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ABSTRACT  

The stability of the sub synchronous static slip energy recovery scheme for 

the speed control of slip-ring induction motor is presented. A set of 

nonlinear differential equations which describe the system dynamics are 

derived and linearized about an operating point using perturbation 

technique. The Eigenvalue analysis of the linearized model shows that the 

drive system is almost completely stable in the entire operating range 

Routh stability criterion is used in the polar plots of roots of the 

characteristics equations of induction machine drive on the σ-jω plane 

which further justified the above results.  
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LIST OF SYMBOLS 

    Firing angle of the inverter 

H   Inertia constant 

Rs   Stator winding resistance 

Rr   Rotor winding resistance to the 

stator  

Xr   Rotor reactance at base frequency 

referred to stator 

Xs   stator reactance at base frequency  

ids, iqs   D-q stator current  

idr, iqr   Referred rotor d-q currents 

Te   Electromagnetic torque developed  

Tl   load torque 

Xf   filter reactance at base frequency 

referred to stator 

Rf   filter resistance at base frequency 

referred to stator  

Lf   filter inductance  

S   Motor slip 

Vs   stator phase voltage  

Xm   mutual reactance at base frequency 

Vr   Rotor phase voltage in the 

synchronous frame 

r   Rotor electrical angular frequency 

in radians per second  

,b   base electrical angular frequency in 

radians per second 

Vsm   peak value of phase voltage on the 

a.c side of inverter 

Vrm   peaks value of V’r  

ID   Rectifier output current  

VD   Rectifier output voltage 

Vop   Counter Emf of the inverter 

 

Subscript ‘o’ Indicates the steady state 

variables 
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1. 0 INTRODUCTION  

The DC, synchronous and induction 

machines are the major work tools in the 

industries with the later dominating in 

application. In more comparative terms, 

the squirrel cage induction motor is lighter, 

more robust, and less expensive, has 

higher torque-inertia ratio and is capable of 

much higher speed [1]. Its output power is 

also much higher. However, its speed 

control is more complex with the result 

that the conventional methods of the speed 

control have been either expensive or 

highly inefficient. There are complexities 

in modeling induction motors owing to the 

many non linearities of the parameters. 

With the recent development and progress 

in power semiconductor technology, the 

undesirable features of the conventional 

rheostatic control schemes can be 

eliminated by using a three phase rectifier 

bridge connected to the slip rings. The 

system is supplied via a D.C reactor and a 

chopper which are connected in parallel 

with the disadvantages of producing high 

losses due to slip power dissipation.  

The popularity of this drive stems from the 

fact that the slip power is recovered in the 

rectifier-inverter media and returned to the 

supply giving rise to a constant torque 

drive. This scheme provides a viable 

variable speed drive with the inverter 

firing angle as the speed-control parameter 

when the direct feedback of current is in 

progress.  

In the study of the systems stability, Mittle 

et al [2] determined the instability region 

using the characteristic equation of the 

linearized model obtained from the 

motional impedance matrix of the system. 

This was done by the application of the 

Routh-Hurwitz criterion to the 

characteristic equation.  

Subrahmanyan et al [3] stated that there 

exist numerical errors associated with the 

determination of the coefficient of the 

equations and thereof the discrepancy 

between the result of [3] and those of 

Mittle et al. In the work presented by 

Subrahmanyam, the small signal 

perturbation method and eigenvalue 

analysis were adopted in the study of the 

system stability. In the work, the stability 

of the system at any operating point is 

determined by the eigenvalues of the 

particular matrix formed from the 

linearized equations of the system.  

Reports by many authors [2] indicate that 

the inverter-fed induction motor drives 

exhibit instability at lower speeds of 

operation. Mittle et al confirmed the 

presence of instability regions which 

according to [2] are present at low values 

of moments of inertia, and increase 

substantially with an increase in applied 

voltage.  

However, in a sharp contrast, [3] has it that 

the above drive is stable throughout the 

operating range as far as normal operation 

is concerned. Subrahmanyam et al added 

that concerning the transient analysis of 

the system, that at all those points, the 

system reached the new steady state within 

a reasonable time.  

In the light of the above contradictory 

propositions and arguments, there is need 

for a clearer study of the dynamics and 

stability of the drive. The Eigenvalues 

analysis of the linearized model of an 

induction motor by the small signal 

perturbation method shows that the system 

in general terms does not become unstable.  
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2.0 Simulation Parameters: The parameters of the machine studied are summarized in table 

1 below. 

 
 

3.0  EQUATIONS OF THE SYSTEM  

The equations which describe the symmetrical three phase induction machine in a 

synchronously rotating reference frame as given by [5] can be written in per unit as in [2,3].  
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 = b angular frequency and = the electrical speed of the rotor. The electromagnetic torque 

developed in per unit is given by;  

     (             )      (4) 

In deriving the equations for the stability studies of a slip energy recovery scheme, the 

following assumptions are made:  

(i)  the induction motor is ideal and symmetric  

(ii)  the switching elements are ideal  

(iii) the rectifier output is continuous  

(iv) the commutation of the rectifier and the inverter are instantaneous  

(v)  higher harmonics in the rectifier output have negligible effect on the stability.  

Having assumed as above and neglecting the effects of harmonics and commutation, the 

average output voltage of a three-phase full-wave uncontrolled rectifier bridge is;  

   
 √ 

 
           (5) 

where Vrm is the peak value of the rotor phase voltage at the slip ring of the induction motor. 

If the a.c source impedance is ignored and the voltage assumed infinitely smoothed then, the 

opposing electromotive force (E.M.F) of the inverter which is a function of the firing angle 

and supply voltage will be given by;  

    
 √ 

 
      (   )      (6) 
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Where  is the inverter firing angle and is the maximum value of the phase voltage on the 

a.c. side of the inverter. Since at time (t = 0) the q-axis of the synchronous rotating reference 

frame coincides with the magnetic axis of the stator reference frame, the quadrature 

component of the supply voltage Vqs will be equal to the peak value of line to neutral voltage 

Vsm and the direct component Vds zero, therefore equation (6) becomes;  

    
 √ 

 
      (   )      (7) 

Continuous conduction assumption means that the voltage equation for the filter can be 

written as;  

       ((    (   ))       (8) 

Also if the angular, that is the phase relationship between the q-axis and the magnetic axis of 

the stator and the rotor phases is selected so that they coincide at time t = 0, the q-axis 

voltages of the stator and the rotor will be zero. The q-axis voltage will be equal to the peak 

value of the respective phase voltages, that is,  

              (9) 

                (10) 

               (11) 

                 (12) 

          (   √ )         (13) 

An approximate relation between the direct link current ID and the q-axis rotor current iqr can 

be obtained by equating the input and output power of the rectifier and neglecting losses, that 

is;  

                         (14) 

 

where i’qr is the quadrature component of current fed to the rectifier. An input power to the 

rotor is considered, that is why there is negative sign in equation (14) we get the direct link 

current,  

                      (15) 

Combining equations (5), (8), (12) and (15) above we get;  

               (     ) (       (   ))         (16) 

Equations (4) to (14) together with equation (I) describe the dynamics of the static slip 

energy -recovery drive. When equations (9) - (II) and (16) are substituted in equation (I) the 

resulting matrix equation of the drive becomes;  
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Where the electromagnetic behaviour of the system is given as  

         (   )(    )       (18) 

 

And (r/) is the per angular speed of the rotor. The overall behaviour of the system is fully 

described by equation (4), (17) and (18).  



Nigerian Journal of Technology, Vol. 26, No. 2, June 2007 Oti & Okoro            17 
 
 

The digital simulation of the system is enhanced by presenting the above equations in state 

variable form as shown below with currents as state as state variables:  
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Where, 
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The above equations having all the variables in equations (17) and (18) except Vsm and ά 

changed by small amount about a steady operating point would, if the steady- state terms are 

eliminated and the higher order incremental terms neglected, give a linearized small 

displacement equation written in the form, 
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Where the system matrix A for ease of simulation is presented as shown; 
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Where, 

  
(              )

 
         (32) 

  
(              )

 
         (33) 

          
          (34) 

 

            
                  (35) 

The study of the stability of the system in the entire operating region is therefore realized by 

determining the eigenvalues of system matrix of equation (31) at, different values of slip 

from the least to the highest values which correspond to various fixed values of the firing 

angle, alpha, which in this case is from 90 degrees to 170 degrees. This is carried out using 

Matlab [6]. Now, if all the eigenvalues have negative real parts then the system is stable 

while if any of the eigenvalues has positive real part, then the system at that point is unstable.  

 

4.0 RESULTS  

The results obtained from the program simulation for the operating range are presented in 

tabular from as shown below.  

 

DETERMINATION OF THE EIGENVALUES FOR A GIVEN FIRING ANGLE 

(ALPHA) AT DIFFERENT OPERATING POINTS [increasing left to right].  
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5.0  CONCLUSION  

The need to have a unified theory as 

against the contradicting theories existing 

on the stability of induction machine with 

a static sub synchronous convertor cascade 

in the rotor circuit led to the timely and in-

depth study of this work. The Eigenvalues 

analysis of the linearized model of an 

induction motor by the small signal 

perturbation method shows that the system 

in general terms does not become unstable. 

A confirmation of the system stability 

from Routh's stability criterion shows that 

the points lie on the left hand side of the 

plane.  

Finally, as far as the normal operating 

region of the system is concerned, 

instability does not exist especially as the 

firing angle is increased, hence the slip 

energy recovery drive from the point of 

view of stability is superior to variable-

frequency induction motor drives and as 

such, its application is highly 

recommended for fans, blowers and 

pumps.  

In practice, the exact drive as modeled 

here cannot be realized owing to the 

effects of non-linearities and assumptions. 

However, the elegance of this drive 

scheme is in the fact that its control signal 

(current controller) is limited so as to limit 

the firing angle to its upper limit of 

maximum firing angle. Another significant 

point is that unlike the phase controlled 

induction machine where the three phase 

currents are involved, here the sensing of 

only one current, d c link current is 

sufficient for feedback control. This 

simplifies the control scheme compared to 

other ac drive schemes.  
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