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ABSTRACT

Elasticity problems are formulated using displacement methods or stress methods. In this paper a displacement
formulation of axisymmetric elasticity problem is presented. The formulation uses the Boussinesq- Papkovich - Neuber
Dpotential function. The problem is then solved by assuming Boussinesq — Papkovich - Neuber potential functions in the
form of Bessel functions of order zero and of the first kind. The potential functions are then made to satisfy the governing
field equations and the associated boundary conditions for the particular problem of a point load at the origin of the semi-
infinite linear elastic isotropic soil mass. The unknown parameters of the function are thus determined and used to find
the stresses, strains and displacement fields in the loaded soil. The results obtained were identical with the results
obtained by Boussinesq.

Keywords: Axisymmetric elasticity problem, Boussinesq - Papkovich - Neuber potential function, Bessel functions of

order zero and of the first kind, semi-infinite soil mass, displacement formulation, stress formulation.

1. INTRODUCTION

Axisymmetric elasticity problems of the half-space are
elasticity problems where the loading is rotationally
symmetric about an axis perpendicular to the surface.
The cylindrical coordinate system is the natural
coordinate system of choice for the description and
analysis of axisymmetric problems. The problems are
defined in terms of the radial, r circumferential, 0 and
depth, z coordinate variables; and the corresponding
displacements defined as u, Uy, and u, (or, u, v, and w

respectively) where u,; Ug, and u, are displacement

components in the radial, circumferential and depth
coordinate directions, respectively. The horizontal
surface of the half-space is usually defined to lie on the
ro plane and the vertical, z axis is directed into the half-
space. For axisymmetric problems, the stresses and
displacements are independent of the circumferential
coordinate, © and when there are no applied torques,
the circumferential displacement components vanish. In
the present study, the half-space is
homogeneous, isotropic and linear elastic and the load is
assumed to be applied statically. The deformations are
assumed to be

considered

small; hence small deformation
assumptions are applied. The study of such an idealized

elastic continuum is the subject matter of the classical
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theory of elasticity and in the case of vertical applied
loads, was first studied by Boussinesq. This study is
significant because from point load solutions, stresses
and displacements due to any kind of distributed load
applied to the surface of a soil mass considered
homogeneous, isotropic, linear elastic half-space could be
obtained by integration over the loaded region (area)
with the point load solution considered as the Green
function [1].

1.1 Bessel Functions and Axisymmetric Problems
The Bessel’s equations are commonly encountered in
partial differential equations in bodies having cylindrical
symmetry. Bessel functions are also encountered in the
solution of Laplace equations in cylindrical coordinates
[2]. In advanced mathematics, Bessel functions denoted
by /.(x) are canonical solutions of Bessel’s differential
equation:

xy"+xy" +(x*—n?)y=0 €))
where, y(x) and y' = Z—z, y' = Z%and n is called the
order of the Bessel function; and can be a real or complex
number. The most common case is for integer values of n.

of the Laplace equation in cylindrical
coordinates are Bessel functions of integer order,

Solutions

frequently called cylinder functions. A more general
parametric representation of the Bessel equation is
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obtained by replacing x with AX where A is a
parameter, to obtain [2]:
x2y"+xy' + (A2x2—n?)y=0 2)

1.2 Research Aim and Objectives

The research aim and objectives include:

(i) To present the general governing partial differential
equations for the axisymmetric elasticity problem of
linearly elastic, homogenous, isotropic materials.

(ii) To present a displacement potential function
formulation using the Boussinesq - Papkovich -
Neuber potential function for the axisymmetric
problem

(iii) To solve the axisymmetric elasticity problem of
homogenous soil of semi-infinite extent loaded by a
point load, P applied at the origin using Boussinesq -
Papkovich - Neuber potential functions assumed in
the form of Bessel functions.

2. LITERATURE REVIEW
Two formulations of elasticity problem are found in
literature; namely displacement and
formulations[3], [4]. In displacement formulation,
displacements are the primary unknown variables, from
which strain and stress fieldsare found by using the
strain-displacement relations and the material
constitutive laws. In stress formulation, stresses are the
primary unknown variables

stress

and from the stress
components, strain components are found from the
stress-strain laws and then displacement components
found from the kinematic relations. In stress
formulationone will always make use of the compatibility
conditions in the solutions process, in order to determine

compatible displacement fields.

2.1 Displacement Formulation of Three Dimensional(3D)
Elasticity Problems

Navier obtained the governing equations of three

dimensional elasticity problems in terms of

displacements by combining stress equations of

equilibrium with the stress displacement equations as

follows [5, 6, 7]:

V2 +( 1 )6<6u+6v+6w>+Fx_O 3
v 1—-2u/0x\ox 0dy 0z G ®
v? +( 1 )6(6u+6v+OW)+Fy 0 4
v 1—2u/0y\ox 0dy 0z G )
v +< 1 )6<6u 617 ) E, .
v 1—2u/0z\0x G~ ®)
02 02 62
where, V?= + —+ — (6)

ax2 " 9y? ' 9z

V2 is the Laplacian operator, u, v, w are the
displacement components in the x; y; and z coordinate

directions, respectively, |lis the Poisson’s ratio, ¢ is the
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shear modulus, and F, F, F, are the x )y, and =z
components of the body force.

Solutions of the Navier-Lame differential equations
satisfying the boundary conditions would yield the
displacement and w: Navier
displacement system of three
coupledpartial differential equations in terms of three
unknowndisplacement components;u, v and w. In the
displacement formulation, the compatibility of
deformations is guaranteed automatically since the
displacements are determined such that boundary
conditions and equilibrium conditions are identically
satisfied.

components, u, v,
formulation is a

2.2 Stress Formulation

The Beltrami-Mitchell equations for stress formulation
ofthreedimensional elasticity problems are a system of
six partial differential equations [4], [5]

V2o, L h _ -k (% %, (’”7’%)—2(’)j
x> 1+,uax2 " 1-—pu\ox a9y 0z 0x
=0 7
V2o L h _ -k (% %, 6}2)—2%
vy + 1+pdy? 1-—p\dx 9y 0z dy
=0 (8)

1+,u(3z2 " 1-—u\ox a9y 0z 0z

=0 9)

where liis the stress invariant

1 0% dF, 0F,
Vo 1 +uodxdy N (E * E) (10

1 9% 0F, 0F,
V2 1+u0yaz - (02 + Oy)(ll)
Vio,, L oh =—(6—F+ aFZ)(lZ)

1 + @ 0zox 0z dx

Where

I} = 0yy + 0y + 0y, (13)

Oyxx) Oyy, Oz, are the normal stresses, Gyyr Oyzs and G,y

are the shear stresses, £y F, and F, are the body force
components in the X, y;, and z directions per unit volume.

Solutions of the Beltrami - Mitchell stress equations for
given boundary conditions would yield six stress
components

Ouxx» Oyys Ozz, Oxy, Oy and 0., Analytical

rigorous solutions for three dimensional elasticity
obtain using
mathematically exact methods and the number of three
dimensional elasticity problems that have thus far been

solved is very small.

problems are very difficult to

2.3 Airy Stress Potential Functions ¢(r)
Airy’s stress potential functions ¢(r) are scalar fields
defined in the structures’ domain that are solutions of
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the biharmonic equation, that is the compatibility
equation, and that gives stresses that satisfy the
differential equations of equilibrium and hence provide
compatible strains through Hooke’s stress - strain law.
For any Airy stress function, ¢(r) the Cartesian
coordinate stresses (axx, Oyy, andrxy)are defined by the
following:[8]

0%
Oxx = a_yz (14)
0%
O'yy = W (15)
_32(1)
try = dxdy (16)
or
0%
Oy = a—y2+ V (17)
0%
Oyy = W-l_ %4 (18)
_62(1)
Ty = dxdy (19)
av
Fo= —— 2
av
F,= —— (21)
y ay

where /(x, y) is the body force potential
Fx and Fyare body force components in the x and y
coordinate directions

F=-VV (22)
In plane strain, stress based governing equation is:
1-2
Vi = V2V2p = — ( — 5) v2y (23)
In plane stress the stress based governing equation is:
ViVip = Vi = —(1 — V3V (24)

A series of simple states of stress may be derived from
the stress function expressed in polynomial form as
follows:
d(xY) = apx® + a;xy + ay* + azx® + a,x’y

+ asxy? + agy® + a,x3y + agxy3(25)
where,a,, a1,a; ...8g are constants. Each term in this stress
function satisfies the compatibility equation:

ViV2iPp(x,y) =0 (26)
Where:
0? 0%
2 _
Vé= EP + 3y7 27

V?is the two dimensional Laplace operator, or the two
dimensional Laplacian.

Solutions to plane strain and plane stress problems of
elasticity can be determined using Airy’s stress function
methods. The Airy’s stress function method reduces the
general formulation to a single partial differential
equation in terms of a single unknown, called the Airy’s
stress function ¢ (x ), which is a scalar field expressed in
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terms of the space coordinate variables x and y for
problems on the x; y plane. The method is based on the
general idea of developing a mathematical/analytical
representation of the stress field that will automatically
satisfy the differential equations of equilibrium.

2.4 Airy’sStress Potential Function In Polar Coordinates
The Airy’s stress potential functions ¢(r, 0) in plane polar

coordinates r, 0 are given in terms of the
stresses 0, , 0gg and 1., as:[9, 10]

10%p 109

o =502t vor (28)
0%

% =57 (29)
10%p 100

T =" 590 T 7290 (30)

0 (1 6(1)) a1

6 = "5\ 99 G

where ¢(r, 0) is the Airy’s stress function in plane polar

coordinates, r,0 are the radial and transverse
coordinates of the plane polar coordinate system,

Orry Ogg, are the normal stresses in the plane polar
coordinate system, T,q, is the shear stress in the plane

polar coordinate system.

The Laplace and the biharmonic operators are
respectively given as:
V2=6_2 114_ la_z (32)
ar?  ror r?06?
poprin (L 12, LO)(2 10
ar2  ror r206%)\or? ror
1 092
+ ﬁﬁ) (33)

The field equations of elasticity theory are solved subject
to the traction boundary conditions.

2.5 Advantages of the Displacement Potential Function
Method
The Navier equations represent the displacement
formulation of the field governing equations of three
dimensional elasticity problems; and can be expressed
for axisymmetric problems. The equations are unwieldly
and complicated because they are three coupled partial
differential equations in terms of the three unknown
displacement displacement
formulation can be simplified by representing the

components. The

displacement field using harmonic potential functions.
This decouples the originally coupled Navier differential
equations. There are many harmonic potential functions
that can be used. The Papkovich - Neuber potential
functions are harmonic functions that can be used to
decouple the Navier differential equations.
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3. THEORETICAL FRAMEWORK AND METHODOLOGY
3.1 Governing Equations of Axisymmetric Elasticity
Problems
Axisymmetric elasticity problems are problems involving
finding stresses and strains instructures, due to loads
that  exhibit rotational symmetry about the
circumferential coordinate 6.If the two conditions of
axially symmetric geometry and axisymmetric loading
are satisfied, the response of the structure will be
axisymmetric  (or radially = symmetric).Then,the
response/behaviour of the structure- displacement,
strains and stresses - are independent of the
circumferential coordinate.
The governing equationsare presented using the three
dimensional cylindrical coordinate system (r,z0) where
ris the radial coordinate which is the distance from the
axis of symmetry, r> 0; z is the axial coordinate, directed
along the axis of symmetry, and 8 is the circumferential
coordinate. The displacement field u(r;2) is a function of
the rand zcoordinates, defined by the two components:
u(r,z) = (u(r,2),u,(r,2),0) (34)
whereu(r,#z) is the radial displacement, u,(r,z) is the
axial displacement, and u, the circumferential
displacement is zero due to rotational symmetry.

The strain tensor in cylindrical coordinates is
represented by the symmetric matrix:
Er &z Erg

E= (grz €2z ng) (35)
€ro €20 oo

Due to the axisymmetric deformations, € and &,y

vanish, and the strain tensor has only four distinct (non
zero) components, thus:

&r &z O
E=|\8&rz €z 0 (36)
0 0 LY}

STT
or <€zz ) (37)
€00

Viz = &z t & = 25r2(38)
The stress tensor in cylindrical coordinates is given by

the symmetric matrix:
Orr  Orz  Ore
0= |0rz Oz Oy (3 9)

Org 0Ozg Opp
Due to rotational symmetry the stress componentscrg

Where

and o, vanish, and the stress tensor for axially
symmetric elasticity problems simplify to:

O-TT‘ O-T‘Z o
0= |0rz Oz o (4 0)

o o Ogg

O‘TT
oro= |2 41
no=|g. (41)
O-T‘Z
The governing partial differential equation for

axisymmetric elasticity problems are the strain-
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displacement equations, the differential equations of
equilibrium and the material constitutive laws, subject to
the displacement and stress boundary conditions.

3.1.1 Kinematic equations
For small-displacement, linear elastic behaviour, the

strain-displacement  equations for axisymmetric
elasticity problems are [11, 12].
ou,
Err = or (42)
du,
gZZ = az (43)
uT
o0 = (44)
du, OJu,
er = E‘I_ or = &g + Ear = Zgrz (45)
In matrix form,
Err Err a/or 0
€z €4z 0 a/az Ur
€5 e | T g |7\ ¥ 0 (uz) (46)
Y‘.I‘Z 287’2 a/az a/ar

3.1.2 Material constitutive law
For linear hyperelastic materials, and neglecting thermal

and prestress effects, the most general
constitutive(stress-strain)equation for axisymmetric
elasticity has the general form:[11][12]
Orr E11E12E13E14. Err
o, E,E £
o= (% |= | 2bubynka | =) _ g (47
O9o E13Ep3E,, o €00
O-T'Z E14E24_ 0 E44 Y;“z

where FEi1, ... Eu are the coefficients of the stress-stain
matrix, andwhere it is observed that the cross-coupling
between the shear strain and the hoop stress must
vanish in axisymmetry, leading to Ezs = E43 = 0.

For isotropic linear elastic materialswith Young’s
Modulus, E and Poisson’s ratio p, the stress-strain law

simplifies for axisymmetrical problems to:[11][13]

o= Esg (48)
where, E isa matrixgiven by:
. A= ko :
- — S O S 49
Grwa-2m| n w Q-w, ° |9
0 0 0 (-2

3.1.3 Differential Equations of Equilibrium

The general three dimensional differential equations of
staticequilibrium in cylindrical coordinates are the
system of three equations:[12] [13]

16( )+a 42 %6 1 E =0 (50
rore o Trag 0 T 9g T Ty r=0 (50)
10 1 do,,
;E(TO'”) + ;0'29 + E + Fz =0 (51)
1o, 19 9
r—za(‘r UGr) + ;%099 + &O’gz + Fg =0 (52)
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WhereF,F, andFs are the components of the body force

field in the radial, axial and circumferential coordinate

directions, respectively.

For axisymmetric cases, the differential equations of

staticequilibrium simplify to:
10 d

Ogo
;a(ro—ﬂ’) + Earz - 7 +F =0 (53)
10 0
;E(razr) + EJZZ +E=0 (54)

The third equation of equilibrium is identically satisfied
if Fo = 0, because cor = 0e; = 0, and oceg is independent of
0. If Fo # 0, the problem of elasticity cannot be axially
symmetric.

3.2 Displacement Potential Function Formulation of
Axisymmetric Elasticity Problems

For axially symmetric elasticity problems, the
displacement field ucan be represented as Equation (34),
where,u(r, z) is the radial component of the
displacement, u,(r,z) is the z component of the
displacement, and u(r,z) does not depend on the 6
component. Thus:

ug (r,z) = 0 (55)
Axially symmetric elasticity problems can be defined
using displacement potential functions. The Boussinesq -
Papkovich - Neuber displacement potential functions

@(,z) and WY(rz) are defined in terms of the
displacementsu,(r,z) and u.(r,z) as follows:
-1 0¢(r,2)
u,.(r,z) = A= or (56)
1 ad(r,2)
u,(r,z) = ¥(r,z) — - oz (57)
Where, ¢ (r,z) = v(r,z2) + z2¥(r,2z) (58)

and, u is the Poisson’s ratio.

The Boussinesq - Papkovich - Neuber displacement
functions ¢(r, z) and W(r,z) are harmonic functions, and
thus satisfy the Laplace’s equationsin the cylindrical
coordinate system.Thus

Vip(r,z2) =0 (59)
Vi¥(r,z) =0 (60)
Where VZ, the Laplacian operator in cylindrical

coordinate system,is given by:

2 9% 10 a2
Vi=gmtat (61)

The normal strains, &, &g, &,are expressed in terms of
the displacementpotential functions using the strain

displacement relations for small displacement
assumptions.
Thus,
-1 2
S
Err = r 4(1 _ ’u) 9r2 (62)
-1 1
— Ur _ — 09
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Egg = =5 == (64)
dz 0z 4(1—p)o=
duy | Ou,
Ve = 50+ 52 (65)
-2 %p v
Vrz = 4(1-p) s or (66)
_ 1 _ -1 (0%} —2(1-p)d¥
£ = e = s e %) (67)
du, 0
o = 3 (5 5¢) = 0 (68)
du, 0
= 3 (55 %) =0 (69
The volumetric strain,gy is:
&y = &r + L] + Ezz (70)
_ _1 624) 1a¢ 62¢ ale
ev—m_m(aﬂ‘ ront) 5 71
= (V?})+ 0¥ 72
= (V2 +'P)+aql 73
_1-2pu oY 74
=20 - p) 9z 74
from Equations (59) and (60).The normal

stressesad,,, 0gg, 0, are found from the stress - strain
laws.Thus,
v 26 0%

O = A&, + 2Gepr = A 9z (=) 9 (75)
Where A which is the Lame constant:
P (76)
T 1-2u
Where
_ -G (9%¢p 2u0¥
Orr = 2(1—,4)(a7‘ ) (77)
Ogg = ASV + 26899 (78)
_ -G (lap 2u0¥
Op0 = z(1—u)(rW‘ ) (79)
O = Ay + 2Ge,, (80)
_ =G (3% ov
Oz = 2(1—;4)(? _2(2_”)5) (81)
_ =G (3% ov
Orz = 2(1—;4)(%‘2(1_”)5) (82)
09 =0 (83)
0, =0 (84)
4. RESULTS

4.1 Application of Bessel Functions

For the problem of point load P acting at the origin
(0,0,0) of a semi-infinite soil presented in Figure 1, the
boundary conditions are given from the theory of Dirac
delta function representation in cylindrical coordinates
system of point load, P and the relationship between the
Dirac delta function 3(I)and the Bessel function as:
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P
,‘)
< \ -
X (0, 0,0)
vz
Figure 1: Point load P acting at the origin of a semi-infinite (half
space) soil.

Ps(r) —-P(*
04(1,0) = — T = Z i kj,(kr)dk (85)
And, 6,,(r,0) = 0 (86)
Where, Jo = Jo(kr) (87)

Jo(Kr) is the Bessel function of order zero, and of the first
kind that is the solution of the differential equation

(V2 +k*)],(kr) =0 (88)
Where, V= o —+- 19 89
ere ar2 ' ror (89)
TheBoussinesq- Papkovich - Neuber

displacementpotential functions ¢ and ¥ that satisfy the
boundary conditions can be expressedusing Bessel
functionsas:

o(r,z) = f(c1 + kzcy) e %], (kr)dk (90)
0

Y(r,z) = f cze ] (kr)dk (91)
0
Where,c:(k), c2(k) and c3(k) are all unknown functions of

the parameter k& These three unknown functions will be
determined from the boundary conditions and from
Equations (60) and (92).

ve =22 (92)
0z
sz cz e * (kr)dk = 0 (93)
0
f csV2 (e7*%),(kr))dk = 0
0
—c [ Vet pteak o9
0
VZ(e7k2],(kr)) = 0 (95)
From,V?V2p =0 (96)
V2y2 f (c; + kzc,) e ™), (kr)dk = 0 97)
0

[ee]

V2 f (c; + kz cy) e ¥, (kr)dk

0
a (o]
= Zaf cz e ¥, (kr)dk (98)
0
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f —2k?c, e * ], (kr)dk
0

= ZJ. — ke e 2], (kr)dk (99)

Then ¢; = kc, (100)

__6 |2 k k2] (kr)dk
R (] mj(cﬁ‘ zcy) e %], (kr)
0
— 201
— W)= fkcz _kZ]o(kr)dk} (101)
2(1—u)f( cike™ + kc,(—kz + 1)e™**) — kJ, (kr)) dk

—2(1-p f (ke e — kJy(kr)dk = oy, (102)
0

Forz =0,

¢ =—1-21c, (103)
Then the Boussinesq- Papkovich -  Neuber
displacementpotential functions can be expressed in
terms of one unknown constant, c, as follows:

(oo}

o, 0) = f c; (kz — (1 —2p))e ", (kr)dk (104)

0

Y(r,0) = J- ke, e7*],(kr)dk (105)
-G

e

{a - f (ca ez — (1 = 21)) ™), (k) dk

-2Q2-w—=— J- cze'kzjo(kr)dk}(106)

0
[

-G {
1| c2(kz — (1 —2p) k?e™—2k?e™")
2(1—p) Oj

x J, (kr)dk

— 2(2 - /J)J _kzcze_kzjo(kr)dk}lr,zzo

—P °
= Ef k]o(k‘f')dk (107)
0
Atz=0, foranyr,
P.(1—p)
Cyr = W (108)
P.(1-
es = ke, = % (109)
—(1-2p)(1 — P
o =—1-2p)c, = kG (110)
Thus
P(L—p [
p = %f e (kr)dk (111)
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PA-p) [
= %f (kz — (1 = 2u))e "], (kr)dk (112)

0 P(1—u) r
a? (Gn M)f((l —2p) = kz) e ™)y (kr)dk (113)
9 _ P (1 -
% f 2120
— kz) ke™J, (kr)dk (114)
6(1) P(l -
e f(Z(l — 2w
— kz) e™**],(kr)dk (115)

The integrals involving e_kZJn(kl’) as integrand can be

evaluated using the formula:
‘ r™"(R—z)"
f e'kzjn(kr)dk — %;
0
Where,R2=1r2+22,2>0
Jn(kr),n = Ois the Bessel function of the first kind (of
order zero), which is the solution to the differential
equation:

[v2 + (12 = )| Juhr) = 0 (117)
Thus, the integrals occurring in the expressions forthe
Boussinesq - Papkovich - Neuber displacement potential
functions ¢ and W and their derivatives can be expressed
in terms of common mathematical functions.

f ek2] (kr)dk = rPR-2 L 118
) ° R R

= 0,1,2,3 (116)

[oe]

] e * 1 (kr)dk =

0

r'R-2z)"
R " R(R+2
_PA-p1
V= ———-(120)
0 Pl—w /(A -2wr zrd

ar  Gm (R(R+z) ER(RH)) (121)
0(]) PAl—w(2(1—u) =201
9z nG < R +6 R

o_1 _ 123
0zR(R +2) R3( )

61_ Z 124
3R~ R

0o  PA-w(A=-2w)r

or Gm R(R +2)

99 _ P(l—M)<2(1—u)

(119)

)(122)

—)(@125)

12
0z Gr R (126)

Hence,

U= 4G R

P 1 +2(1 128

7
)

P 1<i— a _2”)) (127)
)

By differentiation,
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0’0 PA—-w= 3z?
Fh T[ﬁ<(3_2")_ R_)

or?
- (1-2p

0°d  P(1—p)
072 Gm

1
ra e

<R3 - 202- u)D (130)
¥  —P(L—pr

9z  Gm R3
Then by substitution, the normal strain componentségy,

(131)

ggpand &z and the shear strain components & become:

P [= 322
= TG\ G T T R

- (1-2w m> (132)
%06 = _%{(1 ~ 2 R R T D _%} (133)
P (z (32
&gz = _%{ﬁ (F_ 2#)} (134)
3P rz?
Epgz = _RF (135)

The normal stress components o, oygand oz are:

p 3r2z (1 —2wR
Orr = - +
2mR? R3 R+z
P (—3zr? (1-2u
=— 136
27r( RS +R(R+z) (136)
1= 2,u)P( R )
%0 = "57R2 \R R+z
(1 - 2/,c)P< 1 )
137
21 R3 R(R+z) (137)
_ 3Pz 138
Uzz - 27_[ R5 ( )
3P z%r
Orz = 5% (139)

The solution for the displacement fields and stress fields
can be obtainedin terms of the threedimensional
Cartesian coordinate system using the transformations:

U, = u,cosd (140)
v =u, = U, sinf (141)
w=u, (142)
Oyz = 0,,C0S0 (143)
Oy = Op,Sing (144)
Oxx = 07C0S20 + Ggsin?0 (146)
Oyy = 0, Sin*0 + gggCos*H (147)
Oy = 1/2 (0, — 0gg)sin20 (148)
Where, sinf = y/R (149)
cosf = x/R (150)
Then,
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Y = 4nGR\R? R+z
P(1+ X. 1—-2u)x
_PArwxz (A-20x) o
2nE \R® R(R+2)
B P y(z (-2
VEW T 1GR|\RET R4z
P(1+ Z 1-2
_PAtw vz (=203 oo
2nE \R® R(R+2)

P {Zz+2(1—[1)}

P x{z B (1—2;1)}

L= W= GR\R?
P(1+p (22 2(1—p)
T 2mE (ﬁ R )33
—P (3x?%z
%x = 50R?2 | R?
1-2(E_ R
A-20\%r " 7732
N x%(2R + 2) 154
R(R + 2)? (154)
—P (3y%z
O-yy = anZ R3
1_2 (XK
=20z~ 772
2
y“(2R + %)
Z - 7 1
+ R(R + 2)2 (155)
=P 3z3 3 —3Pz3 156
% = rR?R3 ~ 2mRS (156)
-pP 3z (1-2w)(2R+32)
- . 157
%y = JnR? xy(R3 R(R + 2)? ) (157

5. DISCUSSION

This work has successfully presented the governing
partial differential equations for axisymmetric elasticity
problems of linearly elasticc homogeneous, isotropic
soils; represented the governing field equations using the
Boussinesq - Papkovich - Neuberpotential function, and
then solved the problem of homogenous soil of semi-
infinite extent loaded by a point load P applied at the
origin using Boussinesq - Papkovich - Neuber functions
assumed in the form of Bessel functions of order zero,
and of the first kind.

The field equations of axisymmetric elasticity for
homogeneous, isotropic materials are given as Equations
(42) (45), (48) and (53- 54).The Boussinesq -
Papkovich - Neuber potential function formulation of the
field equations are presented as Equations (62)- (69)
and (75) - (84). The Boussinesq - Papkovich - Neuber
potential
functions in the form of Equations(90) and (91) such
that they contained unknown parameters ci(k), c2(k)
and c3(k) which were determined using the boundary
conditions. The unknown parameters were determined
as Equations (108), (109) and (110), yielding complete

functions were expressed using Bessel

Nigerian Journal of Technology

solutionsfor the potential functions.The displacement
fields were determined as Equations (127) and (128)
using cylindrical coordinates.The stress components
were found as equations (136) - (139), using cylindrical
coordinates.

The displacement fields determined using
Cartesian coordinates as Equations (151)-(153) and the
stress fields expressed in terms of Cartesian coordinates
as Equations(154) - (157).

The expressions found for the stress components and the
displacement field were exactly identical with
Bousinesq’s solutions [14] and presented in most books
on soil mechanics [15].

were

6. CONCLUSION

The following conclusions are made from the study:

() the axisymmetric elasticity problem of a half-space
considered homogeneous, isotropic and linear elastic
has been successfully formulated using the
Boussinesq - Papkovich - Neuber displacement
potential functions.

(ii) the displacements and stresses were found by
assuming the Boussinesq - Papkovich - Neuber
displacement potential functions in terms of Bessel
functions of order zero and of the first kind and
applying the boundary conditions.

(iii)the displacements and stresses Oy, Ogg, Oy

obtained for a point load acting at the origin of a

semi-infinite elastic space were found to be exactly

the same as those obtained by the use of stress

potential function methods and presented in
literature.

(iv) the effectiveness and generality of the displacement
potential function method for analysis of elastic half-

space problems is thus illustrated.
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