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Abstract

Describing lactation in mammals using a lactation curve aims to provide a concise summary of the
pattern of milk yield and valuable information about the biological and economic efficiency of the animal or
herd under consideration. A total of 106 581 monthly test-day milk records collected from 12 677 Tehran
Province primiparous Holstein cows from 151 herds, were used in this study. Using the General Linear
Model procedure in SAS, the effect of herd, calving year, age at calving, season of production, age and days
in milk were found to be significant on daily milk yield. The suitability of seven mathematical models (with
three, four and five parameters) for describing the 305-day milk yield lactation curve of Holstein cows, were
examined in this study. Comparisons of the models were made based on the coefficient of determination,
root mean square error, Durbin Watson coefficient and sum of daily deviations, by using nonlinear (NLIN),
regression (REG) and autoregression (AUTOREG) procedures in SAS. The best three, four and five
parameter functions with respect to these criteria were the Incomplete Gama, Dijkstra and Grossman
functions. With regards to the Wilmink model, the best results obtained were from models with the constant
of 0.05 and 0.065. The Wood function was selected as the best model for prediction of daily milk yield, due
to parameters in the function and less computational limitation.
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Introduction

The graphical representation of daily milk yield against time after calving is called a lactation curve
(Sherchand et al., 1995). The shape of a standard lactation curve may be described as increasing, at a
relatively high rate, up to the point where peak production is obtained, after which it declines at a slower rate
until the end of milk production (Lombaard, 2006).

A mathematical model of the lactation curve provides summary information about culling and milking
strategies, future milk yields of an individual animal or a herd and dairy cattle production. It is useful for
management and making breeding decisions and simulating a dairy enterprise (Olori et al., 1999). It has been
documented that the lactation curve is influenced by environmental factors such as the herd, year of calving,
parity, age and season of calving (Wood, 1967; Tekerli et al., 2000). Models to describe the lactation curve
have been classified into two main groups: linear and nonlinear models. In the linear models, like the
polynomial regression model (Ali & Scheaffer, 1987) or the mixed log model (Guo & Swalve, 1995),
parameters are linear functions of days in lactation or transformation thereof, and can be computed by simple
linear regression. Nonlinear models such as the Incomplete Gamma function (Wood, 1967) or Wilmink
function (Wilmink, 1987), need iterative techniques to be solved (Vargas et al., 2000). Different iterative
methods frequently employed in nonlinear regression models are Marquardt, Newton, Gauss and Dud.
During the last decade, several mathematical models have been developed to describe the shape of the
lactation curves (Wood, 1967; Ali & Schaeffer, 1987; Wilmink, 1987; Grossman et al., 1988; Rook et al.,
1993; Guo & Swalve, 1995; Dijkstra et al., 1997). Rowlands et al. (1982) reported that Wood's curve does
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not provide a consistently good fit to data of high producing dairy cows in the peak of milk production. Ali
& Schaeffer (1987) reported that a regression model for milk yields on day in lactation (linear and quadratic)
and on the log of 305-d divided by day in lactation (linear and quadratic) were better than the Gamma
function. A study of lactation curves in dairy cattle on farms in central Mexico showed that the Dijkstra
function was superior to the Wood, Wilmink and Rook functions for describing the lactation curve (Val-
Arreola et al., 2004). Dag et al. (2005) showed that the cubic model compared to the Wood, inverse
polynomial and quadratic functions made the best fit and described the shape of the lactation curve of
Awassi ewes well and therefore the correlation coefficient was highest between total milk yield and
estimated milk yield for this model. Comparison of different functions showed that the best fit was for the
Ali & Schaeffer function (Olori et al., 1999). However, it was only slightly better than that of Wilmink.
Parameter k of the Wilmink curve is associated with the time of lactation peak and this implies that the
Wilmink model had three parameters. Other studies used different constant k parameters i.e. 0.05, 0.065 and
0.10 (Wilmink, 1987; Macciotta & Vicario 2005; Silvestre et al. 2006). Dag et al. (2005) demonstrated that
the cubic model made the best fit to the data collected from Awassi ewes and allowed a suitable description
of the shape of the lactation curve.

The objectives of this study were to asses some of the environmental factors affecting daily milk yield
(DMY) to compare the goodness of fit of mathematical (linear and nonlinear) functions of the lactation curve
separately as well as evaluation of nonlinear models with respect to the number of parameters. Also the
Wilmink function using different k constants (0.05, 0.10, 0.61, and 0.065) were evaluated.

Materials and Methods

The initial dataset consisted of 257 846 first lactation test-day records of primiparous Holstein cows
from the Tehran Province of Iran. All cows had three times a day milking. The data were edited based on the
following criteria: a) lactation period should be between 200 and 305 days; b) the number of test-day records
for each lactation should be at least 5; c) age at calving should be between 18 and 29 months and was
classified into 12 classes and d) individual daily milk production should be between 3 and 85 kg. The final
dataset included information of 106 581 monthly test-day records. Seven different models were selected
from the literature and analysed in this study (Table 1). The Wood model (WD) was tested in two different
forms i.e. nonlinear and linear. The nonlinear form was linearized by taking the natural logarithm from each
side of the equation because nonlinear regression does not guarantee convergence (Ruiz et al., 2000). The
Wood model is a gamma function, in which a approximates the initial milk yields after calving, b is the
inclining slope parameter up to yield peak, and c is the declining slope parameter (Wood, 1967).

Wilmink (1987) introduced two lactation models. In the first model, a quadratic term was added and
an adjustment made to the exponential term. This model (WL) was then adjusted to obtain the second model
by dropping the quadratic term from the initial function. In this model a is the level of production, b is the
initial raise to peak and c is the decreasing rate after peak. The factor k was set equal to 0.05 and is
associated to the time of peak yield. Olori et al. (1999) estimated this factor to be 0.61, while (Brotherstone
et al., 2000) assumed the constant parameter to be 0.10 and in preliminary analysis, it was estimated to be
0.065 (Silvestre et al. 2006). The other model was the Dijkstra model (Dijkstra et al., 1997) which is a
mechanistic model with four parameters that describes the mammary growth pattern (cell proliferation and
apoptosis) of mammals during pregnancy and lactation (DJ).

Rook et al. (1993) proposed a four parameter model (RK) and attempted to model lactation as the
product of a constant, a, a monotonically increasing function of time, ®,(t) , and a monotonically decreasing
function of time ®,(t). The Grossman model (GS) was also used in this study. It is a modified form of the
Wood's model by including sinus and cosinus terms to account for seasonal variations (Grossman & Koops,
1988). In this model v is the coefficient of calving season and u is coefficient of year of the considered as
measured radian (Kocak & Ekiz, 2008).

The cubic model (CU) and Ali & Schaeffer (ASH) models were the other functions used to describe
the lactation curve in this study. The ASH model was a regression model of yields on day in lactation (linear
and quadratic) and log of 305-day yield divided by day in lactation (linear and quadratic) fitted.

Proc NLIN, REG and AUTOREG in SAS (2005) were employed to fit the nonlinear and linear
regression functions. Factors affecting test-day milk yield of cows were evaluated by using the general linear
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Tablel Equations used to describe the lactation curves of dairy Holstein cows

Equation | Code Nonlinear Linear

Wood WD

Y =at’e™ logY, =loga +blogt —ct

_ -kt
Wilmink | WL Y,=a+be ™ +ect

k=0.05
k=0.065

k=0.61
k=0.10

Dijkstra DJ Y, =aexp[b(l1—e )/ c—dt] )

Rook _ —dt
00 Rk Y, =a[l/{1+b/(c+1))e -

_ 2 3
Cubic cU Y, =a+bt+ct” +dt

if‘?jmﬂn GS |y =ar’e™ (1+usin(x) + v cos(x)) -
1

Schaeffer | SH ) Y, =a+b(t/305)+c(t/305)* +dIn(305/1) + f In>(305/1)

Y is milk yield, ¢ is time of lactation, a, b, c, d, f, u, v are parameters that define the scale and shape of the curve in the model.
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model procedure (PROC GLM) of SAS (2005). Results were given as least-square means (LSM) of daily
milk yield (DMY) with standard errors. When nonlinear functions were fitted, the Gauss-Newton method
was used as the iteration method.

The goodness of fit the models was evaluated using the following criteria:
e R°— Coefficient of determination which equals the percentage of variance of monthly yields explained by
the model:

R = (1 SSE
SST

] x 100

where SSE is error sum of square and SST is total sum of square.

® RMSE- Root mean square error which is a kind of generalized standard deviation:

[D (=91
RMSE = —=!

n
where n is the number of observations, y; are the actual values and ¥ are values predicted by the regression
model. Smaller RMSE indicates better modelling.

® AIC- Akaike’s Information criterion: AIC is a measure of the goodness of fit of an estimated
statistical model (Akaike, 1974). It can describe the tradeoff between bias and variance in model
construction. AIC is not a test on the model in the sense of hypothesis testing; rather it is a tool for Model
selection. Given a data set, several competing models could be ranked according to their AIC, with the one
having the lowest AIC being the best. In the general case the AIC is :

AIC =-2logL+2K

where K is the number of estimated parameters in the model but L is the maximized value of the likelihood
function for the estimated model.
e DW — Durbin-Watson coefficient:

py - 2=

n 2
Zt:l ¢

where e, is residual at time e and e, is residual at time t-1.

The Durbin-Watson statistic tests the null hypothesis that the residuals from an ordinary least-square
regression are not autocorrelated against the alternative that the residuals follow an autoregressive process.
The Durbin-Watson statistic ranges in value from 0 to 4. A value near two indicates non autocorrelation; a
value toward O indicates positive autocorrelation; a value toward 4 indicates negative autocorrelation. AIC
and DW criteria were only applied for comparison of the linear form of WD and the ASH functions in this
study.

e  SDD — Sum of daily deviation:

The sum of differences between predicted daily milk yield by each model and average milk yield was
calculated in different stages of the lactation (5 - 100 days, 101 - 200 days and 201 - 305 days). Positive or
negative amounts of SDD show that the model overestimated and understimated milk yield in a specific
period. Furthermore, predicted peak yield (PY) and predicted peak time (PT) were calculated for different
models, as well as the correlation coefficient (R) between the estimated milk yields and actual milk yields in
the dataset.

Linear and nonlinear functions were compared separately with these criteria, because the
characteristics of these models are different.

The effect of environmental factors and covariates on milk yield parameters was investigated by
analysis of variance (PROC GLM) with the following model:

JR— 2 -
Y, =M+H, +CY,+S, +AGC, +b, (AGE , —AGE)+ Y b, [(DIM ;)" — DIM)]+e

M=1

nijkl
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where Y, is daily milk yield of n™ animal affected by i" herd (151 herd), j* calving year (10 years from

nijkl
1999 to 2008), k™ season of milk production (four seasons: 1 - spring, 2 - summer, 3 — autumn, 4 - winter), I*
age at first calving class (12 months from 18 to 29), by is the linear regression coefficient of age at test
(covariate), by is the linear and quadratic regression coefficient of days in milk (covariate) and ey is the
random effect of residuals with expectation and variance equal to O and 5: respectively. u is the overall
mean, H;, CY;, S and AGC, are effects of herd, calving year, season of milk production and age at first
calving, respectively.

Results and Discussion
Descriptive statistics for the final data set are presented in Table 2.

Table 2 Statistics of the edited data for first lactation Holstein cows

Number of monthly records 106 581
Number of herds 151
Number of cows 12 677
Average + SD of days in milk (d) 270.2 £24.7
Average + SD of milk yield (kg) 29.2+£6.77
Average + SD of age at first calving (month) 243 +1.42

Changes in management, feeding regimen and other environmental factors are usually responsible for
some of milk yield variation over years (Hatungumukama et al., 2008). The overall mean of daily milk yield
for the cows in this study was 29.18 kg/d. The results of the analysis of variance are shown in Table 3.
Similar factors are reported in the literature to influence milk production significantly (Jamrozik &
Schaeffer, 1997; Tekerli et al., 2000; Farhangfar & Naeemipour, 2007). Differences in milk production
amongst herds are due to variation in management, feeding and other environmental factors, as well as
annual climatic changes. A constant increase was observed in DMY from calving years 1999 to 2008. The
minimum least square means (LSM) for DMY, 24.99 + 0.11 kg/d was observed in 1999 and it increased
gradually to reach 29.67 + 0.09 kg/d (Figure 1).

Table 3 Analysis of variance for daily milk yield of Holstein cows

Factor DF MS Pr
Herd 150 2728.36 <.0001
Calving year (CY) 9 15770.52 <.0001
Season (S) 3 3538.69 <.0001
Age at calving (AGC) 11 2371.46 <.0001
Regression on:

Age at test (Linear) 1 6685.44 <.0001

Days in mik (Linear) 1 108658.79 <.0001

Days in mik (Quadratic) 1 280694.87 <.0001

DF = degree of freedom, MS = mean square, Pr = probability.
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This shows that knowledge of feeding, breeding and economic management of dairy herds has
improved since 1999. Least square means of daily milk yield in different seasons of production are presented
in Figure 2. LSM of DMY was significantly different between the four seasons (P <0.001). The maximum
LSM’s of daily milk yield were observed in spring and winter (27.98 + 0.07 kg and 27.92 + 0.07 kg,
respectively), and the minimum in summer and autumn (27.42 + 0.07 kg and 27.23 + 0.07 kg). The LSM of
summer and autumn did not differ significantly (P >0.05). In this study, DMY was low in the dry season and
the following summer season, because of low availability of natural fresh pastures and due to high
temperatures during summer.
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Figure 2 Least square means (LSM + SEM) of milk yield in different season.
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The mean age at first calving was 24.9 months. The results of this study show that LSM of DMY
increased with the calving age in the first parity (Figure 3). The minimum LSM of DMY was observed for
cows calving at 18 months of age (18.52 + 0.79 kg/d). It then gradually increased up to calving at 24 months
of age (25.59 + 0.098 kg/d) after which it stayed constant. Increased milk production with increasing age at
calving in the first parity is consistent with results reported by other authors (Hatungumkama et al., 2008).

Estimated parameters and goodness of fit statistics of nonlinear models are presented in Table 4. In
nonlinear models, R? ranged from 0.93 to 0.99 but in linear models, R? was almost the same (Table 5).
However, RMSE of the models differed. The range of RMSE was between 0.136 and 0.710 for the nonlinear
models. Amongst three parameter models (Wood & Wilmink), the Wood model was better than Wilmink
models. It had the higher R* and smaller RMSE. The results for the WL models (with different constants)
show that the best models were WL1 and WLA4, respectively. They could predict milk yield accurately across
the lactation. Figure 4 indicates that the average milk yield of the data set increased from 23.3 kg/day at day
5 of lactation to the peak yield of 32.4 kg/day on day 85 and subsequently declined to 21 kg/day on day 305.

Predicted peak times (PT) of the WD and WL models differed, with PT of the WD model (81 days)
being much closer to the actual peak time compared to the WL models (30 - 66 days). However, predicted
peak yield (PY) of the WD model was lower (31.7 kg) than that of the WL models (32.1 - 33.4 kg), which
was closer to the actual peak yield of the data set. Amongst the Wilmink models, the magnitudes of peak
yield were comparable, with the earliest peak time predicted by the WL3 model and the latest by the WL1
model (Table 6). WL1 and WL4 underpredicted milk production less than WD during early lactation but W3
overpredicted milk yield in this period (Table 6).

Scott et al. (1996) reported that the WD model has the tendency to overestimate milk yield prior to
peak and at the final stage of lactation. Results of this study showed that the WD equation underestimated
milk yield in the days 5 - 100 period. The total SDD in the non-linear Wood function was lower than that of
the WL models. Amongst the WL models, the WL1 showed the lowest total SDD. Furthermore, the WL
models underestimate milk yield in the 101 - 200 day period and overestimated it at the final stage of
lactation (Table 6). The correlation between the estimated and observed milk yields was higher when using
the WL1 model (0.92) compared to the WL2, WL3 and WL4 models, but it was smaller than that of the WD
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Figure 3 Least square means (LSM) of milk yield for different ages at calving.
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model. Olori et al. (1999) showed that weekly average daily milk yield was fitted best by the WL equation
with k = 0.61, and worst by the WD model. The result of this study does not confirm Olori’s report. The
WL3 model with k = 0.61 had the smallest R* and highest RMSE compared to the WL1, WL2 and WL4
models (Table 4). Furthermore, the WL3 model did not fit the lactation curve as well as the WD equation
(Table 6).

In four parameter models (DJ, RK and CB), the ranges of R* and RMSE were between 0.97 to 0.99
and 0.136 to 0.539, respectively (Table 4). In these models, peak yield was similar (around 31.5), but the CB
model showed the latest estimate of PT amongst the three and four parameter models. Predicted PT for the
DJ model was at 60 days, which is not close to the observed peaking time (85 days), while PT was late for
the CB model (95 days) (Table 6).

The RK and CB models underestimated milk yield in the first period of lactation (5 - 100 day), but the
rate of deviations decreased as days in milk increased. According to the R* and RMSE the DJ model was the
best of all these models. Val-Arreola et al. (2004) also reported that the DJ equation was the best option to be
used in describing the lactation curve. The DJ equation is the best four parameters equation, because it is a
mechanistic model that represents biological interpretation for the parameters. The most desirable model
would be one with a limited number of parameters and a biological interpretation (Rekaya
et al., 2000). In general, goodness of fit of the DJ equation was better than that of the WD model (with
respect to SDD and biological interpretation). Both of these models had similar R*, but RMSE of the DJ
model was smaller than that of the WD model. Comparison with WL1 showed that these models fit the
lactation curve more accurately. With respect to the number of parameters, it can be concluded that the best
three and four parameter models are WD and DJ, respectively (Figure 4, Tables 4 and 6). This is in
agreement with results of Val-Arreola er al. (2004) that showed the DJ equation was the best option for
describing lactation curves in central Mexican dairy cows. They mentioned that the WD equation explained

Table 4 Estimated parameters (mean + SE) for different nonlinear models togeather with coefficient of
determination (R?) and root mean square error (RMSE)

Model a b C d u v R? RMSE

WD(nlin) 14.985 0.218 0.002 - - - 0.999 0.153
(0.336) (0.006) (6E-5)

WLI1 35.239 -20.227 -0.036 - - - 0.984 0.365

[k=0.05] (0.343) (1.414) (0.001)

WL2 34.415 -50.085 -0.032 - - - 0.951 0.639

[k=0.10] (0.541) (6.351) (0.002)

WL3 34.235 -17.20 -0.032 - - - 0.939 0.710

[k=0.61] (0.588) (2.438) (0.003)

WL4 34.815 -26.023 -0.034 - - - 0.970 0.496

[k=0.065] 0.441) (2.505) (0.0023)

DJ 39.883 0.0124 -0.007 -0.00059 - - 0.999 0.136
(3.397) (0.0073) (0.0014) (37E-5)

RK 44.997 20.557 14.869 0.001 - - 0.999 0.184
(1.442) (3.829) (3.884) (8E-5)

CB 25.298 0.144 -OE-4 1.625E-6 - - 0.970 0.539
(0.849) (0.023) (0.001) (3.869E-7)

GS 14.753 0.022 0.002 - -0.003 -0.005 0.999 0.148
(0.380) (0.007) (76E-5) (0.003) (0.003)

a, b, ¢, d, u, v are parameters that define the scale and shape of the curve in the model.
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much of the variation, but its parameters did not have direct biological interpretation. Therefore, it seems that
this characteristic (the number of parameters) was not important for their study.

Evalution of the RK and CB models showed that estimated PT of the RK model (78 days) was earlier
than that of the CB model (95 days). PY of both models were almost the same while total SDD of the RK
model was lower than that of the CB model. In general, the RK equation gave a similar goodness of fit as the
WD (nlin) model, but RMSE was lower for the WD model and PT was nearer to the actual peak yield
compared to that of the RK model. Therefore, the WD model fitted the data better compared to the RK
model.

Evaluation of the GS model (with five parameters) showed that its R is as good as that of the WD
model (Table 5). The reason for this equality might be due to the more parameters of this model compared to
that of the WD model. The PY of the GS model was 31.7 kg and PT was on day 85, which were similar to
that of the observed data. Regardless of the number of parameters, the GS model was one of the best five
parameter models to describe monthly milk yield recordings. In the study of Soysal & Gurcan (2000) who
compared the Wood, Goodall and Grossman models, the highest R* value was reported for the Grossman
model.

Estimated parameters for the differenct linear models (WD and ASH), are presented in Table 5. As
shown in this table, the coefficient of determination of the ASH model was slightly better than that of the
WD model and the RMSE was lower. The Durbin-Watson statistics show that the WD and ASH equations
have positive and negative auto-correlation of residuals, respectively.

35 4

Milk yield (kg)

——DG

—=-GS

= observe

5 15 25 35 45 55 65 75 85 95 105115125135 145 155 165 175 185 195 205 215 225 235 245 255 265 275 285 295 305

Days in milk

Figure 4 Fitted lactation curves of the best three, four and five parameter models.

Positive autocorrelation occurs when adjacent values of residuals tend to share the same sight (positive
or negative) more than randomly possible (Dematawewa et al., 2007). Furthermore, the AIC statistic for the
WD was better than that of the ASH model. Predicted PY and PT for both of these models were the same
(Table 6). These models underpredicted milk yield in the first period of lactation. However, ASH
underpredicted milk yield more compared to the WD (Lin) model.
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Figure 5 Fitted lactation curves using the Wilmink models with different constants.

Table 5 Estimated parameters (+ SE) for different linear models together with coefficient of determination
(R?), root mean square error (RMSE), Durbin-Watson (DW) and Akaike Information criterion (AIC)

Model a b c d f R? RMSE DW AIC
WD(lin) 2.704 0.219 -0.002

©020) | (0.005) | (55E-5) - - 0.997 0.005 1.875 -94.133
ASH 3.041 0.499 -0.390 0.372 -0.105

(0.162) | (0.240) | (0.080) | (0.102) | (0.017) 0.999 0.001 23911 | -74.720

WD(lin) - linear form of Wood; ASH - Ali and Schaeffer functions.

Results of the linear form of the WD model and the ASH equation were similar. Therefore, in this
situation, the number of parameters of each model is more important. Comparison of SDD between the
nonlinear and linear forms of the WD model shows that the total SDD in all periods was close to each other.
The nonlinear form of the WD model fitted the data slightly better than the linear form, as well as the WL1
model. This is not in agreement with results of Konchagul & Yazgan (2008) that the WL equation and WD
model had the advantage of describing the lactation curve and they conveniently recommended that these
models are appropriate for data with increasing intervals between test days, especially when the observations
are taken monthly or bimonthly.

Conclusion

In summary, amongst the three parameter models, the WD equation made the best description of the
lactation curve, showing a relatively good R* and low RMSE. Estimation of PY and PT by this model is
close to that of the observed data. Furthermore, total SDD of this model was lower than that of the other
models. The DJ of test-day data was as good as the WD model, with optimised R* and RMSE. Goodness of
fit of models slightly increased with the number of parameters. Results also showed that all of these models
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Table 6 Predicted peak yield (PY), predicted peak time (PT), correlation coefficient (R), sum of daily
deviation (SDD*) and total SDD between estimated milk yields from the different models and the observed
milk yields

SDD

Model PY(kg) PT(day) R 57100 101200 201305 Total SDD
WD(nlin) 31.66 81 0.96 -50.24 8.11 6.86 -35.27
WL1 32.07 66 0.92 -32.77 -30.31 22.32 -40.76
WL 32.42 48 0.90 -92.17 -54.50 34.02 -112.65
WL3 33.44 30 0.65 212.52 -58.93 39.03 192.6
WL4 32.20 60 0.87 -41.83 -42.15 28.20 -55.78
DJ 31.71 60 0.97 -16.54 -9.78 12.77 -13.55
RK 31.76 78 0.96 -41.97 -2.59 8.22 -36.34
CB 31.52 95 0.94 -46.74 9.86 -22.85 -59.73
GS 31.72 85 0.96 -49.38 4.70 -10.73 -55.41
WD(lin) 31.65 80 0.96 -55.69 3.44 3.09 -49.16
ASH 31.64 80 0.90 -63.08 -5.03 5 -63.11

*SDD is calculated as the sum of daily deviation of predicted from observe milk yield for each period.
WD(nlin) = Non linear form of Wood; WL = Wilmink; DJ = Dijkstra; RK = Rook; CB = Cubic; GS = Grossman;
WD(lin)= Linear form of Wood; ASH = Ali and Schaeffer functions.

were good in fitting the lactation curve. However, due to computational difficulties and more advantage of
functions with less parameters, which were two main interests of this study, the nonlinear form of the WD
model was selected as the best. Jamrozik & Scheaffer (1997) recommended using simple functions as sub-
models for test-day models; a suggestion that has already been subjected to further analysis for random
regression test day analyses.
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