marceloet al., 2013). The mass 

conservation law for flow in porous medium is given by 
 

𝜕(𝜙𝜌𝑛)

𝜕𝑡
= −∇. (𝜌𝑛𝑢̅)                                                                   (1) 

 

Where 𝜌𝑛 is the two-phase fluid density for𝑛(𝑤, 𝑜), 𝜙 is the 

porosity, 𝑢̅ is the apparent velocity vector. Darcy’s law relates 

velocity and pressure field as follows: 

𝑢̅ = −
𝑘

𝜇𝑛

∇𝑝                                                                                   (2) 

With 𝑢̅ = (𝑢𝑥  , 𝑢𝑦) and 𝑘(𝑟̅) being the permeability tensor, and 

𝑟̅(𝑥, 𝑦), 𝜇𝑛 is the dynamic viscosity of phase 𝑛and 𝑞(𝑛̅𝑠𝑐, 𝑡) is 

the source term’s rate per unit volume representing the 

production injection well at standard condition. By plugging the 

Darcy’s law, the cross-sectional area (A), into (1), coupled 

linear transient partial differential equations (CLTPDE) 

describing the flow of a wetting (water) phase and a non-

wetting (oil) phase:  

∇. [
𝐴𝑘(𝑥)𝑘𝑟𝑤

𝜇𝑤
∇(𝑝𝑤(𝑟̅, 𝑡) − 𝜌𝑤𝑔ℎ] + ∇. [

𝐴𝑘(𝑦)𝑘𝑟𝑤

𝜇𝑤
∇(𝑝𝑤(𝑟̅, 𝑡) −

𝜌𝑤𝑔ℎ] + 𝑞𝑤𝑠𝑐 = 𝑣𝑏𝜙(𝑟̅)
𝜕𝑠𝑤

𝜕𝑡
                    (3) 

 

∇. [
𝐴𝑘(𝑥)𝑘𝑟𝑜

𝜇𝑜
∇(𝑝𝑜(𝑟̅, 𝑡) − 𝜌𝑜𝑔ℎ] + ∇. [

𝐴𝑘(𝑦)𝑘𝑟𝑜

𝜇𝑤
∇(𝑝𝑜(𝑟̅, 𝑡) −

𝜌𝑜𝑔ℎ] + 𝑞𝑜𝑠𝑐 = 𝑣𝑏𝜙(𝑟̅)
𝜕𝑠𝑜

𝜕𝑡
                                                    (4) 

In (3) and (4), 𝑟̅ is the position vector according to orthogonal 

coordinate system,if the saturation of fluid phase becomes less 

than the critical value, then it will no longer exist as a 

continuous phase. Such fluid phase has lost the ability to move 

then (𝑘𝑟𝑤 ),  the relative permeability to water and 

oil(𝑘𝑟𝑜)becomes zero. Suppose there is one flowing phase only. 

The immobile phases are compressible and will add to the 

system compressibility. The total isothermal compressibility of 

liquids (𝑐𝑡) and the formation compressibility (𝑐𝑓) will account 

for the immobile phases 𝑐𝑖is given by: 

𝑐𝑡 = 𝑐0𝑠𝑜𝑖 + 𝑐𝑤𝑠𝑤𝑖 + 𝑐𝑓                                                               (5) 

The CLTPDE model equations is consistent with the addition 

of auxiliary equation (6) and (7) for the four unknown variables 

𝑝𝑜 , 𝑝𝑤  , 𝑠𝑜  , 𝑠𝑤  

𝑝𝑐𝑜𝑤(𝑠𝑤) = 𝑝𝑛𝑤 − 𝑝𝑤 = 𝑝𝑜 − 𝑝𝑤                                             (6) 

𝑠𝑜 + 𝑠𝑤 = 1                                                                                    (7) 

For two-phases (e.g., water and oil) present in the pore spaces 

of the porous medium neglecting the gas phase. The current 

study proposes an implicit pressure implicit saturation scheme 

(IPIS) of finite difference method of solution for homogeneous 

and isotropic porous media which is more robust when 

compared with implicit pressure explicit saturation scheme 

(IMPES). 

3. Solution Methodology 

The method of solution in the current study discretizes the 

CLTPDE for two-phase flow through a homogeneous and 

isotropic porous medium. Approximates solution to the 

problem was obtained by dividing the domain into uniform grid 

for approximately different time step. The physical 

phenomenon described by CLTPDE, combined with a set of 

boundary and initial conditions is represented by the following 

Boundary –Value Problem (BVP):  

𝐴
𝑘(𝑥)𝑘𝑟𝑤

𝜇𝑤

𝜕2𝑝(𝑥,𝑦,𝑡)

𝜕𝑥2 + 𝐴
𝑘(𝑦)𝑘𝑟𝑤

𝜇𝑤

𝜕2𝑝(𝑥,𝑦,𝑡)

𝜕𝑦2 + 𝑞𝑤𝑠𝑐 =

𝑣𝑏𝜙
𝜕𝑠𝑤

𝜕𝑡
{
0 ≤ 𝑥 ≤ 1
0 ≤ 𝑦 ≤ 1

       𝑡 > 0                                                     (8) 

𝐴
𝑘(𝑥)𝑘𝑟𝑜

𝜇𝑜

𝜕2𝑝(𝑥,𝑦,𝑡)

𝜕𝑥2 + 𝐴
𝑘(𝑦)𝑘𝑟𝑜

𝜇𝑜

𝜕2𝑝(𝑥,𝑦,𝑡)

𝜕𝑦2 + 𝑞𝑜𝑠𝑐 =

𝑣𝑏𝜙
𝜕𝑠𝑜

𝜕𝑡
{
0 ≤ 𝑥 ≤ 1
0 ≤ 𝑦 ≤ 1

         𝑡 > 0                                                    (9) 

𝜕𝑝(𝑥,𝑦,𝑡)

𝜕𝑥
= 0                                     {

𝑦 = 0
𝑦 = 1

                   𝑡 > 0   (10) 

𝜕𝑝(𝑥,𝑦,𝑡)

𝜕𝑦
= 0                                     {

𝑥 = 0
𝑥 = 1

                   𝑡 > 0   (11) 

𝑝(𝑥, 𝑦, 0) = 𝑝𝑜 = 400                      {
0 ≤ 𝑥 ≤ 1
0 ≤ 𝑦 ≤ 1

     𝑡 > 0     (12) 

Solving the coupled equations using implicit pressure–implicit 

saturation method requires change in saturation and pressure. 

Discretization was therefore required due its efficient use of 

algorithm that approximates the solution to a problem. Thus, 

discretization of the left-hand side of equation (8) and (9) 

yielded: 

𝐴𝑥

𝜕

𝜕𝑥
[
𝑘𝐾𝑟𝑤

𝜇𝑤𝐵𝑤

𝜕

𝜕𝑥
[𝑃𝑤(𝑥, 𝑦, 𝑡)]] 

+𝐴𝑦

𝜕

𝜕𝑦
[
𝑘𝐾𝑟𝑤

𝜇𝑤𝐵𝑤

𝜕

𝜕𝑦
[𝑃𝑤(𝑥, 𝑦, 𝑡)]] + 𝑞𝑤𝑠𝑐

=
𝑉𝑏

𝛼
𝜙

𝜕

𝜕𝑡
(
𝑆𝑤

𝐵𝑤

)                                          (13) 

and 
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𝐴𝑥

𝜕

𝜕𝑥
[
𝑘𝐾𝑟𝑜

𝜇𝑜𝐵𝑜

𝜕

𝜕𝑥
[𝑃𝑜(𝑥, 𝑦, 𝑡)]] + 𝐴𝑦

𝜕

𝜕𝑦
[
𝑘𝐾𝑟𝑜

𝜇𝑜𝐵𝑜

𝜕

𝜕𝑦
[𝑃𝑜(𝑥, 𝑦, 𝑡)]]

+ 𝑞𝑜𝑠𝑐 =
𝑉𝑏

𝛼
𝜙

𝜕

𝜕𝑡
(
𝑆𝑜

𝐵𝑜

)                             (14) 

respectively. Using the transmissibility relationship𝑇𝑖,𝑗 on the 

discretization of the left-hand side (LHS) of equation (13) and 

(14) (Schneider, 2013) 

𝜕

𝜕𝑥
(𝑘𝜆𝑜

𝜕𝑃𝑜

𝜕𝑥
) ≈ 𝑇

𝑥𝑜𝑖+
1
2
,𝑗
(𝑃𝑜𝑖+1,𝑗 − 𝑃𝑜𝑖,𝑗) + 

𝑇𝑥𝑜𝑖−𝑗(𝑃𝑜𝑖−1,𝑗 − 𝑃𝑜𝑖,𝑗)             (15𝑎) 

𝜕

𝜕𝑦
(𝑘𝜆𝑜

𝜕𝑃𝑜

𝜕𝑦
) ≈ 𝑇

𝑦𝑜𝑖,𝑗+
1
2
(𝑃𝑜𝑖,𝑗+1 − 𝑃𝑜𝑖,𝑗) 

+𝑇
𝑥𝑜𝑖,𝑗−

1
2
(𝑃𝑜𝑖,𝑗−1 − 𝑃𝑜𝑖,𝑗)        (15𝑏) 

𝜕

𝜕𝑥
(𝑘𝜆𝑤

𝜕𝑃𝑤

𝜕𝑥
) ≈ 𝑇

𝑥𝑤𝑖+
1
2
,𝑗
(𝑃𝑤𝑖+1,𝑗 − 𝑃𝑤𝑖,𝑗) 

+𝑇
𝑥𝑤𝑖−

1
2
,𝑗
(𝑃𝑤𝑖−1,𝑗 − 𝑃𝑤𝑖,𝑗)              (15𝑐) 

𝜕

𝜕𝑦
(𝑘𝜆𝑤

𝜕𝑃𝑤

𝜕𝑦
) ≈ 𝑇

𝑦𝑤𝑖,𝑗+
1
2
(𝑃𝑤𝑖,𝑗+1 − 𝑃𝑤𝑖,𝑗) 

+𝑇
𝑦𝑤𝑖,𝑗−

1
2
(𝑃𝑤𝑖,𝑗−1 − 𝑃𝑤𝑖,𝑗)            (15𝑑) 

where 

𝑇
𝑥𝑜𝑖+

1
2
,𝑗

=

2𝜆
𝑜𝑗+

1
2
,𝑗

∆𝑥𝑖,𝑗 (
∆𝑥𝑖+1,𝑗

𝐾𝑖+1,𝑗
+

∆𝑥𝑖,𝑗

𝐾𝑖,𝑗
)

 ,   

𝑇
𝑦𝑜𝑖+

1
2

=

2𝜆
𝑜𝑖,𝑗+

1
2

∆𝑦𝑖,𝑗 (
∆𝑦𝑖,𝑗+1

𝐾𝑖,𝑗+1
+

∆𝑦𝑖,𝑗

𝑘𝑖,𝑗
)

                                            (16) 

The discretization of the right-hand side (RHS) of equation (14) 

for oil is given by 

𝜕

𝜕𝑡
(
𝜙𝑆𝑜

𝐵𝑜

) =
𝜙

𝐵𝑜

𝜕𝑆𝑜

𝜕𝑡
+ 𝑆𝑜

𝜕

𝜕𝑡
(
𝜙

𝐵𝑜

) 

𝜕

𝜕𝑡
(
𝜙𝑆𝑜

𝐵𝑜

) = −
𝜙

𝐵𝑜

𝜕𝑆𝑤

𝜕𝑡
+ (1 − 𝑆𝑤) [𝜙

𝜕

𝜕𝑡
(

1

𝐵𝑜

) +
1

𝐵𝑜

𝜕𝜙

𝜕𝑡
] 

𝜕

𝜕𝑡
(
𝜙𝑆𝑜

𝐵0

) = −
𝜙

𝐵𝑜

𝜕𝑆𝑤

𝜕𝑡

+ (1 − 𝑆𝑤) [𝜙
𝜕 (

1
𝐵𝑜

)

𝜕𝑃𝑜

.
𝜕𝑃𝑜

𝜕𝑡
+

1

𝐵𝑜

𝜕𝜙

𝜕𝑃𝑜

.
𝜕𝑃𝑜

𝜕𝑡
]   

𝜕

𝜕𝑡
(
𝜙𝑆𝑜

𝐵𝑜
) = −

𝜙

𝐵𝑜

𝜕𝑆𝑤

𝜕𝑡
+ 𝜙(1 − 𝑆𝑤) [

𝜕 (
1
𝐵𝑜

)

𝜕𝑃𝑜
+

1

𝐵𝑜

𝜕𝜙

𝜙𝜕𝑃𝑜
]
𝜕𝑃𝑜

𝜕𝑡
  (17) 

Substitute for 𝐶𝑟 =
𝜕𝜙

𝜙𝜕𝑃𝑜
 in (17), yielded 

𝜕

𝜕𝑡
(
𝜙𝑆𝑜

𝐵𝑜

) = −
𝜙

𝐵𝑜

𝜕𝑆𝑤

𝜕𝑡
+ 𝜙(1 − 𝑆𝑤) [

𝜕 (
1
𝐵𝑜

)

𝜕𝑃𝑜

+
𝐶𝑟

𝐵𝑜

]
𝜕𝑃𝑜

𝜕𝑡
 (18) 

Using backward difference 

𝜕

𝜕𝑡
(
𝜙𝑆𝑜

𝐵𝑜
) = −

𝜙

𝐵𝑜
(
𝑆𝑤𝑖𝑗

𝑘 − 𝑆𝑤𝑖𝑗
𝑘−1

∆𝑡
)

+ 𝜙(1 − 𝑆𝑤) [
𝜕(1/𝐵𝑜)

𝜕𝑃𝑜
+

𝐶𝑟

𝐵𝑜
] (

𝑃𝑜𝑖𝑗
𝑘 − 𝑃𝑜𝑖𝑗

𝑘−1

∆𝑡
) 

𝜕

𝜕𝑡
(
𝜙𝑆𝑜

𝐵𝑜

) = −
𝜙

𝐵𝑜∆𝑡
(𝑆𝑤𝑖𝑗

𝑘 − 𝑠𝑤𝑖𝑗
𝑘−1) 

+
𝜙(1 − 𝑆𝑤)

∆𝑡
[
𝜕 (

1
𝐵𝑜

)

𝜕𝑃𝑜

+
𝐶𝑟

𝐵0

] (𝑃𝑜𝑖𝑗
𝑘 − 𝑃𝑜𝑖𝑗

𝑘−1)   (19) 

Substitute   𝐶𝑃𝑜𝑜𝑖
=

𝜙𝑖(1−𝑆𝑤𝑖
)

∆𝑡
[
𝐶𝑟

𝐵𝑜
+

𝑑(1/𝐵𝑜)

𝑑𝑃𝑜
]  𝑎𝑛𝑑 𝐶𝑠𝑤𝑜𝑖 =

−
𝜙𝑖

𝐵𝑜𝑖∆𝑡𝑖
in (19) 

𝜕

𝜕𝑡
(
𝜙𝑆𝑜

𝐵𝑜

)
𝑖

≈ 𝐶𝑠𝑤𝑜𝑖(𝑆𝑤𝑖𝑗
𝑘 − 𝑆𝑤𝑖𝑗

𝑘−1) 

+𝐶𝑝𝑜𝑜𝑖(𝑃𝑜𝑖𝑗
𝑘 − 𝑃𝑜𝑖𝑗

𝑘−1)          (20) 

Discretization of the RHS of (13) for water is given by 

𝜕

𝜕𝑡
(
𝜙𝑆𝑤

𝐵𝑤

) =
𝜙

𝐵𝑤

𝜕𝑆𝑤

𝜕𝑡
+ 𝑆𝑤

𝜕

𝜕𝑡
(

𝜙

𝐵𝑤

) 

𝜕

𝜕𝑡
(
𝜙𝑆𝑤

𝐵𝑤

) =
𝜙

𝐵𝑤

𝜕𝑆𝑤

𝜕𝑡
+ 𝑆𝑤 [𝜙

𝜕(1/𝐵𝑤)

𝜕𝑡
+

1

𝐵𝑤

𝜕𝜙

𝜕𝑡
] 

𝜕

𝜕𝑡
(
𝜙𝑆𝑤

𝐵𝑤
) =

𝜙

𝐵𝑤

𝜕𝑆𝑤

𝜕𝑡
+ 𝑆𝑤 [𝜙

𝜕(1/𝐵𝑤)

𝜕𝑃𝑤
.
𝜕𝑃𝑤

𝜕𝑡
+

1

𝐵𝑤

𝜕𝜙

𝜕𝑃𝑜
.
𝜕𝑃𝑜

𝜕𝑡
]   (21) 

Using auxiliary equation (6) and substituting for   𝐶𝑟 =
𝜕𝜙

𝜙𝜕𝑃𝑜
, 

𝑃𝑤 = 𝑃𝑜 − 𝑃𝑐𝑜𝑤   ,     
𝜕𝑃𝑤

𝜕𝑡
=

𝜕𝑃𝑜

𝜕𝑡
−

𝜕𝑃𝑐𝑜𝑤

𝜕𝑡
 

into equation (21) yields 

𝜕

𝜕𝑡
(
𝜙𝑆𝑤

𝐵𝑤
) =

𝜙

𝐵𝑤

𝜕𝑆𝑤

𝜕𝑡
+ 𝑆𝑤

[
 
 
 
 
𝜙

𝜕 (
1
𝐵𝑤

)

𝜕𝑃𝑤
(
𝜕𝑃𝑜

𝜕𝑡
−

𝜕𝑃𝑐𝑜𝑤

𝜕𝑡
)

+
𝜙

𝐵𝑤

𝜕𝜙

𝜙𝜕𝑃𝑜

𝜕𝑃𝑜

𝜕𝑡 ]
 
 
 
 

  (22) 

Using backward difference, (22) becomes 
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𝜕

𝜕𝑡
(
𝜙𝑆𝑤

𝐵𝑤
) = −

𝜙

𝐵𝑤
(
𝑆𝑤𝑖 − 𝑆𝑤𝑖

𝑡

∆𝑡
)

+ 𝑆𝑤

[
 
 
 
 
𝜙

𝜕 (
1
𝐵𝑤

)

𝜕𝑃𝑤
(
𝜕𝑃𝑜

𝜕𝑡
−

𝜕𝑃𝑐𝑜𝑤

𝜕𝑡
)

+
𝜙𝐶𝑟

𝐵𝑤 ]
 
 
 
 

(
𝑃𝑜𝑖 − 𝑃𝑜𝑖

𝑡

∆𝑡
) 

𝜕

𝜕𝑡
(
𝜙𝑆𝑤

𝐵𝑤
) = −

𝜙

𝐵𝑤𝑖
(
𝑆𝑤𝑖 − 𝑆𝑤𝑖

𝑡

∆𝑡
)

+
𝜙𝑖𝑆𝑤𝑖

1

[
 
 
 
 𝜕 (

1
𝐵𝑤

)

𝜕𝑃𝑤
(
𝜕𝑃𝑜

𝜕𝑡
−

𝜕𝑃𝑐𝑜𝑤

𝜕𝑡
)

+
𝐶𝑟

𝐵𝑤 ]
 
 
 
 

(
𝑃𝑜𝑖 − 𝑃𝑜𝑖

𝑡

∆𝑡
) 

 

𝜕

𝜕𝑡
(
𝜙𝑆𝑤

𝐵𝑤

) = −
𝜙

𝐵𝑤𝑖

(
𝑆𝑤𝑖 − 𝑆𝑤𝑖

𝑡

∆𝑡
) 

+𝜙𝑖𝑆𝑤𝑖 [

𝑑(
1

𝐵𝑤
)

𝑑𝑃𝑤
(−

𝑑𝑃𝑐𝑜𝑤

𝑑𝑡
)

+
𝐶𝑟

𝐵𝑤

] (
𝑃𝑜𝑖−𝑃𝑜𝑖

𝑡

∆𝑡
)      (22a) 

 

Using 

𝐶𝑃𝑜𝑤𝑖
=

𝜙𝑖𝑆𝑤𝑖

∆𝑡
[
𝐶𝑟

𝐵𝑜

+
𝑑 (

1
𝐵𝑤

)

𝑑𝑃𝑤

]

𝑖

 

 𝑎𝑛𝑑 𝐶𝑠𝑤𝑤𝑖 =
𝜙𝑖

𝐵𝑤𝑖∆𝑡𝑖
− (

𝑑𝑃𝑐𝑜𝑤

𝑑𝑆𝑤

)
𝑖

𝐶𝑝𝑜𝑤𝑖  

 (22a) becomes 

𝜕

𝜕𝑡
(
𝜙𝑆𝑤

𝐵𝑤

)
𝑖

≈ 𝐶𝑝𝑜𝑤𝑖
(𝑃𝑜𝑖

− 𝑃𝑜𝑗
𝑡 )

+ 𝐶𝑠𝑤𝑤𝑖
(𝑆𝑤𝑖

− 𝑆𝑤𝑖
𝑡 )                                                        (23) 

Substituting equations (15a-15d), (20), (23) in (13) and (14) and 

rearrange together yields 

𝐴𝑥𝑇𝑥𝑜𝑖
1
2
,𝑗1

(𝑃𝑜𝑖+1,𝑗 − 𝑃𝑜𝑖,𝑗) + 𝐴𝑥𝑇𝑥𝑜𝑖−
1
2
,𝑗
(𝑃𝑜𝑖−1,𝑗 − 𝑃𝑜𝑖,𝑗)

+ 𝐴𝑦𝑇𝑦𝑜𝑖,𝑗+
1
2
(𝑃𝑜𝑖,𝑗+1 − 𝑃𝑜𝑖,𝑗) + 

𝐴𝑦𝑇
𝑥𝑜𝑖,𝑗−

1
2
(𝑃𝑜𝑖,𝑗−1 − 𝑃𝑜𝑖,𝑗) + 𝑞𝑜𝑠𝑐

= 𝐶𝑝𝑜𝑜𝑖(𝑃𝑜𝑖 − 𝑃𝑜𝑖
1 ) + 𝐶𝑠𝑤𝑜𝑖(𝑆𝑤𝑖 − 𝑆𝑤𝑗

𝑡 ) (24) 

𝐴𝑥𝑇𝑥𝑤𝑖+
1
2
,𝑗
(𝑃𝑤𝑖+1,𝑗 − 𝑃𝑤𝑖,𝑗) + 𝐴𝑥𝑇𝑥𝑤𝑖−

1
2
,𝑗
(𝑃𝑤𝑖−1,𝑗 − 𝑃𝑤𝑖,𝑗)

+ 𝐴𝑦𝑇𝑦𝑤𝑖,𝑗+
1
2
(𝑃𝑤𝑖,𝑗+1 − 𝑃𝑤𝑖,𝑗) + 

𝐴𝑦𝑇
𝑥𝑤𝑖,𝑗−

1
2
(𝑃𝑤𝑖,𝑗−1 − 𝑃𝑤𝑖,𝑗) + 𝑞𝑤𝑠𝑐  

= 𝐶𝑝𝑜𝑤𝑖(𝑃𝑜𝑖 − 𝑃𝑜𝑖
𝑡 ) + 𝐶𝑠𝑤𝑤𝑖(𝑆𝑤𝑖 − 𝑆𝑤𝑖

𝑡 )    (25) 

Equation (25) was transformed into oil states only by using the 

capillary pressure relation equation (6) yields 

𝐴𝑥𝑇𝑥𝑤𝑖+
1
2
,𝑗
[

(𝑃𝑜𝑖+1,𝑗 − 𝑃𝑐𝑜𝑤𝑖+1,𝑗) − (𝑃𝑜𝑖,𝑗 − 𝑃𝑐𝑜𝑤𝑖,𝑗)

+𝐴𝑥𝑇𝑥𝑤𝑖−
1
2
,𝑗
(𝑃𝑜𝑖−1,𝑗 − 𝑃𝑐𝑜𝑤𝑖−1,𝑗) − (𝑃𝑜𝑖,𝑗 − 𝑃𝑐𝑜𝑤𝑖,𝑗)

]

+ 

𝐴𝑦𝑇
𝑦𝑤𝑖,𝑗+

1
2
[

(𝑃𝑜𝑖,𝑗+1 − 𝑃𝑐𝑜𝑤𝑖,𝑗+1) − (𝑃𝑜𝑖,𝑗 − 𝑃𝑐𝑜𝑤𝑖,𝑗)

+𝐴𝑦𝑇𝑦𝑤𝑖,𝑗−
1
2
(𝑃𝑜𝑖,𝑗−1 − 𝑃𝑐𝑜𝑤𝑖,𝑗−1) − (𝑃𝑜𝑖,𝑗 − 𝑃𝑐𝑜𝑤𝑖,𝑗)

]

+ 𝑞𝑤𝑠𝑐  

= 𝐶𝑃𝑜𝑤𝑖
(𝑃𝑜𝑖−

𝑃𝑜𝑖
𝑡 ) + 𝐶𝑠𝑤𝑤𝑖

(𝑆𝑤𝑖
− 𝑆𝑤𝑖

𝑡 ) 

𝐴𝑥𝑇𝑠𝑤𝑖+
1
2
,𝑗
(𝑃𝑜𝑖+1,𝑗 − 𝑃𝑜𝑖,𝑗) + 𝐴𝑥𝑇𝑥𝑤𝑖−

1
2
,𝑗
(𝑃𝑜𝑖−1,𝑗 − 𝑃𝑜𝑖,𝑗)

+ 𝐴𝑦𝑇𝑦𝑤𝑖,𝑗+
1
2
(𝑃𝑜𝑖,𝑗+1 − 𝑃𝑜𝑖,𝑗) + 

𝐴𝑦𝑇
𝑦𝑤𝑖,𝑗−

1
2
(𝑃𝑜𝑖,𝑗−1 − 𝑃𝑜𝑖,𝑗) + 𝑞𝑜𝑠𝑐 + 𝐴𝑇𝑃𝐶 

= 𝐶𝑝𝑜𝑤𝑖(𝑃𝑜𝑖 − 𝑃𝑜𝑖
𝑡 ) + 𝐶𝑠𝑤𝑤𝑖(𝑆𝑤𝑡 − 𝑆𝑤𝑖

𝑡 )       (26) 

such that  

𝐴𝑇𝑃𝐶 = 𝐴𝑥𝑇𝑥𝑤𝑖+
1
2
,𝑗
(𝑝𝑐𝑜𝑤𝑖,𝐽 − 𝑝𝑐𝑜𝑖+1,𝑗)

+ 𝐴𝑥𝑇𝑥𝑤𝑖−
1
2
,𝑗
(𝑃𝑐𝑜𝑤𝑖,𝑗 − 𝑃𝑐𝑜𝑤𝑖−1,𝑗) + 

𝐴𝑦𝑇𝑦𝑤𝑖,𝑗+
1
2
(𝑃𝑐𝑜𝑤𝑖,𝑗 − 𝑃𝑐𝑜𝑤𝑖,𝑗+1)

+ 𝐴𝑦𝑇
𝑦𝑤𝑖,𝑗−

1
2
(𝑃𝑐𝑜𝑤𝑖,𝑗 − 𝑃𝑐𝑜𝑤𝑖,𝑗−1) 

In order to determine the initial water saturation terms Swi, 

equations (24) and (25) were combined by re-arranged and 

simplified to give: 

𝑆𝑤𝑖
= 𝑆𝑤𝑖

𝑡 +

𝐴𝑥𝑇𝑥𝑜𝑖+
1
2
,𝑗

𝐶𝑠𝑤𝑜𝑖

(𝑃𝑜𝑖+1,𝑗 − 𝑃𝑜𝑖,𝑗) +

𝐴𝑥𝑇𝑥𝑜𝑖−
1
2
,𝑗

𝐶𝑠𝑤𝑜𝑖

(𝑃𝑜𝑖−1,𝑗 − 𝑃𝑜𝑖,𝑗) 

+

𝐴𝑦𝑇𝑦𝑜𝑖,𝑗+
1
2

𝐶𝑠𝑤𝑜𝑖

(𝑃𝑜𝑖,𝑗+1 − 𝑃𝑜𝑖,𝑗) +

𝐴𝑦𝑇𝑥𝑜𝑖,𝑗−
1
2

𝐶𝑠𝑤𝑜𝑖

(𝑃𝑜𝑖,𝑗−1 − 𝑃𝑜𝑖,𝑗)

+
𝑞𝑜𝑠𝑐

𝐶𝑠𝑤𝑜𝑖

−
𝐶𝑝𝑜𝑜𝑖

𝐶𝑠𝑤𝑜𝑖

(𝑃𝑜𝑖
− 𝑃𝑜𝑖

𝑡 )     (27)  

Equation (27) is the solution to (8) and (9) coupled with the 

auxiliary equations (28), (29), and (30) given by Schneider, 

(2013). 

𝑃𝑐 = −𝐵𝐼𝑛(𝑆𝑤) = 𝑃𝑜 − 𝑃𝑤                                                   (28) 

𝐾𝑟𝑤 = (
𝑆𝑤−0.195

0.8
)

4.44

                                                          (29)                                                                                         

𝐾𝑟𝑜 = [1 − 1.8(𝑆𝑤 − 0.195)]2                                     (30) 
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4. Implementation 

The implementation of the solution (equation 27) using 

MATLAB was based on illustration in Figure 1. 
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Figure 1: Schematic of a rectangular reservoir with initial and 

boundary conditions 

To produce oil in the upper-right corner, water was injected in 

the lower left. Using the following initial conditions based on 

synthetic data obtained from the perturbation of real field data 

by introducing Gaussian noise of 10%: 

Initial oil pressure Poi= 400 psi 

Initial pressure of water injected = 5,000 psig 

Initial water saturation Swi=18% 

Initial oil saturation Soi = 82% 

Sor = Swc = Swirr 25% (Crane, 2018) 

Porosity  = 20% 

K = 236 md 

The pressure and saturation responses obtained from the 

implementation are as depicted by the characterization 

signature plots in Figure (2-11). 

 

5. Results and Discussion 

5.1 Variations in Reservoir Flow Properties 

The characterization signature plots relating saturation and 

pressure changes to reservoir sensitivityat different simulation 

times are as depicted in Figure 2-11. The plots indicate 

significant difference between waterpressure (Pw) 4550 

psi(Figure 2a) and oil pressure (Po) 350 psi (Figure 2b) with 

corresponding water saturation (Sw) of about 0.73 (Figure 3a) 

and oil saturation (So) of about 0.32 (Figure 3b) at time t = 0.1s. 

A slight drop in water and oil pressure to 4525 psi (Figure 4a) 

and 320 psi (Figure 4b) respectively resulted to infinitesimal 

increase in Sw to 0.732 (Figure 5a) but decrease in So to 0.28 

(Figure 5b) at time t = 0.25 s.  

 

 

 

Figure 2: Pressure vs dimensionless distance at time t=0.1s (a) water pressure, (b) oil pressure 
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Figure 3: Saturation vs dimensionless distance at time t=0.1s (a) water saturation, (b) oil saturation 
 

 

Figure 4: Pressure vs dimensionless distance at time t=0.25s (a) water pressure, (b) oil pressure 
 

 

Figure 5: Saturation vs dimensionless distance at time t=0.25 s (a) water saturation, (b) oil saturation 
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Figure 6: Pressure vs dimensionless distance at time t=0.5s (a) water pressure, (b) oil pressure 

 

Figure 7: Saturation vs dimensionless distance at time t=0.5s (a) water saturation (b) oil saturation 

 

Figure 8: Pressure vs dimensionless distance at time t=0.75s (a) water pressure, (b) oil pressure 
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Figure 9: Saturation vs dimensionless distance at time t=0.75 s (a) water saturation, (b) oil saturation 

 

Figure 10: Pressure variations vs dimensionless distance at time t=1.0 s (a) water pressure, (b) oil pressure 

 

Figure 11: Saturation vs dimensionless distance at time t=1.0 s (a) water saturation, (b) oil saturation  

 

However, there was a slight increase in water and oil pressure 

to 4530 psi (Figure 6a) and 325 psi (Figure 6b) respectively 

resulting to corresponding increase in Sw to 0.735 (Figure 7a) 

and So to 0.268 (Figure 7b) at time t = 0.5s. Both water and oil 

pressure remained 4525 psi and 325 psi respectively at time t = 

0.75s (Figure 8) and 1.00s (Figure 10). However, while Sw 

increased through 0.738 at t = 0.75s (Figure 9a) to 0.739 at t = 

1.0s (Figure 11a); So decreased through 0.265 at t = 0.75s 

(Figure 9b) to 0.263 at t = 1.00s (Figure 11b). These indicate 

fluctuation in water and oil pressure between t = 0.1s and t = 

0.50sbut became steady and low at t = 0.75s and t = 1.0s 

suggesting the reservoir has reached depletion. This was 

corroborated by decrease in So through the entire pressure 

regime, whereas Sw increased. 
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5.2 Relative Permeability Curves  

In order to investigate the sensitivities of pressure and saturation 

changes to reservoir porosity and permeability, water and oil 

saturations from the simulation of equation (27) as revealed by 

Figure 2-11 were substituted in (29) and (30) to obtain the 

results for water relative permeability Krw (Figure 12) and oil 

relative permeability Kro (Figure 13). The relative permeability 

of water Krw increases with water saturation Sw (Figure 12a) but 

decreases with increase in oil saturation So (Figure 12b).  
 

 
Figure 12a: Relative permeability to water vs water saturation 

 

Figure 12b: Relative permeability to water vs oil saturation 

On the other hand, while relative permeability of oil Kro 

decreases with increase in water saturation Sw (Figure 13a), oil 

saturation So increases with Kro (Figure 13b). Thus, as water 

saturation increases, known as imbibition condition, the oil 

relative permeability decreases, water relative permeability 

increases. Conversely, as oil saturation increases (drainage 

condition), relative permeability of oil increases, relative 

permeability of water decreases. Generally, however, for every 

value of either So or 𝑆𝑤 , 𝑘𝑟𝑤 ≫ 𝑘𝑟𝑜. 

 

Figure 13a: Relative permeability to oil vs water saturation 

 

Figure 13b: Relative permeability to oil vs oil saturation 
 

Nomenclature 

A Cross-sectional area 

𝐴𝑇𝑃𝐶 Constant denotation 

𝐵𝑓 Phase formation volume factor 

𝐵𝑜 Formation volume factor for oil 

𝐵𝑤 Formation volume factor for water 

𝐶𝑡 Total compressibility 

𝐶𝑓 Formation compressibility   

𝐶𝑜 Oil compressibility  

𝐶𝑤 Water compressibility 

𝑘 Permeability 

𝑘𝑜 Oil permeability 

𝑘𝑤 Water permeability 

𝑘𝑟 Relative permeability 

𝐾𝑟𝑤 Relative permeability to water 

𝐾𝑟𝑜 Relative permeability to oil 

𝑛 Saturation exponent 

𝑆𝑜𝑖 Irreducible oil saturation       

𝑆𝑤𝑖𝑟𝑟  Irreducible water saturation  

𝑆𝑜𝑟 Residual oil saturation 

𝑡 Time step 

𝑣𝑏 Buck volume 

𝑉𝑥 Flow rate in x-direction 

𝑉𝑦 Flow rate in y-direction 

(𝑥, 𝑦, 𝑧)  Coordinate system 

𝜇 Viscocity 

𝜇𝑜 Oil viscosity 

𝜇𝑤 Water viscosity 

𝜌𝑤 Water density 

𝜌𝑜 Oil density 

𝑝 Pressure  

𝑝𝑐 Capillary pressure 

𝑝𝑐𝑜𝑤 Capillary pressure to oil/water 

𝑝𝑜 Oil pressure 

𝑝𝑛𝑤 Non-wetting phase  

𝑝𝑤 Water pressure/wetting phase 

𝑞𝑤𝑠𝑐  Water injection at standard      condition 

𝑞𝑜𝑠𝑐 Oil injection at standard condition 

𝑆𝑤 Water saturation 

𝑆𝑜 Oil saturation 

𝜆𝑤 Water mobility 

𝜆𝑜 Oil mobility 

∆𝑥        Change in x 

∆𝑦        Change in y 

∆𝑝 Change in pressure 

𝜙 Porosity 

𝛼 Half-axis ellipsoid 
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6. Conclusion 

Numerical simulation is effective for predicting reservoir 

behavior, specifically; change in reservoir properties has been 

simulated by formulating models involving modification of 

Darcy’s equation. The results of formulated and numerically 

resolved coupled transient linear partial differential equation 

(CTLPDE) indicated increase in water saturation but decrease 

in oil saturation throughout the pressure regime of both oil and 

water which initially fluctuated and subsequently remained 

constant. The results of the corresponding auxiliary equation 

indicated increase in relative permeability of water (𝑘𝑟𝑤) with 

water saturation (𝑆𝑤) but decreased with increase in oil 

saturation 𝑆𝑜, while relative permeability of oil (𝑘𝑟𝑜) decreased 

with increase in 𝑆𝑤 but increased with 𝑆𝑜. Generally, however, 

for every value of either 𝑆𝑜or 𝑆𝑤 , 𝑘𝑟𝑤 ≫ 𝑘𝑟𝑜 

Numerical simulation proved to be effective in predicting 

reservoir behavior. The formulated models indicate drop in oil 

saturation as pressure depleted over time. 
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