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______________________________________________________________________________________ 

Abstract 
Among milk traits, fat-to-protein ratio (FPR) is considered a potential measure of a cow’s energy status 

and is one of the selection criteria necessary to improve metabolic stability. Further genetic analyses require 
an appropriate model that describes the pattern of FPR changes throughout lactation. The objective of the 
study was to examine five mathematical functions to describe the lactation curve for FPR in the first three 
lactations of Polish Holstein-Friesians. The dataset contained FPR records for 5690 cows in the first 
lactation, 4081 cows in the second, and 2636 cows in the third lactation based on 48908, 34706, and 22097 
test-day (TD) records, respectively. Using the MIXED procedure of SAS statistical analytics software, ten 
linear models (five with fixed effects only, and five with the additional random effect of cow) were fitted to the 
TD records. The goodness of fit was tested with Akaike's information criterion, residual variances and the 
correlation coefficient between the actual and estimated values. The model proposed by Ali and Schaeffer 
(1987) had the best fit to FPR in the first three parities, and the model of Wilmink (1987) provided the worst 
fit. The correlation coefficient between the actual and the estimated values of FPR was higher for models 
that included the random cow effect compared with models without this effect. 
______________________________________________________________________________________ 
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Introduction 
Modelling lactation curves for dairy cows has been under development from the first half of the 

twentieth century (Brody et al., 1924; Grossman & Koops, 1988; Tozer & Huffaker, 1999; Tekerli et al., 2000; 
Macciotta et al., 2005; Silvestre et al., 2006; Torshizi et al., 2011). The suitability of mathematical functions 
for modelling lactation curves for other species (dairy goats, sheep, beef cows) was also investigated 
(Hohenboken et al., 1992; Carta et al., 1995; Groenewald et al., 1995). Initially, the lactation curve models 
were prepared only for milk yield to explain the main features of the milk production pattern and to imitate the 
functioning of the mammary gland during pregnancy and lactation (Neal & Thornley, 1983; Macciotta et al., 
2005; Silvestre et al., 2006). Lactation curves provided information about dairy cattle production, which could 
be used for herd management. Lactation curves were also used for modelling fixed and random regressions 
in test-day models (Ptak & Schaeffer, 1993; Jamrozik & Schaeffer, 1997).  

Calculation of genetic parameters requires appropriate models. Hence various mathematical functions 
were investigated to describe the shape of the lactation curve. The most popular functions were those of 
Wood (1967), Ali and Schaeffer (1987), and Wilmink (1987). Then researchers began to use more general 
mathematical functions such as splines and Legendre polynomials (White et al., 1999; Schaeffer, 2004; 
Macciotta et al., 2005; Silvestre et al., 2005; Silvestre et al., 2006). Higher-order Legendre polynomials were 
required to fit the lactation curve correctly. Splines seemed to be a good replacement for Legendre 
polynomials because of their flexibility in fitting lactation curves. Problems occurred with choosing an optimal 
number and placement of knots (Silvestre et al., 2005; Bohmanova et al., 2008; Macciotta et al., 2010). 

In the past, selection concentrated on high milk production. Genetic improvement of milk traits led to a 
deterioration of health and fertility. Therefore, new traits such as conformation, fertility, and survival were 
incorporated into selection indices in many countries. Recently researchers have concentrated on traits 
connected with the energy balance of cows. Cows affected by negative energy balance, especially during 
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early lactation, are more prone to fertility and health problems such as mastitis, lameness, digestive and 
locomotive problems, and ketosis (Goff & Horst, 1997, Collard et al., 2000; Negussie et al., 2013). Measuring 
cow energy balance was too expensive. Hence other cow energy balance indicators were investigated (de 
Vries & Veerkamp, 2000; Reist et al., 2002; Friggens et al., 2007; Buttchereit et al., 2011). The fat-to-protein 
ratio of milk seemed to be an appropriate one. Moreover, it is readily available because the milk yield and its 
components (e.g., fat and protein percentages) are measured routinely in many countries, particularly in 
Poland. 

Relatively few research articles have investigated the modelling of FPR during lactation (Buttchereit et 
al., 2010; Hossein-Zadeh, 2016; Mokhtari et al., 2017). Models that have been investigated for yields of milk, 
fat, and protein include third and fourth-order Legendre polynomials, Brody, Dhanoa, Sikka (parabolic), 
Nelder (inverse polynomial), Rook, Dijkstra, and Narushin-Takma among others (Ali & Schaeffer, 1987); 
Buttchereit et al., 2010; Hossein-Zadeh, 2016; Mokhtari et al., 2017; Wilmink, 1987). To the best of the 
author’s knowledge, no research has ever addressed the modelling of lactation curves for FPR in the 
population of Polish Holstein-Friesian cows. However, some authors had investigated mathematical 
functions for modelling lactation curves for milk, fat and protein yield of Polish Holstein-Friesians (Frącz & 
Ptak, 2003; Ptak et al., 2004; Strabel, 2004; Strabel et al., 2005; Otwinowska-Mindur et al., 2013). 

The aim of this study was to examine several linear models that described FPR in the first three 
lactations of Polish Holstein-Friesian cows. Fixed regressions were modelled using five functions, namely Ali 
and Schaeffer, Wilmink, Guo and Swalve, Legendre polynomials of the third and fourth orders (Ali & 
Schaeffer, 1987; Wilmink, 1987; Guo & Swalve, 1995; Brotherstone et al., 2000). 
 

Materials and Methods 
Records were provided by commercial dairy farms of test-day (TD) milk yield, fat and protein 

percentages in the first three lactations of Polish Holstein-Friesian cows that calved from 2000 to 2012 in 
nine herds. Daily FPR was calculated as the ratio of TD fat percentage to protein percentage. Records from 
days in milk (DIM) before 5 days and after 305 days were discarded. Daily fat and protein percentages 
ranged from 1% to 9%. Only cows with at least four TD records per lactation were included in the dataset (4 - 
11 TD records for individual cows per lactation). After those constraints had been applied, there were 
105711 TD records of 6716 cows in the dataset. Two seasons of calving were created, namely April to 
September and October to March. These calving age classes (in months) were defined: 20 - 24, 25- 26, 27 - 
28, 29 - 30, 31 - 45 in the first lactation; 31 - 38, 39 - 41, 42 - 44, 45 - 65 in second lactation; and 43 - 51, 52 
- 55, 56 -74 in third lactation.  

Two types of model were used to predict the FPR value. Type I included the fixed effects only, 
whereas type II included the random effect of the cow. 

Type I models were as follows: 

                        ∑         ( )        

 

   

 

where:        is m-th observation of the FPR in the i-th test day, j-th age at calving class, k-th season of 

calving class and l-th herd,  

  is the overall mean,  

    is the fixed effect of the i-th test day (i = 1, ... , 661 in the first lactation, i = 1, ... , 640 in the 
second lactation and i = 1, ... , 613 in the third lactation),  

    is the fixed effect of the j-th age at calving class (j = 1, 2, 3, 4, 5 in the first lactation, j = 1, 2, 3, 4 

in the second lactation and j = 1, 2, 3 in the third lactation),  

    is the fixed effect of the k-th season of calving class (k = 1, 2),  

   is the fixed effect of l-th herd (l = 1, ... , 9),  

   is the fixed regression coefficients on the function term of lactation day t, and 

       is random residual effect. 

 
Type II models were as follows: 

                         ∑          ( )              

 

   

 

where:          is n-th observation of the FPR in the i-th test day, j-th age at calving class, k-th season of 

calving class, l-th herd and m-th cow,  

   ,    ,    ,    is defined as above,  
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   is the fixed regression coefficients on the function term of lactation day t,  

     is the random effect of the m-th cow (m = 1, ... , 5690 in the first lactation, m = 1, ... , 4081 in 
the second lactation and m = 1, ... , 2636 in the third lactation), and 

        is random residual effect. 

 
The fixed regression was modelled by five functions on DIM: 
 

Ali and Schaeffer (1987) curve (ALI): 
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Wilmink (1987) curve (WIL): 
 

            
             

 
Guo and Swalve (1995) curve (GUO): 
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Legendre polynomial of third order (LEG3): 
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and Legendre polynomial of fourth order (LEG4): 
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where:    
      

         
                      . 

 
Both models were analysed with the MIXED procedure of SAS and REML estimation method (SAS 

Institute, 2008). Akaike's information criterion (Akaike, 1974) was used to evaluate the goodness of fit of the 
models of FPR prediction: 

             
 
where:  k is the number of estimated parameters in the model and  

    is the logarithm of the restricted maximum likelihood function.  
 

Competing models can be ranked according to their AIC. The model that minimized AIC should be 
applied, but with similar values of AIC, the simpler model should be selected. The estimate of the correlation 
(R) between real and predicted values was used as an additional criterion (Guo & Swalve, 1995). A further 
criterion of goodness of fit was the residual variance. 
 

Results and Discussion 
Cows with eight or more TD records comprised 90%, 87% and 85% in the first, second and third 

lactations, respectively. In each of the first three lactations, the highest percentage of cows had nine TD 
records (60%, 57%, and 52% in first, second, and third lactations, respectively). The mean TD milk yield was 
lowest in the first lactation (26.70) and highest in the third lactation (31.15), whereas the mean test-day FPR 
remained at the same level in all three lactations (0.15 - 0.16) (Table 2). Tables 1 and 2 show statistics of the 
dataset used in the analyses. 
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Table 1 Number of cows and test-day records in the first three lactations 
 

Lactation Number of cows Number of records 

   

1 5 690 48 908 

2 4 081 34 706 

3 2 636 22 097 

   

 
 

Table 2 Mean and standard deviation of fat-to-protein ratio, fat content, protein content and milk yield in the 
first three lactations 
 

Trait 

Lactation 1 Lactation 2 Lactation 3 

Mean SD Mean SD Mean SD 

       

FPR   1.15 0.21   1.15 0.21   1.16   0.23 

Fat, %   3.86 0.77    3.90 0.80   3.92   0.83 

Protein, %   3.37 0.34   3.40 0.38   3.39   0.39 

Milk, kg 26.70 7.31 30.53 9.73 31.15 10.32 

       

FPR: fat-to-protein ratio 

 
 

The average values of milk yield and FPR were calculated for each day of the first three lactations and 
are presented in Figure 1 and Figure 2, respectively. The pattern of changes of milk yield are typical in shape 
with peak milk yield at around 35 DIM. Average milk yield for a particular DIM was lower in the first lactation 
than in the second and third lactations and the first lactation was more persistent than later lactations. The 
FPR curves were the mirror image of the milk yield curves, with highest values at the beginning of the 
lactation. The values decreased to 65 DIM and stabilized at about 1.15 to the end of lactation. 

The models that included the random effect of the cow showed a better data fit than those with fixed 
effects only. The coefficients of correlation between the real and estimated values for FPR were higher for 
models including the random effect of the cow (0.67 - 0.76) than for models with fixed effects only (0.47 - 
0.52). The residual variances for models including the random effect of the cow were slightly lower (0.02 - 
0.03) than in the case of models with fixed effects only (0.03 - 0.04). Tables 3 and 4 present the evaluation 
criteria for the type I and type II models. 

 
 

 
Figure 1 Average lactation curves of milk yield (kg) in the first three lactations 
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Figure 2 Average lactation curves of fat-to-protein ratio in the first three lactations 
FPR: fat-to-protein ratio 

 
 

The goodness of fit of lactation models was analysed using AIC (Table 3 and Table 4). Of the models 
with fixed effects only, the ALI model performed better than the others, regardless of the number of 
lactations. The LEG4 model was nearly as good as the ALI model. The WIL model provided the worst fit to 
FPR in each of the first three lactations. Among the models with the added random effect of the cow, the ALI 
model fitted better than the other models, whereas the WIL model gave the worst fit. 
 
 

Table 3 Akaike's information criterion, correlation between real and estimated values (r) and the residual 
variance for fat-to-protein ratio using the fixed regression model with days in milk functions 
 
Lactation Model AIC r var e 

     

1 

ALI -27613.1 0.52 0.03133 

WIL -27352.3 0.51 0.03150 

GUO -27475.6 0.51 0.03143 

LEG3 -27581.4 0.52 0.03135 

LEG4 -27598.5 0.52 0.03133 

2 

ALI -14109.9 0.48 0.03617 

WIL -13963.6 0.47 0.03632 

GUO -14006.3 0.48 0.03629 

LEG3 -14081.8 0.48 0.03619 

LEG4 -14095.5 0.48 0.03617 

3 

ALI   -4807.0 0.49 0.04264 

WIL   -4682.3 0.49 0.04289 

GUO   -4693.8 0.49 0.04288 

LEG3   -4737.2 0.49 0.04277 

LEG4   -4784.9 0.49 0.04265 

     

AIC: Akaike's information criterion; DIM: days in milk; ALI: Ali & Schaeffer; WIL: Wilmink; GUO: Guo & Swalve; LEG3: 
Legendre polynomials of the third order; LEG4: Legendre polynomials of the fourth order; var e: residual variance 
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Table 4 Akaike's information criterion, correlation between real and estimated values (R) and the residual 
variance for fat-to-protein ratio using the mixed model with random effect of cow and fixed regression days in 
milk functions  
 

Lactation Model AIC R var e 

     

1 

ALI -35060.6 0.76 0.02263 

WIL -34695.4 0.75 0.02283 

GUO -34859.7 0.75 0.02274 

LEG3 -35022.4 0.76 0.02265 

LEG4 -35047.6 0.76 0.02263 

2 

ALI -19294.0 0.67 0.02614 

WIL -19092.5 0.67 0.02632 

GUO -19145.9 0.67 0.02628 

LEG3 -19253.6 0.67 0.02617 

LEG4 -19279.8 0.67 0.02614 

3 

ALI   -7094.6 0.69 0.03299 

WIL   -6947.7 0.69 0.03324 

GUO   -6962.2 0.69 0.03322 

LEG3   -7006.7 0.69 0.03313 

LEG4   -7074.0 0.69 0.03299 

     

AIC: Akaike's information criterion; DIM: days in milk; ALI: Ali & Schaeffer; WIL: Wilmink; GUO: Guo & Swalve; LEG3: 
Legendre polynomials of the third order; LEG4: Legendre polynomials of the fourth order; var e: residual variance 

 
 

Type I and type II models had nearly the same curve parameters, so only the results of type I models 
are presented. Figures 3, 4, and 5 show lactation curves of FPR modelled with various functions in the first, 
second and third lactations, respectively. In the first lactation the LEG3 and LEG4 curves were identical to 
certain extent. The ALI curve, which fitted better to the data than the other curves, estimated slightly higher 
values at the beginning of the lactation (to about 20 DIM) than the LEG3 and LEG4 and lower values than 
the Legendre polynomials between 20 and 95 DIM. The ALI model and the LEG3 and LEG4 polynomials are 
nearly the same in the remaining part of lactation. Differences between the values of FPR for a particular 
DIM estimated by the ALI and LEG4 models, did not exceed 0.018, whereas the differences between the ALI 
and LEG3 models did not exceed 0.015. 

In type I models there were some differences between the two groups of curves: ALI, LEG3 and LEG4 
versus WIL and GUO. According to AIC, the WIL and GUO curves showed a worse fit to the data than those 
from the first group (Table 3) and estimated higher FPR values at the beginning of the first lactation (1.45 
and 1.48, respectively) compared with the ALI, LEG3 and LEG4 curves (about 1.39). Also, from 70 DIM 
nearly to the end of lactation (275 DIM), the WIL model estimated higher values compared with the other 
curves. 

In the first lactation ALI, LEG3 and LEG4 resembled a U-shaped curve with the minimum (1.21) at 
about 140 DIM, whereas the values estimated by WIL and GUO after decrease at the beginning of lactation 
(to 65 DIM) stabilized at the level of 1.23 - 1.24 to the end of lactation. 
Differences between the estimates of FPR for a particular DIM from different models in the second lactation 
are smaller than in the first lactation, especially in the middle part. The highest values of FPR estimated by 
all curves were at the beginning of lactation (1.39 - 1.48), then the values decreased to 65 DIM and 
oscillated between 1.22 and 1.25 until the end of the lactation. In the third lactation, as in the second, the 
values estimated by the models for a particular DIM differed slightly. However, the values estimated at the 
beginning of the third lactation (1.55 - 1.66) were higher than those at the beginning of the first and second 
lactations. After 80 DIM, the FPR values stabilized at 1.33 - 1.36 
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Figure 3 Lactation curves for fat-to-protein ratio of cows in the first lactation modelled with the Ali & 
Schaeffer, Wilmink, and Guo & Swalve functions, and Legendre polynomials of the third and fourth order 
applied to the type I model 
 
FPR: fat to protein ratio; ALI: Ali & Schaeffer; WIL: Wilmink; GUO: Guo & Swalve; LEG3: Legendre polynomials of the 
third order; LEG4: Legendre polynomials of the fourth order 

 

Figure 4 Lactation curves for fat-to-protein ratio of cows in the second lactation modelled with the Ali & 
Schaeffer, Wilmink, and Guo & Swalve functions, and Legendre polynomials of the third and fourth order 
applied to the type I model 
 
FPR: fat to protein ratio; ALI: Ali & Schaeffer; WIL: Wilmink; GUO: Guo & Swalve; LEG3: Legendre polynomials of the 
third order; LEG4: Legendre polynomials of the fourth order 
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Figure 5 Lactation curves for fat-to-protein ratio of cows in the third lactation modelled with the Ali & 
Schaeffer, Wilmink, and Guo & Swalve functions, and Legendre polynomials of the third and fourth order 
applied to the type I model 
 
FPR: fat to protein ratio; ALI: Ali & Schaeffer; WIL: Wilmink; GUO: Guo & Swalve; LEG3: Legendre polynomials of the 
third order; LEG4: Legendre polynomials of the fourth order 

 
 

The minimum and maximum FPR predicted by type I models on the DIM on which they were reached, 
were shown in Table 5. These values were compared with the average values of observed FPR calculated 
for every DIM of the first, second and third lactations. In the first lactation all models over-predicted the 
minimum FPR and DIM of minimum FPR. Maximum FPR in the first lactation was over-predicted, too. ALI, 
LEG3 and LEG4 provide closer prediction of FPR than WIL and GUO models. In the second and third 
lactations, minima FPR and the days that they were reached were also over-predicted. The DIM with 
maximum FPR and maximum FPR in the second lactation were best estimated by the ALI model. In the third 
lactation, all models over-predicted the maximum FPR, and only the ALI model predicted DIM of maximum 
FPR precisely.  

Models with the random effect of cow had a better fit to the data than those with fixed effects only, as 
expected. The estimated correlation between the observed values and those estimated by various models 
oscillated between 0.67 and 0.76 for models with random effect of cow and between 0.47 and 0.52 for 
models with fixed effects only. Buttchereit et al. (2010), who modelled FPR for German cows, also obtained a 
higher estimated correlation for random regression models (0.86 - 0.88) than in fixed regression models 
(0.52 - 0.59). These authors tested the ALI, WIL, GUO, LEG3, and LEG4 models and obtained higher values 
of correlation coefficient than those presented in this study owing to the profile of data used for calculation. 
Their FPR data represented weekly measurements, whereas the current FPR data came from TD records. 
Buttchereit et al. (2010) reported that the ALI model was the most suitable for FPR and LEG4 modelled the 
lactation curve for FPR almost as well as the ALI model. It is in conformity with this study’s results. 

The lactation curves modelled with the ALI function using type I models were practically the same in 
the first and second lactations, with values about 1.4 at the beginning of the lactation, decreasing to 65 DIM 
and remaining at the level 1.21 - 1.25 to the end of lactation. Similarly, ALI curves for FPR in the first and 
second lactations presented by Buttchereit et al. (2010), with values 1.4 at the beginning of the first and 
second lactations, decreased to 80 DIM and stabilized at 1.05 - 1.10 to the end of lactation. The values of 
FPR in the third lactation of Polish Holstein-Friesians modelled by the ALI curve (1.57 at the beginning and 
about 1.35 from 80 DIM to the end of lactation) were higher than in the first and second lactations. 
Buttchereit et al. (2010) also obtained higher values in the third lactation, but the values stabilized at a lower 
level (1.15) than in Polish cows. 
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Table 5 Minimum and maximum fat-to-protein ratios and days in milk of minimum or maximum ratios 
predicted by type I models with fixed regression days in milk functions  
 

Lactation Model 

MIN MAX 

DIM FPR DIM FPR 

      

1 

ALI 141 1.21 5 1.40 

WIL 107 1.24 5 1.45 

GUO 140 1.23 5 1.48 

LEG3 139 1.21 5 1.38 

LEG4 139 1.21 5 1.39 

Observed 104 1.07 7 1.35 

2 

ALI 128 1.22 8 1.39 

WIL 144 1.24 5 1.46 

GUO 160 1.23 5 1.48 

LEG3 135 1.22 5 1.40 

LEG4 135 1.21 5 1.41 

Observed 119 1.08 8 1.34 

3 

ALI 129 1.34 9 1.57 

WIL 305 1.33 5 1.65 

GUO 185 1.33 5 1.66 

LEG3 139 1.33 5 1.57 

LEG4 140 1.32 5 1.60 

Observed 105 1.07 9 1.47 

      

MIN: minimum; MAX: maximum; FPR: fat to protein ratio; DIM: days in milk; ALI: Ali & Schaeffer; WIL: Wilmink; GUO: 
Guo & Swalve; LEG3: Legendre polynomials of the third order; LEG4: Legendre polynomials of the fourth order 

 
 
The FPR was highest at the beginning of the lactation when the metabolic load was greatest. The 

highest value of FPR in early lactation could be attributed to the negative energy balance and thus tissue 
mobilization associated with the stress of calving and peak milk production (Mokhtari et al., 2017). In early 
lactation, cows mobilize fat from body reserves to compensate for the deficiency of energy (Loker et al., 
2012). As a result, fat synthesis in the udder is increased (Buttchereit et al., 2010). Inadequate intake of 
fermentable carbohydrates leads to an insufficient protein synthesis by ruminal bacteria and decrease of 
protein content in milk (Buttchereit et al., 2010). The consequence of these processes is an increase in FPR. 
Therefore, the FPR in milk could be used as a practical criterion to identify cows that are able to overcome 
metabolic issues during early lactation. Negussie et al. (2013) explained that the increase of FPR after 
reaching the minimum could be connected to increasing energy requirements of pregnant cows to support 
milk production and foetal growth. 

The curves modelled by LEG3 and LEG4 using type I models were almost the same (Figures 3, 4, 5) 
and nearly as good as the ALI curve (Table 3). The shapes of WIL and GUO curves were slightly different 
from the ALI, LEG3 and LEG4 curves and showed an inferior fit (Table 3). Similar results were obtained by 
Buttchereit et al. (2010). 

On the other hand, Hossein-Zadeh (2016) examined seven non-linear equations to describe the 
lactation curve for FPR, namely Brody, Wood, Dhanoa, Sikka, Nelder, Rook, and Dijkstra (Brody et al., 1923; 
Sikka, 1950; Nelder, 1966; Wood, 1967; Dhanoa, 1981; Rook et al., 1993; Dijkstra et al., 1997). The 
parameters in these models described the course of lactation curves. As an example, in the model proposed 
by Wood (1967), which has been used widely to study lactation curves, there are three parameters, namely 
the scaling factor, which represents yield at the beginning of lactation, the inclining slope parameter up to 
peak yield, and the declining slope parameter. Such an interpretation cannot be applied to the parameters of 
the ALI or Legendre polynomials. Taking into account the AIC and the Bayesian information criterion (BIC), 
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Hossein-Zadeh (2016) concluded that the Dijkstra equation provided the best fit of FPR in the first three 
parities of Iranian Holsteins and the Nelder model provided the worst fit. However, the adjusted coefficient of 
determination and root mean square error were practically the same for these models. The authors observed 
FPR to be highest at the beginning of lactation, and subsequently to decrease rapidly during early lactation 
(up to about 60 DIM), which was followed by a slow increase towards the end of lactation. Only the Nelder 
model was not a U-shaped curve. The values of FPR predicted by this model decreased to the end of 
lactation. In this study, GUO and WIL curves, which provided the worst fit to the data, did not resemble a U-
shaped curve either. After decreasing at the beginning of lactation, the FPR values remained constant to the 
end of lactation. The values of FPR predicted by various curves for Iranian Holsteins (Hossein-Zadeh, 2016) 
were lower than those presented in this study: approximately 1.2 - 1.3 at the beginning of lactation and 1.0 - 
1.1 in the middle part of lactation. The usefulness of the functions proposed by Hossein-Zadeh (2016) for 
modelling fixed and random regressions in the test-day model was rather limited because of the nonlinearity 
of those functions. 

Mokhtari et al. (2017) compared the mathematical functions proposed by Wood (1967), Ali and 
Schaeffer (1987), Wilmink (1987), Rook et al. (1993), Dijkstra et al. (1997), and Narushin and Takma (2003) 
that described a pattern of changes of FPR in the first lactation of Iranian Holstein cows. Among those 
models, the Narushin-Takma function showed the best fit to the FPR data according to criteria such as 
adjusted coefficient of determination, residual standard deviation and the AIC. In opposition to Buttchereit et 
al. (2010) and the results of this study, Mokhtari et al. (2017) showed that the WIL function fitted better to 
FPR data compared with the ALI function. The Narushin-Takma function proposed by Mokhtari et al. (2017) 
is non-linear. Hence it can be used for herd management, but not necessarily for modelling fixed and random 
regressions. 

In this study, the minimum and maximum FPR were over-predicted by all models compared with the 
average daily FPR calculated directly from the data. In the first and second lactations, the ALI, LEG3 and 
LEG4 models gave a better prediction of minimum and maximum FPR compared with the GUO and WIL 
models, especially in the first and second lactations. Similarly, Hossein-Zadeh (2016) reported that the 
majority of the models analysed by him (Brody, Wood, Nelder, Rook, Dijkstra) over-predicted minimum FPR 
in the first three lactations.  

 

Conclusions 
Five mathematical functions were tested for modelling the lactation curve for FPR in the first three 

lactations of Polish Holstein-Friesian cows. Functions that contained five parameters provided a better fit for 
the FPR data than the functions with fewer parameters. The model based on the ALI curve best fit the FPR 
records and is therefore recommended for use in modelling fixed regressions in mixed models. It might also 
be used in herd management to prevent the consequences from cows having a negative energy balance, 
especially during early lactation. Choosing an appropriate function to describe lactation curve for FPR is the 
first step in carrying out further genetic analyses and incorporating this trait into breeding programmes as a 
component of an index for improving energy balance. 
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