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Abstract

In this paper, a simplified dynamic model is developed to predict the natural fre-
quencies of a multi-Degree of freedom structural system using the concept of an
elastic shear wave in a solid prismatic bar. The vibrating solid prismatic bar and
the multi-degree of freedom beam system with distributed mass under self-excited
vibration are assumed to be dynamically equivalent. Lumped mass idealization is
used to discretize the original beam structure with distributed mass to a weightless
beam with distributed masses substituted with lumped masses at different nodal
points. A numerical example obtained from literature is given to illustrate the
application of the present model. All the natural frequencies predicted using the
present formulation compared favorably with those of other authors most espe-
cially in the first and second vibration mode. The correlation coefficient value was
high showing high (0.991) showing high predictive ability of the present model.

Keywords: MDOF, Natural frequencies, distributed mass, prismatic bar, lumped mass, shear

wave

1. Introduction

All real structures have distributed masses
and have infinite number of degrees of free-
dom. The dynamic analysis of a structural
system with such a characteristic is tedious
as it involves a lot of mathematical manipu-
lations [1-14]. The dynamic analysis is made
simpler using lumped mass idealization. The
transformed distributed mass system now has
finite number of degrees of freedom [15]. The
lumped mass configuration is the same struc-
tural system but it has its distributed mass
substituted with lumped masses located at
some chosen nodal points of the structure
(Figure 1). The degree of freedom is numeri-
cally equal to the number of independent geo-

metric parameters that describe the positions
of all masses for all possible displacements of
the structural system at any moment in time.
The present model is said to be fully defined
if the magnitudes of the lumped masses and
their respective coordinates are known [15].
For instance, for a cantilevered beam with
evenly distributed mass, an infinite number of
coordinates is required to define the displace-
ment configuration. If we imagine that the
beam mass is lumped into two bodies with the
force-displacement properties of the cantilever
unchanged and if we assume that the external
forces causing the motion are applied at this
two masses, then the deflected configuration
of the beam at anytime can be completely de-
fined by 12 coordinates, 6 at each mass. The
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Figure 1: Natural vibration modes and frequencies
of a uniform simply supported beam [13].

idealized model having 12 degrees of freedom
may therefore conveniently be considered in
dynamic analysis in place of the actual sys-
tem with distributed mass [15]. A more accu-
rate representation can be obtained by using
a larger number of masses at a closer interval
and consequently requires a greater number
of coordinates. The objective of this paper
is to develop a simplified method for predict-
ing the natural frequencies of vibration of a
structural system with distributed mass under
self-excited vibration. The algorithm involved
is simple “not involving much computational
effort and the results can be achieved using
manual computation”.

2. Dynamic Model Formulation

The vibration modes of a uniform shear
beam representing a weightless beam under
self-excited vibration is as shown in Figure 1.

P1 = P2 = P3 = P = Induced unit load
at nodal points of a weightless beam. From
the natural mode shapes shown in Figure 1,
the natural frequency in the ith mode for the
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Figure 2: Static beam deflection due to load
P (P1 = P2 = P3 = P ).

actual system [12] is given by

wn =
i2π2

L2

√

EI

P
(i = 1, 2, 3) (1)

The shear wave speed in a prismatic bar
expressed as the shear modulus - to - density
ratio is given by;

c =

√

G

ρm
(2)

where ρm = γ
g
= mass density of the material

of the beam. γ = unit weight of the material
of the beam; g = acceleration due to gravity;
c = speed of shear wave in the bar.
Substituting γ

g
for ρm in equation (2) gives;

c =

√

Gg

γ
(3)

The vibration of a uniform simply supported
beam (Figure 1) generates a stationary wave.
The shear wave wavelength in the prismatic

bar is given by;

λi =
c

fi
(i = 1, 2, 3) (4)

where fi = natural frequency of vibration of
the bar in the ith mode; λi = wavelength of
the shear wave in the ith mode; G = shear
modulus of the material of the prismatic bar.
But

fi =
1

Ti

(5)

Therefore,

λi = cTi (i = 1, 2, 3) (6)
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Therefore, in the first three modes, the natu-
ral vibration periods of a vibrating prismatic
bar at the same shear wave speed are given
by;

T1 =
λ1

c
(7)

T2 =
λ2

c
(8)

T3 =
λ3

c
(9)

The generalized expression for the wavelength
in the ith mode for a vibrating prismatic bar,
(Figure 3) is given by;

λi
4L

(2i− 1)
; (i = 1, 2, 3) (10)

Therefore, for an ith mode of vibration, the
ith natural period is given by;

Ti
4L

(2i− 1)c
; (i = 1, 2, 3) (11)

The first three vibration modes natural peri-
ods are thus given by;

T1
4L

c
(12)

T2
4L

3c
(13)

T3
4L

5c
(14)

where T1, T2, T3 = Natural periods in first,
second and third modes of vibration respec-
tively. L

c
= time of travel of shear wave from

one end of the beam to the other end of the
beam. λ1, λ2, λ3 = wavelengths of stationary
waves in the first three modes.
From the flexural deflection of the dynami-

cally equivalent weightless beam shown in Fig-
ure 2,

Gb =
P/A

δij/L
=

PL

δijA
(15)

γb =
mg

AL
(16)

The vibrating solid uniform bar and the
weightless beam are dynamically equivalent.
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Figure 3: First three normal modes of vibration.

Thus, the speed of shear wave along the
weightless beam is given by;

cb =

√

Gbg

γb
(17)

Substitution of equation (15) and (16) into
equation (17) gives;

cb = l

√

P

mδij
(18)

But P
δij

= k = stiffness of a weightless beam

=⇒ cb = l

√

k

m
(19)

Substituting equation (19) for c in equation
(12), (13), and (14) yields;

T1 =
4
∑n

i=1 li
l

√

m

k
(20)

T2 =
4
∑n

i=1 li
3l

√

m

k
(21)
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T3 =
4
∑n

i=1 li
5l

√

m

k
(22)

cb = shear wave speed in the weightless beam;
L = overall length of the weightless beam; l
= length of segment of the discretized weight-
less beam; A = cross-sectional area of a pris-
matic bar; δij = static deflection of a weight-
less beam at point I due to unit load applied
at point j.
For a weightless beam of different magni-

tudes of lumped masses, different sub-lengths
and stiffnesses,

ci = li

√

ki
mi

(23)

where n = total number of a weightless beam-
segments where the natural periods of the os-
cillating lumped masses are considered (n = 3
for the present numerical study); li = length
of an ith beam segment; ki = stiffness of an
ith bema segment; mi = mass of an ith beam
segment; ci = shear wave velocity in the ith
beam segment. The time taken for the prop-
agating shear wave to travel an ith weightless
beam segment is given by:

li
ci

=

√

mi

ki
(24)

Therefore, the total time taken by the shear
wave to travel the entire beam segments is the
algebraic sum of the individual times taken to
travel the individual beam segments given by;

n
∑

i=1

li
ci

=
n

∑

ii=1

√

mi

ki
(25)

Using equations (12), (13) and (14), the natu-
ral periods in the first three modes of a vibrat-
ing weightless beam having different masses
and stiffnesses are given by;

T1 = 4
n

∑

i=1

li

√

mi

ki
(26)

T2 =
4

3

n
∑

i=1

li

√

mi

ki
(27)

T3 =
4

5

n
∑

i=1

li

√

mi

ki
(28)

For a weightless beam system having different
masses at different nodal points and different
stiffnesses,

ki =
3EIL

a2i b
2
i

(29)

Where E, I = modulus of elasticity and mo-
ment of inertia of the prismatic beam respec-
tively. And

mi =
liρ+ liρ

2
(30)

where ai = an ith distance from weightless
beam’s left support to an ith nodal point car-
rying an ith lumped mass; bi = an ith dis-
tance from ith nodal point carrying an ith

lumped mass to the right support of a weight-
less beam.
Substitution of equation (29) and (30) into

equations (26), (27) and (28) gives a gener-
alized expression for an ith natural period of
vibration in the ith mode as;

Ti =
n

∑

i=1

√

liρ+ liρ[a2i · b
2
i ]

6EIL
(i, j = 1, 2, 3, . . . , n)

(31)

3. Numerical Study

A numerical example given by Osadebe [1]
is used to illustrate the application of the
proposed model. A simply supported uniform
beam having a distributed mass intensity of
4.75kg/m shown in Figure 4 is used for this
numerical study. The MDOF model has three
lumped masses m1, m2 and m3 implying
three degrees of freedom.

From equation (30),

m1 = m3 =
ρ+ 1, 5ρ

2
= 1.25ρ

The natural periods in the first three modes
of vibration now transforms to:

T1 = 4
n

∑

i=1

√

liρ+ liρ(a2i · b
2
i )

6EIL
(32)
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Figure 4: MDOF model of 3 degrees of freedom
for numerical study [1].

T2 =
4

3

n
∑

i=1

√

liρ+ liρ(a2i · b
2
i )

6EIL
(33)

T3 =
4

5

n
∑

i=1

√

liρ+ liρ(a2i · b
2
i )

6EI
(34)

But circular frequency, wi =
2π
Ti
; i = 1, 2, 3.

Therefore, the circular frequency in the first
three modes of vibration are:

w1 =
2π

4
n

∑

i=1

√

liρ+ liρ(a2i · b
2
i )

6EI

(35)

w2 =
2π

4

3

n
∑

i=1

√

liρ+ liρ(a2i · b
2
i )

6EI

(36)

w3 =
2π

4

5

n
∑

i=1

√

liρ+ liρ(a2i · b
2
i )

6EI

(37)

Equations (35), (36) and (37) are the required
frequency-predicting equations into equations
(32), (33) and (34),

T1 = 4

[
√

1.25ρ(12×42)
30EI

+

√

1.5ρ(2.52×2.52)
30EI

+

√

1.25ρ(42×12)
6EI

]

=

[√

ρ

EI
(0.817 + 1.397 + 0.817)

]

= 12.125

√

ρ

EI

Therefore, the circular frequency in the first

Table 1: Comparison of results.
Present model Osadebe [1] Distributed mass

w1 0.518
√

EI
ρ

0.4039
√

EI
ρ

0.3948
√

EI
ρ

w2 1.555
√

EI
ρ

1.5929
√

EI
ρ

1.5791
√

EI
ρ

w3 2.59
√

EI
ρ

3.5142
√

EI
ρ

3.5531
√

EI
ρ

Table 2: Comparison of results.
Present model Osadebe [1] Distributed mass

w1 0.518
√

EI
ρ

0.4039
√

EI
ρ

0.114
√

EI
ρ

w2 1.555
√

EI
ρ

1.5929
√

EI
ρ

-0.038
√

EI
ρ

w3 2.59
√

EI
ρ

3.5142
√

EI
ρ

-0.923
√

EI
ρ

three vibrating modes are;

w1 =
2π

12.125

√

EI

ρ
= 0.518

√

EI

ρ

w2 =
2π

12.125
3

√

EI

ρ
= 1.555

√

EI

ρ

w3 =
2π

12.125
5

√

EI

ρ
= 2.591

√

EI

ρ

Table 2: Test of adequacy of the model The
present model is tested for adequancy using
Osadebes[1] results as control points

Average difference (di) =
∑

di
n

= 0.847
3

=

−0.282 Variance S2
d =

∑

di−d
2

N−1

S2
d =

0.157 + 0.060 + 0.411

N − 1
=

0.628

2
= 0.314

Standard deviation, Sd = 0.560
From t statistics, t = d

Sd/
√

n
= 0.282

√

3
0.560

=

| − 0.881| = 0.881
Null and Alternative hypothesis:

H0: all di = 0; There is no difference between
the two methods of determining the natural
frequencies of a MDOF beam system with dis-
tributed mass.
H1: all di = 0; There is a significant difference
between the two methods.
The hypothesis is tested at 5% level of sig-

nificance and 2 degrees of freedom.
T0.025, 2 = 4.30 > 0.881. Since the tab-

ulated value is greater than the calculated
value, it means acceptance of null hypothe-
sis. There is no difference between the two
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methods and the model is very much fitted to
the control points [1].

4. Discussion of Results

Table 1 shows that the results obtained
from the present model which is based on the
assumption of dynamic equivalence of a vi-
brating prismatic bar with a weightless beam
under self-excited vibration are almost simi-
lar with those of Osadebe[1] and those of the
actual system[2] showing the effectiveness of
the present model in the prediction of dy-
namic response of a vibrating MDOF struc-
tural system. The difference in responses of
the present model and those of Osadebe [1]
and the other author[2] may be due to dif-
ference in the model assumptions used in the
model derivation. Student t-test showed that
the present model is very much fitted to the
control points [1].

5. Conclusion

In conclusion, the present model provides
predictions that are almost similar to those
of Osadebe[1] and the actual system[2] most
especially in the first and second modes of vi-
bration showing high predictive ability of the
present model. The present model can be ap-
plied to a multi-storey building undergoing
free vibration.
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