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1.1.1.1.    INTRODUCTIONINTRODUCTIONINTRODUCTIONINTRODUCTION    

A lot of analytical and experimental studies on the 

static, dynamic, and stability analyses of thin

box girders has been presented in journals by many 

researchers. A comprehensive review of analytical and 

experimental studies on box-girder brid

undertaken by Maisel [1] in England. This 

comprehensive review was extended by Swann [2], 

Maisel et al. [3],and Maisel [4]. 

Sennah and Kennedy [5] provided a review of 

research work on box girder bridge design topics. 

These topics include box girder bridge configurations; 

construction issues, load distribution, dynamic 

response, and ultimate load carrying capacity. The 

review reported difficulties encountered in box girder 

construction such as changes in geometry and 

excessive rotation of girders before and during the 

placement of the concrete deck. The primary 

conclusion regarding the construction and design of 

curved box girders is that the current North American 

codes, including AASHTO [6] publications and 

Canadian [7] codes, as well as published literature, do 

not provide the design engineer with adequate 

information on the behavior of unshored straight and 

curved box girder bridges during construction. 

Additional research work using 3-D finite element 

    

REVIEW OF ELASTIC ANALYSIS OF BOX GIRDER BRIDGESREVIEW OF ELASTIC ANALYSIS OF BOX GIRDER BRIDGESREVIEW OF ELASTIC ANALYSIS OF BOX GIRDER BRIDGESREVIEW OF ELASTIC ANALYSIS OF BOX GIRDER BRIDGES
 

G. C. G. C. G. C. G. C. EzeokpubeEzeokpubeEzeokpubeEzeokpube****        

NGINEERING, MICHAEL OKPARA UNIVERSITY OF AGRICULTURE 

mail mail mail mail AAAAddress:ddress:ddress:ddress: engrgreg2006@yahoo.com 

walled box girder bridges has attracted the attention of researchers since the last five walled box girder bridges has attracted the attention of researchers since the last five walled box girder bridges has attracted the attention of researchers since the last five walled box girder bridges has attracted the attention of researchers since the last five 

decades. A lot of literature has dealt with the analytical formulations as well as experimental investigations. Field decades. A lot of literature has dealt with the analytical formulations as well as experimental investigations. Field decades. A lot of literature has dealt with the analytical formulations as well as experimental investigations. Field decades. A lot of literature has dealt with the analytical formulations as well as experimental investigations. Field 

ously in the last decade. So far the agreement between the analytical and ously in the last decade. So far the agreement between the analytical and ously in the last decade. So far the agreement between the analytical and ously in the last decade. So far the agreement between the analytical and 

experimental results has been excellent and, therefore, has made it possible to augment a limited number of experimental results has been excellent and, therefore, has made it possible to augment a limited number of experimental results has been excellent and, therefore, has made it possible to augment a limited number of experimental results has been excellent and, therefore, has made it possible to augment a limited number of 

experimental tests with hundreds of analytical studies. Highlights of reseexperimental tests with hundreds of analytical studies. Highlights of reseexperimental tests with hundreds of analytical studies. Highlights of reseexperimental tests with hundreds of analytical studies. Highlights of research efforts in published literature arch efforts in published literature arch efforts in published literature arch efforts in published literature 

regarding the analysis methods and experimental studies related to the elastic analysis of box girder bridges have regarding the analysis methods and experimental studies related to the elastic analysis of box girder bridges have regarding the analysis methods and experimental studies related to the elastic analysis of box girder bridges have regarding the analysis methods and experimental studies related to the elastic analysis of box girder bridges have 

been presented in this review. Subjects discussed include: (1) Thin been presented in this review. Subjects discussed include: (1) Thin been presented in this review. Subjects discussed include: (1) Thin been presented in this review. Subjects discussed include: (1) Thin ––––Walled Curved Beam Theory; (2) BEF/Walled Curved Beam Theory; (2) BEF/Walled Curved Beam Theory; (2) BEF/Walled Curved Beam Theory; (2) BEF/

Method; (3) Finite Segment Method; (4) Folded Plate Method; (5) Finite Difference Method; (6) Energy VariationMethod; (3) Finite Segment Method; (4) Folded Plate Method; (5) Finite Difference Method; (6) Energy VariationMethod; (3) Finite Segment Method; (4) Folded Plate Method; (5) Finite Difference Method; (6) Energy VariationMethod; (3) Finite Segment Method; (4) Folded Plate Method; (5) Finite Difference Method; (6) Energy Variation

Principle; (7) Grillage Analogy and Space Frame Methods; (8) Finite Element Method; (9) Finite Strip Method; (10) Principle; (7) Grillage Analogy and Space Frame Methods; (8) Finite Element Method; (9) Finite Strip Method; (10) Principle; (7) Grillage Analogy and Space Frame Methods; (8) Finite Element Method; (9) Finite Strip Method; (10) Principle; (7) Grillage Analogy and Space Frame Methods; (8) Finite Element Method; (9) Finite Strip Method; (10) 

Methods; (11) Experimental  Studies.Methods; (11) Experimental  Studies.Methods; (11) Experimental  Studies.Methods; (11) Experimental  Studies.    

analysis; thin-walled and reviews. 
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static, dynamic, and stability analyses of thin-walled 

been presented in journals by many 

researchers. A comprehensive review of analytical and 

girder bridges was 

] in England. This 

eview was extended by Swann [2], 

] provided a review of 

research work on box girder bridge design topics. 

These topics include box girder bridge configurations; 

construction issues, load distribution, dynamic 

response, and ultimate load carrying capacity. The 

ew reported difficulties encountered in box girder 

construction such as changes in geometry and 

excessive rotation of girders before and during the 

placement of the concrete deck. The primary 

conclusion regarding the construction and design of 

irders is that the current North American 

publications and 

codes, as well as published literature, do 

not provide the design engineer with adequate 

information on the behavior of unshored straight and 

der bridges during construction. 

D finite element 

analysis is needed to avoid potential catastrophic 

failures [5].   

In another review by Sennah and Kennedy [8

analysis methods used to analyze box girder bridges 

systems found in the literature were presented. The 

review concluded that, although the finite element 

method seems to be the most costly and time 

consuming, it is the most detailed and comprehensive 

method that can overcome the limitations of other 

simplified methods. Moreover, issues such as thermal 

effects are difficult to model accurately, except 

through a detailed finite element analysis. It 

recommended that a survey on the available software 

for the cumulative analysis of bridge structures 

through the construction, service, and ultimate phases 

(time-dependent analysis) would be useful for 

designers. This would apply to the design of new 

bridges and rating of existing bridges. Each of both 

reviews by Sennah and Kennedy [5

comprehensive list of more 

Davidson et al. [9] presented a synthesis of curved 

steel bridge research literature and current practice 

for both I-girder and box girder superstructure 

configurations. More than 200 literature sources, up 

to the year 2003, were collected, reviewed, analyzed 

and integrated into the synthesis. Kulicki et al. [10
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presented a comprehensive up-to-date literature 

review for publications from July 1993 to the year 

2000, describing research works related to design and 

analysis of horizontally curved steel box-girders and I-

girders. General references on analysis methodology 

that may have applied to both steel and concrete were 

retained. In all, ninety-six references were identified 

of which 91 abstracts were presented. 

Considering the fast pace of developments in bridge 

engineering, it becomes pertinent to carry out 

periodic reviews of the analytical and experimental 

processes in the face of emerging technologies and 

improving analytical tools. Therefore, this paper 

presents up-to-date research efforts in published 

literature regarding the analysis methods and 

experimental studies related to the elastic analysis of 

box girder bridges and to provide recommendations 

for further research works. Subjects discussed 

include: (1) Thin –Walled Curved Beam Theory; (2) 

BEF/EBEF Method; (3) Finite Segment Method; (4) 

Folded Plate Method; (5) Finite Difference Method; 

(6) Energy Variational Principle; (7) Grillage Analogy 

and Space Frame Methods; (8) Finite Element Method; 

(9) Finite Strip Method; (10) Simplified / 

Miscellaneous Methods; (11) Experimental  Studies. 

    

2. 2. 2. 2.     METHODS EMPLOYED FOR ANALYSIS OF BOXMETHODS EMPLOYED FOR ANALYSIS OF BOXMETHODS EMPLOYED FOR ANALYSIS OF BOXMETHODS EMPLOYED FOR ANALYSIS OF BOX----

GIRDER BRIDGESGIRDER BRIDGESGIRDER BRIDGESGIRDER BRIDGES    

2.2.2.2.1 1 1 1 ThinThinThinThin––––walled walled walled walled CurvCurvCurvCurved Beam Theoryed Beam Theoryed Beam Theoryed Beam Theory    

The curved beam theory was first established by 

Saint-Venant [11] for the case of solid curved beams 

loaded in a direction normal to their plane of 

curvature. Benscoter [12] applied this theory to multi-

cell beams. In general, curved beam theory cannot be 

applied to curved box-girder bridges, because it 

cannot account for warping, distortion, and bending 

deformations of the individual wall elements of the 

box. According to Fan and Helwig [13], Vlasov [14] 

was the first to study distortion of box-girders while 

investigating the torsional behavior of thin-walled 

beams with closed cross-section. Vlasov [5] presented 

the thin-walled beam theory for axisymmetric 

sections. Vlasov’s thin-walled beam theory was 

extended by Dabrowski [16, 17, 18] for asymmetric 

section, to account for warping deformations caused 

by the gradient of normal stresses in individual box 

elements. Review by McManus [19] showed that 

Gottfield [20]and Umanskii [21] also contributed to 

the development of the curved beam theory. A more 

detailed review of the early developments in the thin-

walled curved beam theory was given by Sennah and 

Kennedy [8]. 

Kermani and Waldron [22] presented a method of 

analysis that allows for the effects of cross-sectional 

distortion in addition to those of torsional warping. 

The method is a rational extension of thin-walled 

beam theory and may be applied to simply supported 

or continuous box girders of either straight or curved 

configuration.  

Razaqpur et al. [23, 24] used the straight thin-walled 

box beam element, along with exact frequency-

dependent shape functions for dynamic vehicle-box 

girder bridge interaction. The vehicle was modeled by 

one axle with sprung and unsprung masses connected 

by a system of springs and dashpots. Wu et al. [25] 

developed a finite beam element for analyzing shear 

lag and shear deformation effects in composite-

laminated box girders. Through the numerical 

examples it was concluded that the procedure 

possesses better efficiency in the analysis of 

symmetric composite single-cell box beams. Park et al. 

[26, 27] developed thin-walled box beam finite 

element for straight multicell box girder bridges and 

horizontally curved box girder bridges respectively. 

The validations of the proposed models were 

demonstrated through a series of comparative studies 

using conventional shell elements. Presentations of 

the basic theory of thin-walled beams including 

flexure, torsion, distortion, and stress distribution are 

provided in several texts [14, 18, 28, 29, 30, 31].  

The thin-walled beam theory has the following 

limitations. It is highly involved with very rigorous 

and lengthy procedures such that structural analysts 

often shy away from using it for practical analysis of 

box girder bridges.  

    

2.2 2.2 2.2 2.2 BEF/EBEF MethodBEF/EBEF MethodBEF/EBEF MethodBEF/EBEF Method    

BEF (Beam on Elastic Foundation) analogy is one of 

the most conventional methods of predicting warping 

and distortional stresses in Box Girder Bridges [32]. 

The BEF analogy was first noted by Vlasov [14]. 

Wright et. al. [33] further developed the Vlasov [14] 

proposed equation and then utilized it for distortional 

analysis of box girders, but it is limited only to 

prismatic straight box girders. Kristek [34] extended 

the BEF analogy to distortional analysis of box girders 

with tapered deformable cross section. A modified 

approach called the EBEF (Equivalent Beam on Elastic 

Foundation) method was developed and presented by 

Hsu et al., [35] to analyze the BEF problem using a 

matrix approach. The study concluded that the 
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analysis of closed (or quasi-closed) box girder bridges, 

using the EBEF method, provides a simplified 

procedure to account for the deformation of the cross 

section for the effect of rigid or flexible interior 

diaphragms and continuity over supports. While the 

traditional BEF analysis is based on the Fourier series 

solution, the EBEF method uses a finite element 

formulation [36]. 

The BEF and EBEF methods have the following 

shortcomings. The BEF method is limited only to 

prismatic straight box girders. Though the EBEF 

method is an enhancement of the BEF method, both 

methods still ignores the effect of shear deformation 

which has been shown [32] to be substantial in 

distortional analysis of box girder bridges. 

 

2.3 2.3 2.3 2.3 Finite Finite Finite Finite Segment MethodSegment MethodSegment MethodSegment Method    

The finite segment method, based on the ordinary 

theory of folded plates, may be applied to structures 

with arbitrary end and interior support conditions. It 

gives accurate results for deflections and the 

distribution of the total moments at a section to each 

longitudinal girder. Scordelis [37] applied the finite 

segment method for the analysis of continuous box 

girder bridges.  

Yang et al. [38] developed the stochastic finite 

segment method (SFSM) and applied it to the analysis 

of shear lag effect on box-girder. An example was 

given to demonstrate the efficiency and accuracy of 

the method. Results were compared with the 

analytical variational solutions and those achieved by 

the technique of direct Monte Carlo simulation and the 

finite strip, respectively, showing desirable 

agreement. 

Lou et al. [39, 40, 41, 42] used model tests and finite 

segment method to investigate shear lag effects in 

thin-walled box girders. The study revealed that 

negative shear lag not only exists in cantilever and 

continuous box girders but also in simply supported 

box girders with varying depth. Wang et al. [43] 

presented an efficient finite segment approach for the 

analysis of a curved box girder with corner stiffeners. 

The shear lag effect and local flexure behavior of 

curved box girder structures were taken into 

consideration in the formation. Numerical results 

showed that the effect of the corner stiffners should 

not be neglected in the design of curved box-girder 

bridge.  

2.4 2.4 2.4 2.4 Folded Plate Method Folded Plate Method Folded Plate Method Folded Plate Method         

The folded plate equations were originally derived by 

Goldberg and Leve [44] and applied to a direct 

stiffness solution for folded plate structures by 

DeFries–Skene and Scordelis [45]. The method was 

applied to cellular structures by Al-Rifaie and Evans 

[46], and Evans [47]. The Canadian High-way Bridge 

Design Code [7] restricted this method to bridges with 

support conditions closely equivalent to line supports 

at both ends of the bridge. Marsh and Taylor [48] 

developed a method that incorporates a classical 

folded plate method for the  analysis of box girders.  

The folded plate method has the following 

shortcomings. It is restricted to continuous structures 

that are simply supported at the extreme ends and to 

cases in which the material and dimensional 

properties of each plate making up the cross-section 

are constant, both longitudinally and transversely 

(isotropic material properties). Additionally the 

method is complicated and time-consuming.  

 

2.5 2.5 2.5 2.5 Finite Difference MethodFinite Difference MethodFinite Difference MethodFinite Difference Method    

Researchers [49, 50] used the finite difference method 

for the analysis of Box Girder Bridges. Oleinik [51], 

Olieniek and Heins [52], Heins and Oleinik [53] 

presented a computer program, based on the finite 

difference method, for solving differential equation 

that describes the behavior of curved box girders.    

The finite difference method has the following 

limitation. The efforts needed to analyse a box girder 

bridge by the finite difference method is cumbersome 

and time-consuming. Accuracy of results can be 

expected only if fine grids are used. 

    

2.6 2.6 2.6 2.6 Energy Variational Principle  Energy Variational Principle  Energy Variational Principle  Energy Variational Principle      

The theorem of minimum potential energy is the most 

general of the energy variation principles applied in 

the analysis of Box Girders. Reissner [54, 55, 56], used 

the energy variation principle for shear lag analysis of 

doubly symmetric rectangular box beam assuming the 

longitudinal displacement along transverse direction 

is described by a parabolic curve. Kuzmanovic and 

Graham [57], Dezi and Mentrasti [58], and Wu et al. 

[59] used the energy variational principles for shear 

lag analysis of thin-walled box girders.  

Yapping et al [60] used the principle of minimum 

potential energy to developed a model capable of 

analyzing the static behavior (including effects of 

shear lag and shear deformation, ply normal stress, 

etc) of symmetrically laminated thin-walled 

composite box beams under bending load.  The 

numerical analysis results correlates very well with 

the results of finite element (ANSYS) analysis and that 

of model test. It was concluded that the shear lag and 
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shear and shear deformation significantly affect the 

strength and stiffness characteristics of composite box 

beams, but can be adjusted by changing the ply angle 

of the layer in the analysis and design of composite 

box beams. 

Hamed and Frostig [61] used the variational principle 

of virtual work following Hamilton’s principle, to 

develop an analytical model for the free vibration 

behavior of multi-girder and multi-cell box bridges, 

including transverse deformation effects. The results 

of the proposed model were validated through 

comparison with three-dimensional finite element 

models. It was concluded that the transverse 

deformations decrease the magnitudes of the 

eigenfrequencies of the torsional mode shapes, as well 

as the high flexural modes. 

Osadebe and Mbajiogu [32] used the energy 

variational principle on the assumption of Vlasov [15] 

theory to derive a fourth order differential equation of 

distortional equilibrium for thin-walled single cell box 

girder structures. The results of analysis showed that 

the effect of shear deformations can be substantial and 

should not be disregarded under distortional loading. 

Wen [62] presented a revised method for 

improvement of shrinkage and creep prediction in 

prestressed box-girder bridge widening, by 

incremental method was base on the energy principle. 

A calculatory program was complied according to this 

method, which was validated by test results. Test and 

analytical result proved the proposed method to be 

very effective. 

The major limitation of the energy variation principle 

is that it is not applicable to the analysis of Box girders 

with variable depth [42]. 

    

2.7 2.7 2.7 2.7 Grillage Analogy Grillage Analogy Grillage Analogy Grillage Analogy and and and and Space Frame MethodsSpace Frame MethodsSpace Frame MethodsSpace Frame Methods    

Two-dimensional continuum of the bridge deck could 

be idealized into an assemblage of beam elements in 

two perpendicular directions. These beam elements 

form the grillage [63]. The grillage analogy method is a 

computer-oriented technique, being used in the 

analysis and design of bridges [64]. Song et al. [65] 

presented a study on the live-load distribution 

characteristics of box-girder bridges and the limits 

imposed by the AASHTO Load and Resistance Factor 

Design (LRFD) specifications [66]. A grillage model, 

verified with a finite element method, was used in the 

analytical investigation. The study concluded that 

analytical results indicated that the current LRFD 

distribution factor formulas generally provide a 

conservative estimate of the design bending moment 

and shear force. 

In the space frame method the bridge system is 

idealized into a number of beam-column elements. 

The space frame method, like the grillage analogy 

method, is one of the macromodelling techniques. 

Macromodelling techniques are simple to implement 

and, because they yield reasonable results are 

commonly used by practitioners and researchers. 

Okeil and El-Tawil [67] used the space frame method 

to present a detailed investigation of warping stresses 

in curved box girder bridges.  

Both the space frame and grillage analogy methods 

have the following limitation. The grillage analogy and 

the space frame method are macromodelling 

techniques in which case the focus in analysis is on 

forces rather than stresses [67]. Unlike the finite 

element and finite strip methods, the macromodelling 

techniques cannot easily be used directly to provide 

detailed and accurate information on stresses.     

    

2.8 2.8 2.8 2.8 Finite Element MethodFinite Element MethodFinite Element MethodFinite Element Method    

The finite element methods have no restrictions on its 

application to problems with arbitrary geometry, 

boundary conditions and material variations. It is 

regarded as the most general and comprehensive 

technique for the static and dynamic analysis of most 

engineering continuum structures including box 

girder bridges. Several research studies on the 

analysis of box girder bridges using the finite element 

method, have been presented.  

Yabuki et al. [68] presented a nonlinear finite-element 

method for predicting the influence of local buckling 

in component plates and distortional phenomenon on 

the ultimate strength of thin-walled, welded steel box 

girders curved in plan. Theoretical predictions, 

obtained using the proposed method, were compared 

to experimental results. Reasonable agreement 

between tests and theory was observed. Shu and 

Wang [69] investigated the stability characteristics of 

box-girder cable-stayed bridges by three-dimensional 

finite-element methods. The study concluded that the 

use of A-type or H-type pylons on this type of bridge 

has no distinguishable difference on the numerical 

results of the buckling analysis. Prokic [70] developed 

a new finite element model on the basis of the 

wrapping function proposed by Prokic [71, 72], for 

shear lag analysis of wide-flanged thin-walled box-

girders. The numerical results obtained by using the 

model are in close agreement with the theoretical and 

test results of other authors. 



RRRREVIEW OF EVIEW OF EVIEW OF EVIEW OF EEEELASTIC LASTIC LASTIC LASTIC AAAANALYSIS OF NALYSIS OF NALYSIS OF NALYSIS OF BBBBOX OX OX OX GGGGIRDER IRDER IRDER IRDER BBBBRIDGESRIDGESRIDGESRIDGES,,,,                            G. C. EzeokpubeG. C. EzeokpubeG. C. EzeokpubeG. C. Ezeokpube    

 

Nigerian Journal of Technology,   Vol. 34, No. 1, January 2015          84 

Lee et al. [73] studied shear lag anomaly in box girders 

using the finite element method. The research 

concluded that shear lag anomaly (or negative shear 

lag) can take place whenever the portion of the shear 

flow acting along the flanges, which produces the 

shear lag-after effect, is larger than the remaining 

portion of shear flow caused by positive shear lag. 

Though this conclusion was strongly supported by Lee 

et al. [74], it was at variance with the findings of 

Rovnak and Duricova [75, 76] and that of Rovnak and 

Rovnakova [77] as well. 

Lertsima et al. [78] investigated the stress 

concentration in a flange due to shear lag in simply 

supported box girder by the three-dimensional finite 

element method using shell elements. They observed 

that, although much research has been done on the 

shear lag phenomenon and several design codes [79, 

80, 81] have provided formulas to account for the 

shear lag effect, discrepancies in numerical results are 

observed in the literature. The study concluded that 

stress distributions both in the flange and in the web 

can be very different from those of the elementary 

theory. Based on the numerical results obtained, 

empirical formula were proposed to compute stress 

concentration factors due to shear lag.  

Yoon et al. [82] presented a series of parametric 

studies on the effect of access holes on the strength of 

the load-bearing diaphragms in steel box girder 

bridges using three-dimensional finite element 

method. The research concluded that the location of 

the access hole has no detrimental effect on the 

diaphragm strength. Kurian and Menon [83] used a 

three-dimensional finite element analysis to study the 

errors in simple frame analysis (SFA) of simply 

supported concrete box-girder bridges. It was 

established that there could be significant errors in 

the use of SFA for the purpose of estimating the design 

transverse moments under vehicular loads. 

Accordingly, a set of correction factors to the result of 

SFA were proposed, which is expected to be of 

significant use in design practice.  

Zhou [84] showed that the effect of shear lag on the 

redistribution of internal forces in indeterminate box-

girder bridges is too small to be neglected and that the 

calculated accuracy for internal forces by using the 

general finite-element method (excluding the shear 

lag effect) can satisfy the requirement of engineering 

application. Zhang and Luo [85] presented a study on 

patch loading and improved measures of incremental 

launching of Yandangshan Bridge a steel box girder in 

China. The launching process was monitored and 

measured stress and deformation coincide with the 

results of finite element analysis. The research 

concluded that the incremental launching of the steel 

box girder of Yandangshan Bridge was successful. 

Kim and Fam [86] Proposed a three-dimensional finite 

element (FE) model to predict the behavior of 

pultruded GFRP box girders supporting adhesively-

bonded concrete deck in flexure. The method of 

analysis was validated by experiment. The study 

examined the single girder behavior as well as girder-

group systems, to assess load distribution. It was 

shown that the AASHTO-LRFD [87] approach for load 

distribution can reasonably be used for the proposed 

girder systems. 

Lei at al. [88] used the finite element analysis to 

develop the distribution laws of the eccentric load 

coefficient of continuous composite box-girder bridge 

with corrugated steel webs. The results of the analysis 

compared favorably with several simplified methods 

commonly used in engineering. The research 

recommended that it would not be advisable to use 

uniform eccentric load coefficient of each section 

along the bridge. Ding et al. [89] established a three 

dimensional finite element model of Presressed 

Concrete (PC) box-girder with corrugated steel webs 

taking material nonlinearity into consideration to 

investigate the behavior under pure torsion.  The 

torque-twist curves and ultimate torsional strength 

predicted by FEM show good agreement with test 

data. It was shown that the ultimate torsional strength 

of specimens is in linear proportion to shear modulus 

compressive strength of concrete. 

The major disadvantage of the finite element method 

is that it is time-consuming and involves a lot of 

computational efforts.  

              

2.9 2.9 2.9 2.9 Finite Strip MethodFinite Strip MethodFinite Strip MethodFinite Strip Method    

The finite strip method (FSM) can be considered as a 

kind of finite element method (FEM) in which a 

special element called the strip is used [90]. FSM can, 

therefore, be regarded as a degenerate form of FEM 

which is used to primarily model the response of 

prism-like structures such as plates and solids [91]. 

The aim of FSM is not to replace entirely the FEM but 

compliment it where FSM is more effectively used for 

the analysis of structures with geometry of a large 

length in the longitudinal direction and relatively 

short transverse length such as box-girder bridges 

[92]. For bridges having regular geometric plans and 

simple boundary conditions, a full finite element 

analysis is often both extravagant and unnecessary 
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[93]. The cost of solution can be high and usually 

jumps by an order of magnitude when a more refined 

higher dimensional analysis is required [94]. While 

FEM usually requires large quantities of input data 

and thus more chances to make mistakes, the process 

of analysis and input handling used in FSM are very 

simple and convenient [92]. 

The first research study on the analysis of box girder 

bridges using the finite strip method was presented by 

Cheung [95]. Later on Cheung and Cheung [96] 

presented a study on the analysis of curved box Girder 

Bridge using the finite strip method. Since then a lot of 

studies, on the finite strip analysis of box girder 

bridges and folded plate structures, has been 

presented. The B3 spline function was introduced as 

the longitudinal displacement function by Cheung et 

al. [97]. The spline finite strip method can include any 

types of boundary condition and more easily simulate 

peak values of bending moments at loaded sections 

and intermediate supports. In later years, the spline 

finite strip method was extended to right box girder 

bridges by Cheung and Fan [98].     

Arizumi et al. [99] studied the distortional and slip 

behavior of simply supported curved composite box 

girder bridges using the finite strip method. The 

results from the proposed finite-strip method 

compared favorably to those obtained from curved 

beam theory, distortional theory, and static tests. 

Bradford and Wong [100] used the finite strip method 

to evaluate the local buckling of composite box 

sections in negative bending. The values obtained 

from this method were used to develop design charts 

to determine the buckling coefficient of the web. The 

design charts illustrate that increasing the flange 

width would decrease the restraining effect of the 

flange, and hence lower the buckling coefficient. The 

charts showed that, as the neutral axis moves higher, 

the buckling coefficients decreases.      

Choi et al. [92] presented the analysis of prestressed 

box-girder bridges using the spline finite strip method. 

In the study, the spline finite strip method was 

modified by using the non-periodic B-spline 

interpolation. Several examples were analyzed to 

verify the performance of the present method. Good 

agreements were obtained when compared with the 

previous studies. 

Taysi and Ozakca [101] developed a computational 

tool, using the finite strip method, for the geometric 

modeling, free vibration analysis and shape 

optimization of box girder bridges. The study 

concluded that the finite strip method (FSM) offers an 

accurate and inexpensive tool for the optimization of 

box-girder bridges having regular prismatic-type 

geometry with diaphragm ends. Halkude and Akim 

[93] presented a study on the analysis of straight and 

skewed box girder bridge by the finite strip method. 

Based on the results of analysis, the study concluded 

that the longitudinal bending moment, My, decreases 

and the twisting moments, Mxy, increase with the skew 

angle. Ezeokpube [102] developed a MATLAB 

computer program for the finite strip analysis of 

continuous thin-walled box girder bridges. The 

program was validated with experimental studies and 

by comparison of results with literature. Texts by 

Cheung [94], Loo and Cusens [103], Cheung et al. [91], 

Cheung and Tham [104], summarized the basic theory 

of the finite strip method and its applications in bridge 

engineering. 

The finite strip method has the following shortcoming. 

As a degenerate form of the finite element method, 

there are restrictions on the application of the finite 

strip method to problems with arbitrary geometry, 

boundary conditions and material variations. The 

finite strip method has been successful in dynamic 

analysis for all cases of end support conditions but is 

especially effective in static analysis only if two 

opposite ends of the structure are simply supported.  

    

2.10 2.10 2.10 2.10 Simplified /Miscellaneous MethodsSimplified /Miscellaneous MethodsSimplified /Miscellaneous MethodsSimplified /Miscellaneous Methods    

Simplified Methods are often employed in practice to 

avoid the rigours of three-dimensional analysis. 

Knittle [105], Richmond [106] and Kupfer [107] 

developed simplified methods to predict the 

transverse behavior due to the action of concentrated 

loads acting directly on top webs. Tung and Fountain 

[108] presented an Approximate Method for Torsion 

Analysis of Curved Box Girders by the Moment/Radius 

of curvature (M/R) method.  

Chang and Zheng [109], and Chang [110] developed a 

differential equation, including the shear lag effect, for 

a rectangular thin-walled box girder having a 

cantilever length that is equal to half the clear width of 

the box. Galuta and Cheung [111] developed a hybrid 

analytical solution which combines the boundary 

element method (BEM) with the conventional finite 

element method (FEM). The combined method (BEM-

FEM) was effectively applied to the analysis of box-

girder bridges. The results obtained were in good 

agreement with the finite strip solution.  

Oh and In [112] proposed a method to predict time-

dependent prestress force changes due to creep and 

shrinkage in prestressed concrete (PSC) Box Girder 
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Bridges. Chusilp and Usami [113] presented practical 

methods for predictions of strength and ductility 

capacity of thin-walled steel box girders with 

longitudinally stiffened webs predominantly loaded in 

shear. Considering key structural parameters, a simple 

formula was proposed for the assessment of the 

ductility capacity. Fan and Helwig [13] developed 

approximate equations for brace forces in internal K-

frame bracing members for quasi-closed curved 

trapezoidal box girders. The equations, which were 

verified by three dimensional FEA, are fundamental 

for studying distortional stresses and brace forces in 

curved box girders.  

Luo et al. [114] proposed a new approach for the 

calculation of moments on top slab in single-cell box 

girders, using the classical thin plate theory and 

trigonometric series. Upadyay and Kalyanaraman 

[115] presented a simplified procedure for the 

analysis of single cell FRP box-girder bridges made of 

blade angle and T-stiffened panels. This was validated 

by comparison with results available in literature or 

results obtained from finite element analysis. Shirai 

and Ueda [116] used a numerical method for the study 

of aerodynamic simulation by CFD on flat box girder of 

super-long-span suspension bridge. The calculated 

results of the aerodynamic behavior compared 

favorably with experimental data reported by 

Matsumoto et al. [117].  

Yang [118] proposed a method of uncertainty analysis 

and sensitivity analysis of the effects of creep and 

shrinkage in prestressed concrete (PSC) box girder 

bridges. The Latin hypercube simulation technique 

was used to study the uncertainty of model 

parameters. Based on the study, it was concluded that 

the proposed method can be efficiently used to 

perform a sensitivity analysis of time-dependent 

effects of PSC box girder bridges. Moon et al. [119] 

investigated the stress variation and deformation 

characteristics of a segment box girder bridges during 

construction, using a sequence analysis. The study 

concluded that the structural behavior of the girder 

sections was greatly affected by the thickness of the 

bottom slab and the position of prestressing anchors, 

but not by the prestressing sequence. Based on the 

results, a construction method for crack control was 

proposed. 

Mori et al. [120] investigated quantitatively the effects 

of structural and traffic conditions on the fatigue life of 

short and medium span box-girder steel highway 

bridges. It was concluded that the results of the study 

could be conveniently used to find out under what 

condition a steel bridge is apt to be damaged by 

fatigue in the stage of design and maintenance. Sawar 

and Ishihara [121] investigated the mechanism of 

reduction in the amplitude of vortex-induced 

vibrations for a box girder section in the presence of 

aerodynamic countermeasures using 3D LES 

turbulence model. They proposed a method based on 

forced oscillations to identify the reduced velocity 

corresponding to the maximum amplitude of 

vibration. 

The 3-bar simulation method was shown to be a 

simple and practical method for shear lag analysis of 

thin-walled box girders with constant depth and 

cross-section [122, 123]. Li et al. [124] combined this 

method with the transfer matrix method [125] to 

develop a 3-bar simulation-transfer matrix method for 

shear lag analysis of thin-walled box girders with 

constant or variable depth. It can be applied to 

continuous box girder bridges.  Numerical results 

obtained by using this method were in good 

agreement with that of finite element software, ANSYS 

program.  

Okamoto et al. [126] proposed a new type of steel box 

girder bridges partly stiffened by arch ribs. Safety of 

structural members was verified by the limits state 

design method. The ultimate and global buckling 

strength were obtained by the elastic-plastic large 

deformation analysis. The research concluded that the 

proposed bridge has sufficient resistance against 

bending, axial forces and global buckling. In addition, 

the new bridge is feasible and beautiful. Dowell and 

Johnson et al. [127] developed a new method which 

gives exact internal shear flows for RC and PC box-

girder bridge superstructure subjected to closed-form 

and compared to two methods of shear flow 

distribution. It was found that the closed-form 

equations provide exact results for cross-sections of 

any number of cells of arbitrary shapes, with or 

without symmetry. Djelosevic et al. [128] performed a 

research into the effect of local stress on the carrying 

capacity and optimum design of box girders- with 

rectangular cross-section. Mathematical formulation 

was performed to enable the definition of the local 

stress state by the analytical procedure. Verification of 

the calculation values as well as of the applied 

methodology was carried out by means of FEM, using 

ANSYS 12 software.  

Nguyen et al. [129] proposed a MATLAB optimization 

toolbox-based approach for analyzing reliability-

based design optimization (RBDO) problems with 

emphasis on prestressed concrete (PC) box girder 
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bridges under the attack of pitting corrosion. Savkovic 

et al. [130] proposed an optimum solution to 

optimization of the box section of the main girder of 

the bridge crane. Reduction of the girder mass was set 

as the objective function. Optimum dimensions of the 

box section were defined analytically using the 

method of Lagrange Multipliers. Using the obtained 

optimum values, it was shown, by comparison with 

other solutions, that considerable saving in material 

consumed was made thus reducing its price. It was 

concluded that further research should be directed 

towards a multi-criteria analysis where it would be 

necessary to include additional constraint functions. 

Simplified methods and miscellaneous methods have 

the following limitations. Simplified methods are 

prone to errors of varying degrees. The 

approximations involved reduce the methods to very 

limited usage. The reliability of such methods is 

doubtful in predicting the local variations of stress 

which are characteristic of box girder bridge decks. 

Most of the miscellaneous methods used in the 

analysis of box girder bridges are peculiar to 

particular cases of analysis and, therefore, cannot 

easily be generalized for wider applications.  

    

2.11 2.11 2.11 2.11 Experimental StudiesExperimental StudiesExperimental StudiesExperimental Studies    

The main objective of experimental studies is to 

examine the validity of theoretical formulations and 

computer programs to investigate the behavior of box 

girder bridges. Few experimental investigations in box 

girder bridges have been conducted in comparison to 

the numerous analytical studies. In addition few 

authors have reported on field testing of existing box 

girder bridges to validate the existing methods of 

elastic analysis.  

Aneja and Roll [131] tested a plastic model of a 

horizontally curved box beam highway bridge and 

compared the results to a finite element analysis. The 

comparison showed close agreement between the 

shapes but not the magnitude of the stress plots. 

Arizumi et al. [99] tested three models of curved 

composite box girders. The measurements obtained 

from the test were compared to the finite strip method 

and Dabrowski’s [16, 17, 18] distortion theory. The 

results were in good agreement. Shanmugam and 

Balendra [132] tested elastically two, Perspex, cellular 

models of different span-to-radius ratios subjected to 

different loading conditions to examine the results 

obtained from a finite-element modeling. Yabuki et al. 

[68] investigated the effect of plate buckling and 

distortion on the ultimate strength of curved box 

girders.    

Kwak et al. [133, 134] conducted experimental and 

theoretical investigation on the effects of the slab 

casting sequences and drying shrinkage of concrete 

slabs on the short-term and long-term behavior of 

composite steel box girder bridges. The effect of 

drying shrinkage was found to be much more 

important than the concrete casting sequence. Field 

recommendations in terms of concrete slump and 

relative humidity were suggested to prevent early 

transverse cracking of concrete slabs. Luo et. al. [135] 

investigated the shear lag phenomenon of box girders 

using three Perspex glass models. The experiments 

addressed two issues, the beam-column action and the 

effect of varying depth upon the shear lag of box 

girders. In general the experimental results match 

reasonably well with the numerical predictions. 

However, there are some noticeable differences. In 

some cases, the difference in the stress predicted by 

the finite element method and the experimental 

results can be as high as 25%. Choi et al. [136] used a 

system identification technique to evaluate the rate of 

possible structural property changes of a reinforced 

concrete box girder bridge, the Lavic Road bridge in 

California, monitored over a 2-year period from 

December 1997 to October 1999. The validation of the 

system identification scheme was demonstrated 

through a numerical study using the finite element 

model of some of the bridge structure.    

Huang [137] presented the field test result of 

Arlington Bridge, a comparatively large radius bridge, 

located at Jacksonville, Fla. Huang [138, 139] 

conducted dynamic test and analysis of curved steel 

box girder bridges. Also, Huang et al. [140] and Huang 

[141] presented the result of field tests conducted on 

the Veteran’s Memorial Curved Steel Box Girder 

Bridge. The objectives of the study were to identify the 

actual static and dynamic behaviours of such bridges 

and provide more reasonable load rating capacities 

for existing bridges. Tests and analytical results show, 

among other things, that the current AASHTO guide 

specifications regarding the first transverse stiffener 

spacing at the simple end support of a curved girder 

may be too conservative for bridge load capacity 

rating.  

Pindado et.al [142] tested different types of bridge 

cross-sections to analyze the yawing moment acting 

on the box-girder deck of reinforced concrete bridges 

constructed using the balanced cantilever method. 

Experimental results show that the yawing moment 
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coefficient decreases as the bridge decks becomes 

streamlined, and that the yawing moment coefficient 

reaches a maximum when the bridges deck length is 

nearly twice the deck width. Kurian and Menon [143] 

tested a 1/5 scale simply supported reinforce concrete 

box girder bridge to study collapse mechanism in the 

presence of cross-sectional distortion. The study 

proposed a modification to the existing theory. It 

concluded that the modified theory to predict the 

collapse load match very closely with experimental 

results. Ashembo et at. [144, 145] presented the 

results of field test modal analysis on a skew box 

girder continuous bridge. It was found that the 

influence of skew in both the static and dynamic 

behaviors of the bridge within the skew angle range of 

00 - 300 is very small. Also dynamic load factor 

obtained in this study for vehicle-induced dynamic 

loads is less than values provided by most bridge 

design codes. 

Naito et. al. [146] conducted field investigation and 

tests of unexpected damage to a three-span 

continuous-spread prestressed box beam bridges after 

12 years of service. The bridge was designed in 1986 

and placed in service in 1989 in Pennsylvania. The 

conclusion was that the cracks in the beams developed 

from a combination of conditions created by design, 

detailing, and production of the beams. Liu et al. [147] 

developed a baseline for structural health monitoring 

for a curved post- tensioned concrete box-girder 

bridge using field testing data and finite element 

model. A good agreement in modal results was 

observed between the baseline finite element model 

and the baseline field data. The proposed structural 

health baseline could be used for near real-time 

damage detection, development of monitoring 

techniques, and condition assessment. 

Sasaki et al. [148] carried out field and experimental 

investigation on the failure of concrete T-beam and 

box-girder highway bridges subjected to cyclic loading 

from traffic. Several factors were identified as 

contributors to the failure mechanism, including high 

volume of heavy truck traffic, and transverse moments 

caused by unbalanced wheel loading. The study 

concluded that further research should be conducted 

to develop design requirements since the current 

design codes do not address these cyclic effects. Fam 

and Honickman [149] developed a novel built-up 

GFRP box girder using hat-shape trapezoidal sections 

along with flat GFRP plates and cast-in-place concrete 

slab. The study demonstrated the feasibility of 

fabrication and they presented the flexural 

performance of the system. They concluded that the 

GFRP box-girder with adhesively and mechanically 

bonded concrete slab showed 87% higher flexural 

strength and 112% higher stiffness than the bare 

GFRP box girder (without a slab). Chung and Kim 

[150] investigated the dynamic performance of a 

spliced Pre-Stressed Concrete (PSC) box girder that 

used a longitudinal splicing technique as an effective 

method to accelerate Pre-Stressed Concrete (PSC) 

bridge construction. The dynamic characteristics of 

the spliced girder were directly compared and 

evaluated against the monolithically-cast girder. 

Based on experimental results it was concluded that 

the splicing technique used provides similar dynamic 

characteristics to those of the monolithic girder. It was 

recommended that the spliced girder would be an 

effective tool for the future rapid construction of PSC 

railway bridges. 

Li et.al [124] investigated the vortex-induced 

vibration of a twin steel box girder suspension bridge 

with a centre span of 1650m based on field 

measurements. The research concluded that vertical 

vortex-induce resonance of the deck might occur with 

the wind direction nearly perpendicular to the 

longitudinal bridge axis and a low turbulence intensity 

in the wind speed range of 6-11m/s. Xu et al. [151] 

carried out experimental study on double composite 

action in the negative flexural region of two-span 

continuous composite box girder. Two continuous 

composite girders were designed to study the 

mechanical properties in concrete crack, formation of 

sectional plastic hinge, load-carrying capacity, etc. 

Results of the analysis indicated that double 

composite action made concrete crack development 

slower in service stage. 

He et al. [152] summarized the results of a research 

project that encompassed 1:8 scale model testing and 

analyses of a three-span continuous, prestressed 

concrete (PC), box girder bridge having a 45° skew. 

The scale-model structure replicates an actual bridge 

being constructed for a high speed railway in China 

between Beijing and Shanghai. The influence of skew 

on the bridge’s static and dynamic behavior was 

investigated. Research results provide important 

scientific basis for the design and construction of 

skewed bridges on high speed railways. Hodson et. al. 

[153] carried out a static live-load test of a typical box-

girder bridge. Based on the results of the parametric 

study using the calibrated finite-element modeling 

scheme, a new equation, which more accurately 

predicts the exterior girder distribution factor, was 
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proposed. Lu et al. [154] presented a model test of 1/30 

scale and numerical finite element analysis (FEA) on 

the mechanical behavior of a typical composite box 

girder bridge. The results of the finite element analysis 

were in good agreement with those of the tests in 

terms of strength and stiffness. Guo and Chen [155] 

presented the long-term stress monitoring on several 

fatigue-prone details of Fort Duguesne Bridge, a 40-

year old steel bridge built in 1969 across the 

Alleghney River in Pittsburgh, Pennsylvania. Based on 

the study a probabilistic fatigue assessment procedure 

was proposed, which combines the long-term SHM 

(Structural Health Monitoring) and the LEFM (Linear 

Elastic Fracture Mechanics). It was concluded that 

some unique bridge details could be evaluated with 

regards to their fatigue reliabilities, using the 

proposed procedure. 

Experimental studies have the following 

shortcomings. Experimental investigations in box 

girder bridges are generally much more capital 

intensive than analytical studies. Therefore, 

experimental studies in this regard are naturally 

restricted by the availability of finance, equipment, 

expertise and the bridge or its prototype model.  

 

3.3.3.3.    SALIENT PROMPTS FROM EXISTING WORKSALIENT PROMPTS FROM EXISTING WORKSALIENT PROMPTS FROM EXISTING WORKSALIENT PROMPTS FROM EXISTING WORK    

The literature review point to the following important 

facts: 

i. Little consideration has been given to continuous 

and multi-cell box girder bridges.  

ii. Further research works is, therefore, 

recommended for the analysis of continuous and 

multi-cell box girder bridges.  

iii. Shear deformation of the flanges has 

considerable effect on box girder bridges 

subjected to load but discrepancies in numerical 

results of the shear lag effects are still observed 

in literature. More research efforts are still need 

in this regard. 

iv. Shear deformations of the web is given less 

attention. 

v. Most analytical methods for box girder bridges 

are very complex and so the methods that are 

more amenable to computer application are 

recommended. 

vi. The finite element method is regarded as the 

most general and comprehensive technique for 

the analysis of most continuum structures 

including box girder bridges. It is however 

computationally expensive and time-consuming.  

vii. For a prismatic isotropic structure, like the box 

girder bridge, with constant cross-section that do 

not change transversely, structural analysis can 

be performed advantageously using finite strips 

instead of finite element.  

viii. Though most of the experimental studies are 

satisfactory they are very few compared to the 

numerous analytical studies.  

    

    

    

4444....    PROPOSED METHOD FOR PROPOSED METHOD FOR PROPOSED METHOD FOR PROPOSED METHOD FOR ANALYSISANALYSISANALYSISANALYSIS    OF BOXOF BOXOF BOXOF BOX----

GIRDERSGIRDERSGIRDERSGIRDERS    

The proposed method to be applied for the analysis of 

box-girders should be varied and less demanding such 

that their designs can be sufficiently implemented or 

achieved, if not completely, and irrespective of the 

type or isotropy or anisotropy, material of 

construction, support conditions, skew, service life, to 

mention but a few. 

It would seem that the FEM is most appropriate as it is 

powerful and generates most of the 

solutions.  However, some parameters are still not 

fully accounted for especially in the complete 

determination of shear lags at corners and stiffeners, 

skew and results could be misinterpreted. 

The proposed method of analysis should include a 

stochastically generated FEA method, which will 

incorporate the benefits of ease of application, 

optimization of the requirements of relevant codes, 

savings in time and computation efforts and with 

practical interpretation and application of the 

results. It should not be restricted but have a wide 

application that transcends all major codes of design 

world-wide. 

For bridges having regular geometric plans and simple 

boundary conditions, a full finite element analysis is 

often both extravagant and unnecessary in which case 

the FSM would be preferable. 

    

 

5.5.5.5.    CONCLUSIONCONCLUSIONCONCLUSIONCONCLUSION    

Various works have been carried out by many 

researchers towards the efficient analysis and design 

of box-girder bridges.  The solutions suggested have 

not resulted into a holistic and comprehensive 

analysis and design of these types of 

structures.  However, much work need be done.  These 

will include the application of a method that is 

stochastically oriented with less computation and ease 

of operation, whose results are simple and all-
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encompassing while defining and detailing the loads 

and corresponding resistances (for example, a 

combination of FEM and FSM in a probabilistic 

environment), safe, economical and reliable. 

The method to be employed should be varied and 

incorporating authentic computer simulation and 

results of experimental investigation in order to 

achieve sufficient level of design, predicting safety and 

economy for box-girder bridges. 
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