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Abstract

In this paper, we prove that no nontrivial timelike or spacelike parallel vector field
exists in a region where the gravitational field created by macroscopic bodies and
governed by Einstein’s equations does not vanish.

In other words, we prove that the existence of such vector fields in a region implies
the vanishing of the Riemann curvature tensor in that region.

To prove this statement, we reduce the 4-dimensional problem to a 3-dimensional
one. This enables us to use a link existing between the Riemann curvature tensor and
the Ricci tensor in a 3-dimensional Riemannian manifold.

1. Introduction

This paper deals with the existence of covariantly constant smooth vector
fields in a gravitational field. I call them parallel vector fields because, when
those vector fields exist, they are parallel with respect to any smooth curve
of space-time. Stephan Waner [2] uses the same terminology.

M. Ray [1] calls them uniform fields, but he states that the construction of a
uniform vector field is possible if and only if the Riemann-Christoffel
curvature tensor vanishes, which is wrong.

Through an affine connection defined on a differentiable manifold, it is
possible to define a parallel displacement of vectors which, at the
infinitesimal level, has the same properties as the parallel displacement in
linear spaces.

But the integrability of this parallel transport for any vector is an intrinsic
property of linear spaces.

On one hand, it is an interesting mathematical problem to try to find for
which kind of vectors the parallel transport is an integrable process.

On the other hand, Einstein’s equations of General Relativity constitute a
highly sophisticated system of partial differential equations, and it is
interesting to know which kind of solutions we will obtain by imposing the
existence of a parallel vector field.
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This paper uses Einstein equations of General Relativity as presented for
example in Landau and Lifchitz and standard theorems of Differential
Geometry as presented, for example in Sternberg [3].

2. Parallel vector fields on Riemannian manifolds

Let M be an n-dimensional Riemannian manifold with metric tensor g
given by its components g;; in a local coordinate system(x ! ) 1<i<n.

A vector field X defined by its contravariant components (X i) or its

covariant components (X l.) is called parallel if it is parallel with respect to

any smooth curve on M.
Then X will be parallel if it satisfies the following equations

oxX'

i _ i k_

Xy =ty X" =0 )
the FS.,( being the Christoffel symbols associated with g in the coordinate
system (xi).

The covariant form of Egs. (1) reads
oX, &
X[;’Eaxj -T} X, =0 2
From this equation it is clear that

ox, ox,

L= (3)
ox’  oOx

and then, by Poincaré theorem we conclude that :
Any parallel vector field is a gradient field.

From Egs. (1), it is easy to deduce that a necessary condition for X to be
parallel is that

Ry, X'=0 @)
As consequence of Egs. (4), we have also the relation
R, X'=0 )

R;ji and R;; are respectively the components of the Riemann curvature tensor
and of the Ricci tensor associated with g;;.
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3. Einstein equations of gravity, parallel vector field and energy -
momentum tensor

In General Relativity, gravitational fields are governed by Einstein’s field
equations

1
R[j_ERg[j:KT;'j (6)

where

e I E( p+8)ui u,—pg;,is the energy-momentum tensor of the

macroscopic body creating the gravitational field ;
e R=g’ R, is the scalar curvature ;

e g, is the metric tensor of space- time with respect to the coordinates

(x):

e K is the gravitational constant whose value depends, of course, on
the choice of the units system ;
e p isthe pressure and ¢ is the proper energy density [4] ;

e u, are the components of the 4-velocity.
The signature of the metric tensor g, is (1, 3) or equivalently(+,—, —,—).

This signature corresponds to the relation g, u'u’ =1 for the 4-velocity.

The following proposition is the main statement of this paragraph

Proposition 3.1 If the metric g, satisfies Einstein Egs. (6) and admits a

non-trivial parallel vector field X, the energy- momentum tensor T;j is
identically zero.

Proof: From Egs. (6), we can write

if 1 if
with T}, =(p+g u;u;—pg,,and then we obtain

R=—x(e-3p) @)
Replacing in Egs. (6) R by its value (7), we get

1
Rg/+EK(5_3P)&,~=K(P+5)%%_Pgij (8)

Then
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Ru' X’ +5K(5—3p)g,j u' X' =x(p+e)uuu' X' —xpgu' X' (9)
The equality u, u' =1 for the 4- velocity and the vanishing of

R,u' X' =(R, X' )u'=0
for a parallel vector field reduce Eq. (9) to

1 . . .
5K(8—3p)qu'l =x(p+eu; X’ —xpu X/,
which yields
(e+p)u, X'=0 (10)
The meaning of Eq. (10) is that £+ p=0 or u, X’ =0.
i) Let us assume that u; X/ =0.
Then from Egs. (8) we write
1 _ A A
R, X’ +5K(5—3p)gij X' =k(p+e)uu, X' -k pg, X’
Since R, ijuj X7 =0, we get

%K(S—?)p)gl_j X'=—xpg;, X’
and finally
Sx(e=p)g, X' =0 (1
Since g, is regular and X is non zero, £ —p=0.

Generally, for macroscopic bodies, € —3p >0 [4].
Therefore, £=p implies £=p=0 and the energy momentum tensor is
identically zero.
i) If u; X’ #0, then £+ p=0 and £=p=0, which implies T, =0
This ends the proof of the proposition (3.1)

4. Einstein equations’ solutions with parallel vector fields

The parallel vector field can be timelike, spacelike or lightlike.
The 3 cases have to be considered separately. In this paper we deal only with
the 2 first cases.

In the sequel, if an index can take 4 values 0, 1, 2, 3 it is represented by a
latin letter, if it takes 3 values 1, 2, 3, it is represented by a greek letter.
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4.1 Solutions with timelike parallel vector field X

Since the vector field X never takes the value 0 and is of constant length, we
can take X as corresponding to the coordinate x° of a local coordinate system
(xo ,x L xhx ) of space-time [3]

0
X=—, g(X.X)=gyu=1 (12)
Since X’=1, X*=0, 1<a<3,Egs. (1) of parallel vector fields read
r, X=r,=0 (13)
ie g* 0g o +8gj/ _0gy -0 (14)
ot oo’ o'
The covariant components of X are given by
ijginj =& (15)

Then since X is a gradient field, there exists a differentiable function f such
that
o
== (16)
B0 o
Equation (13) reads
g™ (agjk : OZoi _ 08y, J

' o axt )
On the other hand, Egs. (16) give
0o _ 6g0j - of o' f _

ox’ ax* ax/oxt N ox* o’

Then (14) reduces to
w 08 ,:)k ~ 0
0x
and since g, is regular, we obtain
%x_g (1)

ox’
which means that the metric tensor g, depends only on the variables X', x’

3
and x~ .

This circumstance will allow us to transform our 4-dimensional problem into
a 3-dimensional one as follows :
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Since g,,=1#0, the symmetric matrix ( g” ) 1<, f<3is regular

and we can consider the 3-dimensional Riemannian space whose metric
tensor y,, satisfies

g V=5, (18)
We obtain y,, by the following considerations :
From 2 2,=8" 2w +8"2,=0; =0 and g, =1,
we deduce

g =-g" g5 (19)
Then the formula

ga; gjﬂEgaO goﬂ +ga/1g/w 25;

takes the form

2 al _ ol _ _ 5a

& 8,0801t8 &4=8 (g/w g(mgop) =0y

Therefore, the 3-dimensional metric tensor ¥ is given by

Vap =8ap ~ 0a80p (20)
It satisfies the condition g = y* .

Our aim is to show that the existence of a timelike parallel vector field and
the vanishing of the Ricci tensor in space- time implies the vanishing of the
Riemann curvature tensor.

e First we note that, from Egs. (4), RW X'=0, with X°=1 and
X=0, 1<a<3,
It is clear that

R, 0=0,R,=0, 0<i,j k<3 (21)
e It remains to prove thatR ;,5;=0 for 1<a,f,y,0<3. We proceed as

follows :

a
Let us denote by Ay , P55,

the Riemann curvature tensor, the Ricci tensor and the scalar curvature

Paﬂ and P respectively the Christoffel symbols,

corresponding to the metric tensor 7, , the analogous quantities for g, being

R. Rl.j and R.

denoted respectively by I’ ikl

Jjk>

Then we prove the following equalities:

A% =T% R R,=P, R=P, 1<a,f,y,6<3

pr> Raps =L ap?

afys >
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1. The Christoffel symbols corresponding to 7, :

AZ :l al a}/ai_'_ayﬂ_ay/:/
) o’ axf  ox

K

a

Taking account of the fact that y,,=g, ,—g,, &, and that g, = ,a

straightforward calculation gives :

1 og, Og, Og
Aa _ o0 )z + VA _ By — 1"‘1
& [ o’ axf et &

2. The Riemann curvature tensor associated with

1 azya 627/ 627/&*/ 627/ 5 ] 7]
afys :5{ . + £ 5 — + 7/1.;1 (Fiﬁr‘Aﬂy _Fi7FZ§)

By 2

oxPox”  ox*ox’ - oxPox’  ox*ox”

1 P P8y T8, T8y |, Of Of  OFf S
2\ ox’ox”  ox*ox®  oxPox’  ox“ox”
+ 8y (Fﬁz&rlﬂy _r]z;yrlﬂ&)_gOkgOI (Fl;arl/iy _Fl;yrl/ia)9 with
0<k,[<3, 1<, u<3.
Straightforward calculations yield
o’ f o’ f o’ f o’ f
r‘r. -rir.)= -~ - -
gOkgOZ( wfr e h é) ox“ox’ ox’ox”  oxPox’ ox“ox”
Therefore

bop OO Ff &f O & Ff O
o v ox® oxPox” oxtox’ ox’ox®  ox“ox® ax’ox’  oxox’ ox’ex?

ie P,s=R

apfy

afys
3. The Ricci tensor associated withy,;
The relations Ry, =Ry, =R,05 =0 imply,
A 4
Raﬁ.zg ”Rmﬂﬁzg “p =P

Aauf T ap *

4. The scalar curvature associated with y, ; :

It is obvious that P =R

The following proposition is useful for our purpose and is valid only for
3-dimensional Riemannian manifolds.

Proposition 4.1 Let g, be the metric tensor of a 3-dimensional Riemannian

manifold.

112 Rwanda Journal Volume 20, Series C, 2011: Mathematical Sciences, Engineering and Technology

o’ oxPox’  ox’ox® ox“ox’



Let the definition of Ricci tensor
7}
Rop=8" Riup

be considered as a linear system on a 6-dimensional vector space with

R

unique solution

(22)

212> Rioiss Rinags Rizizs Risnzs Rosy as unknowns. The system (22) admits the

1
Raﬂy§ =Ra;/gﬁ5 _Raégﬂy +Rﬂ§ga7 _Rﬂygm? +ER (gaég/j’y _gaygﬂ5 )
The proof of this proposition is easy but will not be given here.

As a consequence, if the Ricci tensor of a 3-dimensional Riemannian
manifold is zero, the Riemann curvature tensor is zero.

We have seen that if a metric g satisfies Einstein’s equations and admits a

parallel vector field, then its Ricci tensor is identically zero. The reduction of
the previous 4-dimensional problem to a 3-dimensional one leads to the
following conclusion :

If a metric tensor 8 satisfies Einstein’s equations of General Relativity and
admits a non trivial timelike parallel vector field, the g, is the metric of a
flat space-time.

4.2 Solutions with Spacelike parallel vector field X

In that case, we can consider that X:il with g(X,X)=-1=g,.
Ox

Mathematically, there is no inconsistency if we use a non physical reference
frame and put , _ 9 with g(X,X)=g,,=-1.
ox’

Then g, 1<a, <3 will be a regular matrix and Vap =8apt 80a8op 15
its inverse.

The metric tensor of space-time will not depend on x°and V. can be
considered as the metric tensor of a 3-demensional Riemannian space.

The same reasoning as in the case 1 shows that the existence of spacelike
parallel vector field implies that the metric g corresponds to a flat space-

time.

5. Conclusion

The considerations presented in this paper refer systematically to open
submanifolds corresponding to a coordinate system ( x').
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Stricto sensu, the conclusion of our analysis is that space-time admits
timelike and spacelike parallel vector fields only on open submanifolds
where the gravitational field vanishes.

For example, in the case of a central symmetric gravitational field, if the
body responsible of the gravitational field possesses an empty cavity, the
region of the world restricted to this cavity constitutes a spatially bounded
flat space-time, while the region outside the body corresponds to a nontrivial
Riemannian manifold.

The conclusions concerning timelike and spacelike parallel vector fields
cannot be extended automatically to the case of lightlike vector fields.

0
In that case, if we consider X EF as a lightlike parallel vector field,
X

g(X,X)ngO =0.
Therefore, the submatrix ( g ) 1<a, B<3of the inverse matrix g’ of

g, 1s necessarily singular. The process which allowed us to reduce our 4-

dimensional problem to a 3-dimensional one is not valid any more.
However, work is in progress concerning this case also.
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