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ABSTRACT: The notions of I-vague product of groups with membership and non-membership
functions taking values in a complete involuntary dually residuated lattice ordered semigroup are
introduced. This generalizes the notions with truth values in a complete Boolean algebra as well as
those usual vague sets whose membership and non-membership functions taking values in the unit
interval [0, 1]. We prove that if the complete involuntary dually residuated lattice ordered
semigroup is infinitely meet distributive, then the set of all I-vague normal groups of a group with

I-vague product forms a semilattice.
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INTRODUCTION

Ramakrishna and Eswarlal (2008) studied
Boolean vague sets where the vague set of the
universe X is defined by the pair of functions (t,,
fa) where t, and f, are mappings from a set X
into a Boolean algebra A satisfying the condition
ta(X)<fa(x)" for all xeX where f,(x) is the
complement of f,(x)in the Boolean algebra A.
Swamy (1965a, 1965b, 1966) introduced the
concept of a Dually Residuated Lattice Ordered
Semigroup (in short DRL -semigroup) which is a
common abstraction of Boolean algebras and
lattice ordered semigroups. The subclass of DRL -
semigroups which are bounded and involuntary
(i.e having 0 as least, 1 as greatest and satisfying
1 - (1 - x) = x) which is categorically equivalent
to the class of Mv-algebras of Chang (1958) and
well -studied offer a natural generalization of the
closed unit interval [0, 1] of real numbers as well
as Boolean algebras. Thus, the study of vague
sets (ta, f4) with values in an involuntary DRL -
semigroup (Zelalem Teshome, 2010) promises a
unified study of real valued vague sets and also
those Boolean valued vague sets.

Ramakrishna (2008) studied on a product of
vague groups by introducing the concept of
vague product. In this paper, using the definition
of I-vague groups in (Zelalem Teshome, 2011a)
and I-vague normal groups in (Zelalem Teshome,
2011b), we define and study I-vague product
where I is a complete involuntary DRL -
semigroup which generalizes the work of
Ramakrishna (2008). Throughout this paper, we

shall denote the identity element of a group G by
e.

Preliminaries

Definition 2.1: A system (A, +, <, -) is called a
dually residuated lattice ordered semigroup(in
short DRL -semigroup) if and only if
i) (A, +) is a commutative semigroup with zero
o
ii) (A, <) is a lattice such that
a+ (buc)y=@+b)u@+c) and a+ (bne)=(a+
byn(a+c) foralla, b, ce A.
iii) Given a, be A, there exists a least x in A such
that b + x2a, and we denote this x by a - b (for a
given a, b this x is uniquely determined);
iv) (a - b) W0 + b<aub for all g, be A;
v)a-a>0forallacA.

Theorem 2.2:
distributive lattice.

Any DRL-semigroup is a

Definition 2.3: A DRL -semigroup A is said to
be involuntary if there is an element 1(=0)( 0 is
the identity w.r.t. +) such that
Ha+(1-a)=1+1;

ii) 1 - (1 -a)=aforall acA.

Theorem 2.4: In DRL -semigroup with 1, 1 is
unique.

Theorem 2.5: If a DRL -semigroup contains a
least element x, then x = 0. Dually, if a DRL -
semigroup with 1 contains a largest element ¢,
then a=1.
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Throughout this paper let1 = (I, +, -, v, A, 0, 1)
be a dually residuated lattice ordered semigroup
satisfying 1- (I1-a) =afor all ae L

Lemma 2.6 Let 1 be the largest element of I. Then
fora, bel

ya+(1-a)=1.

iiyl-a=1-bsa=b.

iii) 1 - (avb) = (1- a) A (I- b).

Lemma 2.7: Let I be complete. If a, € 1 for every
aeA, then
1) 1-Vaer@a= Naea(1 — aa) .
ii) 1- Naen@a= VaEA(l - aa)~

Definition 2.8: An I-vague set A of a non-empty
set G is a pair (t4, f4) where t,: G-Il and f,: G-I
with t,(x) <1 -f4(x) for all xe G.

Definition 2.9: The interval [t,(x), 1 -f4(x)] is
called the I-vague value of xe G and denoted by
Va(x).

Definition 2.10: Let By = [a1, b1] and B, = [a, b2]
be I-vague values. We say B1 > B if and only if m
21>  and by 2b».

Definition 2.11: Let A = (t4, f4) and B = (¢tp, f3)
be I-vague sets of a set G. Ais said to be
contained in B written A cB if and only if t,(x)
<tg(x) and f,(x) 2fp(x) for all xeG. A is said to be
equal to B written as A = B if and only if A < B
and Bc A.

Definition 2.12: Let A = (t,, f;) and B = (t3, f3)
be I-vague sets of a set G.
i) Their union AUB is defined as
A U B = (taus, faur) Where ty p(x) = ta(x) vtg(x)
and fyup(x) = fa(x) Afg(x) for all xeG.
ii) Their intersection ANB is defined as
ANB = (tang, fang) Where t np(x) = ty(x) Atg(x)
and fynp(x) = fa(x) vfz(x) for all xeG.

Definition 2.13: Let B1= [a1, b1] and B, = [ay, bo]
be I-vague values. Then
i) isup{B1, B2}= [sup{as, a2}, sup{bs, ba}].
ii) iinf{B1, B2}= [inf{a1, a2}, inf{b1, b2}].

Lemma 2.14: Let A and B be I-vague sets of a
set G. Then AUB and ANB are also I-vague sets
of G.

Let xeG. From the definition of AUB and AnB
we have
i) Vaus(x) =isup {Va(x), Vs(x)};

i) Varp(x) = finf{Va(x), Vi(x)}.

Definition 2.15: Let I be complete and {A; =
(ta, fa;): i€A} be a non empty family of I-vague
sets of G. Then for each xeG.

i) isup{Vy,(x): i€A} = [Viea ta; (%), Viea(1 — f,(x))]
ii) iinf{V, (x): i€ A} = [Asea ta,(X) Aiea(1 — fa,(x))]

Definition 2.16: Let G be a group. An I-vague
set A of a group G is called an I-vague group of
Gif
i) Va(xy) 2iinf{Va(x), Va(y)} for all x, yeG.

ii) Va(x1) 2 Va(x) for all xeG.

Lemma 2.17: If A is an I-vague group of a
group G, then Va(x) = Va(x?) for all xeG.

Lemma 2.18: If A is an I-vague group of a
group G, then Va(e) = Va(x) for all xeG.

Lemma 219: A necessary and sufficient
condition for an I-vague set A of a group G is an
I-vague group of G is that Va(xy?) 2iinf{Va(x),
Va(y)} forall x, y € G.

Lemma 2.20: If A and B are I-vague groups of a
group G, then AnB is also an I-vague group of G.

Definition 2.21: Let G be a group. An I-vague
group A of G is called an I-vague normal group
of G if for all x, yeG, Va(xy) = Va(yx).

Lemma 2.22: Let A be an I-vague group of a
group G. A is an I-vague normal group of G if
and only if Va(x) = Va(yxy?) for all x, y €G.

Theorem 2.23: If A and B are I-vague normal
groups of a group G, then AnB is also an I-
vague normal group of G.

I-Vague Products

Throughout this section I is complete.

Definition 3.1: Let A = (t4, f4) and B = (t3,
fs)be I-vague sets of a group G. Then the product
of A and B, denoted A o B = (ts05, faop) is defined
as tyop(x) = suplinflty (v), tp ()): v, 2€G, x = y2)
= Vx:yz[tA(y) Atg (z)] and
faos (x) = inf{sup{fa(v), fz(2)}: v,2€G, x = yz} =
/\x:yz[fA(y) VfB (Z)]

Since x = xe = ex for all xeG, ty,gand f,,gare
defined for all xeG.
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Lemma 3.2: If A and B are I-vague sets of a
group G, then A o B is also an I-vague set of G.
Proof: Let A = (t,, f,) and B = (t5, fz)be I-vague
sets of G. Let xeG. Then t,(x) <1 - fy(x)and tg(x)
<1 - fp(x).
tAoB(x) = Vx:yz[tA(Y) Alp (Z)]
Svx:yz[(1 - fA(y)) A (1 - fB (Z))]
= Vx:yz[l - (fA(y) \4 fB(Z)]
by lemma 2.6 (iii)
=1- Ax:yz(fA(y) \% fB(Z))
=1 —f408(%).
Thus t,5(x)< 1 —f40p (x) for all xeG.
Hence the lemma follows.

Lemma 3.3: If A and B are I-vague sets of a
group G, then
Vaos(x) =isup{iinf {Va(y), Vs(z)}: v, zeG, x =
yz} for each xeG.
Proof: Let A = (t,, f,) and B = (t3, fz)be I-vague
sets of a group G.
Let xeG. Then
tAoB(x)=Vx:yz[tA(y) A tB (Z)] and
onB(x)= /\x=yz[fA(Y) Vv fp (Z)] where v, zeG.
Vaos(x) =[taop(x), 1 =faon(x)]
=[Vx:yz(tA(y) A tB (Z)),
1- /\x=yz(fA(Y) V f5(2))]
=[Vx:yz( tA(y) A tB(Z))r

\/ (- Ad - fe]

x=yz
=Vazy a) A tp (2), A= fa DA (1= f5(2)]
= isup{iinf {Va(y), Vs(2)}: y, z€G, x = yz}.
Thus Vaos(x) = isup{iinf{Va(y), Vs(2)}: y, zeG, x =
yz} for each xeG.

Example 3.4 : Let I = the positive divisors of 30
={1,2,3,5,6,10, 15, 30}
In which
xvy = The least common multiple of x and y.
xAy = The greatest common divisor of x and y.

;30
X = ?

ThenI= (L, v,A,', 1, 30) is a Boolean algebra.
Hence it is an involutary DRL-semigroup.

Consider the group G = (Z, +). Then H = (2Z, +)

and K = (3Z, +) are subgroups of G. Define the I-

vague groups A and B of G as follows:
_([15,30]ifx € H;

Val) {[5,10]0therwise.

and

Va(x) ={
Then

[15,30] ifx € K;
[5,10]otherwise.

Vaos (x) = [15, 30] for all xe G

Corollary 3.5: If a group G is abelian and A
and B are [-vague sets of G, then Ao B=B o A.
Proof: Let xeG. Then
Vaos(x)
= isup{iinf{Va(y), Vs(z)}: y, zeG, x = yz}
= isup{iinf{Vs(z), Va()}: v, zeG, x = zy}
=Vso A(x).
Thus VaoB(x)=VBoa(x) for each xe G.
Hence AoB=BoA.

Theorem 3.6: Let A and B be I-vague sets of a
group G. Then
i) A cA o Bif and only if Va(e) <V s(e).
ii) B < A o B if and only if Vp(e) <Va(e).
Proof: Let A and B be I-vague sets of G.
i) Suppose that AcA o B.
Vaos(e) = isupf{iinf{Va(x), Ve(x1)}: xeG}
=iinf{Va(e), Vs(e)}
<Vs(e)by definition 2.10.
Hence Vaos(e)<V 5(e).
Since A cA o0 B, Va(e)<Vacs(e).
Therefore Va(e) <V s(e).

Conversely, suppose that Va(e) <V p(e). Now we

prove that Va(x)<Vaos(x)for each xeG.

Vaos(x) = isupf{iinf{Va(y), Vs(2)}: y, z €G, x =

yz}

2iinf{Va(x), Vs(e)}

>iinf{Va(x), Va(e)}

= Va(x) by lemma 2.18.

Thus Va(x)<Vaos(x)for each xe G.

Therefore AcA o B.

Hence (i) holds true.

ii) Suppose that B cA o B.

B c A o B implies Vs(e)<VaoB(e).

Vaos(e) = isupfiinf{Va(x), Ve(x1)}: xeG}
=iinf{Va(e), Vs(e)}

< VA(E) .

Hence Vaos(e) < Vs(e).

Since V(e)<Vaos(e) and Vaos(e) < Va(e), it follows

that Vg(e)< Va(e).

Conversely, suppose that Vs(e) <Va(e).

Vaos(x) = isupfiinf {Va(y), Vs(2)}: v, zeG, x = yz}
>iinf {Va(e), Vs(x)}

>iinf {Vs(e), Va(x)}

= VB(x).

Hence Vp(x)<Va o s(x)for each xeG.

Therefore B cA o B. Thus (ii) holds true.

Hence the theorem follows.
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Corollary 3.7: Let A and B be I-vague sets of a
group G. Then A cAoBand Bc Ao BiffVa(e) =
VB(E).

Proof: Let A and B be l-vague sets of G.
Suppose that A cA o B and B < A o B. By
theorem 3.6, A cA o B if and only if Va(e) <V g(e).
Moreover, B ¢ A o B if and only if Vg(e) <Va(e).
Therefore A cA o Band B < A o BiffVa(e) =V
B(E).

Lemma 3.8: If A is an I-vague group of a group
G,then Ao A=A.

Proof: Let xeG. Since A is an I-vague group of
a group G,
Va(x) = Va(yz)
2iinf {Va(y), Va(z)} when ever x = yz for

y, zeG.
It follows that Va(x) 2isupfiinf{Va(y), Va(z)}: v,
zeG, x = yz}.

Hence Va(x) 2Vaoa(x). Thus A DA o A.

Vaoa(x) =isupfiinf{Va(y), Va(z)}: y, zeG, x = yz}
2iinf{Va(x), Va(e)}

= VA(X).

Thus Vaoa(x) = Va(x) for each xeG.

Hence A 0 A DA.

Therefore Ao A = A.

Example 3.9: Let I be the unit interval [0, 1] of
real numbers. Define a ®b = min {1, a + b}. With
the usual ordering (I, ®, <, -) is an involutary
DRL-semigroup.

Consider G = (Z, +) and H = (3Z, +). Let A be the
I-vague group of G defined by

1 i .
Va®) ={ (Yo, tifxet;

[o, 3/4]0therwise.
Since A be the I-vague group of G, Ao A = A.
Hence
v _{ [/, 1ifxeH;
Aoa(X) = 3 .
[o, /4]Oth€TWlS€.

Theorem 3.10: Let A be an I-vague set of a
group G. Then A is an I-vague group of G if
i) AoA=A;
if) Va(x) = Va(x?) for each xeG.
Proof: Suppose that A is an I-vague group of G.
By lemma 3.8, Ao A=A.
Moreover, Va(x)= Va(x?) for all xeG.

Conversely, suppose that A o A = A and Va(x) =
Va(x?) for each xeG.

We prove that Va(xy)2iinf{Va(x), Va(y)} for all x,
yeG.

Va(xy) = Vaoa(xy)

= isup{iinf{Va(a), Va(b)}: a, b €G, xy = ab}
2iinf{Va(x), Va(y)}by taking a = x and b = y.
Hence Va(xy) 2 iinf{Va(x),Va(y)}for all x, yeG.
Therefore A is an I-vague group of G.
Hence the theorem follows.

Definition 3.11: Let A be an I-vague group of a
group G. A is said to be the I-vague group of G
generated by an I-vague set B ¢ A if A is the
smallest I-vague group of G containing B.

Theorem 3.12: Let A and B be I-vague groups
of a group G with Va(e) = Vs(e). If A o B is an I-
vague group of G, then the I-vague product A o
B is the I-vague group of G generated by A U B.

Proof: Suppose that A o B is an I-vague group
of G and Va(e) = Vs(e). Since Va(e) = Vg(e), it
follows that A cA o Band B c A o B by corollary
3.7. Therefore, A o B is an I-vague group of G
containing both A and B. Let C be an I-vague
group of G containing A and B. Then, A c C and
BcC.

Let xeG. Then

Vaos(x)=isupfiinf{Va(y), Vs(z)}: y, zeG, x = yz}
<isup{iinf {Vc(y), Vc(2)}: v, z€G, x = yz}
=Vcoc(x)

= Vc(x).

Thus Vao(x )< Vc(x) for each xeG.

Therefore A o B < C.

Hence the theorem follows.

Example 3.13: Let I be the unit interval [0, 1] of
real numbers. Define a ®b = min {1, a + b}. With
the usual ordering (I, ®, <, -) is an involutary
DRL-semigroup. Consider G = (Z, +) and H = (3Z,
+). Define the I-vague groups A and B of G as
follows:

" [/, 1ifxeH;
[o, 1/4]otherwise.

[1/,. 1] ifxeH;

[1/4 , 1/3]0therwise.

Va(x and

VB(X) =

Hence
[1/,. 1] ifxeH;

Vaor) [[1/4,1/3]0therwise.

A and B be I-vague groups of the group Z with
Va(e) = Vs(e). Moreover, A o B is an I-vague
group of G. Hence the I-vague product A o B is
the I-vague group of G generated by A U B.

Theorem 3.14: Let A and B be I-vague groups
of a group G. If A or B is an I-vague normal
group of G, then AoB=Bo A.
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Proof: Let A and B be I-vague groups of G.
Suppose that A is an I-vague normal group of G.
We prove that Vaos(x)= Vs o a(x)for each xeG.
Let xeG. Then

Vaos(x) = isupf{iinf{Va(y), Vs(2)}: y, zeG, x =

yz)

= isup{iinf{Va(zlyz), Vs(2)}: y, zeG, x = yz}

= isup{iinf{Vs(z), Va(zy2)}: y, zeG, x = yz }

Set z' =zyz. Then zz' = yz.

Vaos(x) = isupfiinf {Vs(z), Va(z'lyz)}: y, zeG, x

= y2)

= isup{iinf{Vs(z),Va(z')}:y,z, 2' €G,z2'=yz = x}

= isup{iinf {Vs(z), Va(z")}: v, z, 2’ € G, x = zz'}

= VB oa(x) by definition

Thus Vaos(x) = Vo a(x) for each xe G.

Therefore Ao B=Bo A.

Similarly, suppose that B is an I-vague normal
group of G. By the above we have Bo A= A o B.
Hence the theorem follows.

Remark: If G is an abelian group and A and B
are I-vague groups of G, then A and B are I-
vague normal groups of G.

Hence AoB=BoA.

Theorem 3.15: If I is infinitely meet distributive,
then the product of I-vague sets of a group G is
associative.

Proof: Let A = (t4, f4), B = (tz, fz) and C = (t¢,
fc) be I-vague sets of G. We prove that
V(A o0Bpoc(*)=Vao@oc)x)for each x € G.

Let xe G. Then,
V(o Boc(x) = isup{iinf{Vaes(y), Vc(2)}: v, zeG, x =
yzl

=isup{iinf{isup{iinf{Va (u), Vs(v)}: u, veG, y
=uv}, Ve(2)}: y, zeG, x = yz}

=isup{iinf{ [Vy=uv( ta(w) Atp(v), Vy:uv((l -
fa@AQA=fp)] [tcz), 1 - fc(2)], x = yz)
=[Vx:yz{ Vy:uv(tA W) Atg (V)) A
tC(Z)}/Vx:yz{ Vy:uv ((1 - fA(u)) AN1—fp (17)) A
A - fe@)
=[Vr=up tA(u)/\{Vp=vz(tB (W) Atc (Z))}/
fa)MVp=pz((1 = f5(v)) A
(1- fe(2)}]
=Vao®oo)(x)
Hence V(a o Bjoc(¥)=Vao B0 c)(x)for each xe G.
Therefore (AoB)oC=Ao0(BoC).

vx:up(1 -

Theorem 3.16: Let I be infinitely meet
distributive. Let A and B be I-vague groups of a
group G. Then AoB=Bo Aif AoBisanl-
vague group of G.

Proof: Let A and B be I-vague groups of G.
Suppose that AoB=Bo A,
To show that A o B is an I-vague group of G, we
check
i) AoB=(A oB)o(AoB)
ii) Vao(x)= Vo a(x?1)for each xe G.
i) Since A and B be I-vague groups of G, Ao A =
Aand BoB=B.
AoB=(AoA)o (BoB)
=Ao[Ao(BoB)]
=Ao[(AoB)oB)]
=Ao[(BoA)oB]
=Ao[Bo(AoB)]
=(AoB)o(AoB)
This completes the proof of (i)

To prove (ii) let xe G. Then
Vaos(x) = isupfiinf{Va(y), Vs(2)}: y, zeG, x =
vz}
= isup{iinf{Va(y),Ve(2)}:y1,z1€G, x1 = z1y1 }
= isup{iinf{Vs(z),Va(y)}: y1, z1eGx1 = z7ly1 }
= isup{iinf{Vs(z1),Va(y )}y, z1eGx1= z1y1 }
= Voa(x1)by definition.
Therefore Vaos(x)= Voa(x?) for each xe G.
Since A o B = B o A by our assumption,
Vaos(x1)=Vgoa(x?) for each xe G.
It follows that Va o 8(x)=Vaos(x1)for each xe G.
By theorem 3.10, A o B is an I-vague group of G.

Conversely, suppose that A o B is an I-vague

group of G.
We prove that Va o 8(x)=Vs, a(x)for each xe G.
VaoB(x) = Vaos(x?)

= isup{iinf{Va(y), Vs(2)}: y, zeG, x 1= yz}

= isup{iinf{Va(y?), Ve(z)}: y, zeG, x = zy1}

= isup{iinf{Vs(z1), Va(y)}:yl, z1eG, x=z1y1}
= VBoa(¥)
Hence Vao8(X)=Vgo a(x)for each xe G.
Therefore Ao B=BoA.

Corollary 3.17: Let 1 be infinitely meet
distributive. Let A and B be I-vague groups of a
group G. If either A or B is an I-vague normal
group of G, then A o B is an I-vague group of G.

Proof: If either A or B is an I-vague normal
group of G, then A o B =B o A by theorem 3.14.
By theorem 3.16, A o B is an I-vague group of G.

Theorem 3.18: Let 1 be infinitely meet
distributive. If A and B be I-vague normal groups
of a group G, then A o B is an I-vague normal
group of G.
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Proof: Let A and B be I-vague normal groups of
G. By corollary 3.17,A o B is an I-vague group of
G. Now we show that Va o 8(x)=Va o s(yxy)for all
x, ye G.

Vao B(x)= isup{iinf{VA(p), Vs
pq}

= isup{iinf{Va(y'py), Vs(y'qy)}: p, 4,y €G,
x =pq}

= isupliinf {Va(y'py), Ve(y'qy)}: p, 0,y €G,
vy =y'py ylqy}
= Vaon(y'xy)
Thus Vaos(x)=Vaos(ylxy)for all x, ye G.
Hence A o B is an I-vague normal group of G.

@} p, qeG, x =

Corollary 3.19: Let Ni(G) be the set of all I-
vague normal groups of a group G. If I is
infinitely meet distributive, then (Ni(G), o) is a
semi lattice.

Proof: Let A, B and CeNyG). Then A o B
eNi(G) by theorem 3.18. By lemma 3.8, Ao A =
A. By theorem 3.14, Ao B=B o A.

Moreover, A o (B o C) =(A o B) o C by theorem
3.15. Therefore (Ni(G), o) is a semi lattice.

Theorem 3.20: Let I be infinitely meet
distributive and A, B and C be I-vague groups of
agroup G. If Ac C, then
Ao(BnC)=Cn (AoB).

Proof: Let A, B and C be I-vague groups of a
group G. Suppose that A c C.

We prove that A o (B~ C) =C n (A o B).
Step 1: First we prove that
Ao(BnC)cCn(AoB).
Let xeG. Then
VCQ(AO B)(X)= iil’lf{Vc(x), VAOB(X)}

=1inf{Vc(x), isup{iinf{Va(y), Vs(2)}: y, zeG,
x=yz}}
=iinf{Vc(yz), isup{iinf{Va(y), Vs
x=yz}}
= isupf{iinf{Vc(yz), iinf{Va(y), Vs(2)}}: y, zeG,
x=yz}

@y, zeG,

>ISUP{1 nfiinf{Ve(y), Ve(@)} inf{Va(y),
Ve(2)}): y, 2€G, x=yz}
=isup{iinf{iinf{Vc(y),Va(y)} inf{Vc(z),

Ve(2)}}1y, zeG, x=yz}
=isup{iinf{Va(y), iinf{Vc(z), Vs(2)}}: v, z€G,
x=yz} since A c C.
= isup{iinf{Va(y), Vs~c(2)}: y, ze G, x=yz}
= Vao @~0)(x) by definition
Hence Va o ®~0)(x) £ Vcros)(x) for all xeG.
Therefore A o (BN C) cC n (A o B).

Step 2. Now we prove that
Cn(AoB)cAo(Bn Q)

Let xeG. Then
Vao@~o)(x) = isupf{iinf{Va(y), Ve~c(2)}: v, zeG,
x=yz}
=isup{iinf{Va(y), iinf{Vs(z),
x=yz }
=isupf{iinf{Va(y),iinf{Vs(z), Vc(y'x)}}: v, zeG,
2=y}
>isup{iinf{Va(y), iinf{Vs(z), iinf{V¢(
1, zeG, z= yIx}
=isup{iinf{iinf{Va(y),Ve(
zeG, x=yz}
=isup{iinf{iinf{Va(y)},Vc(y)},

iinf{Vs(z),Vc(¥)}}: y, zeG, x= yz}

= isup{iinf{Va(y), iinf{Vs(z),Vc
x=yz} since A ¢ C

=isup{iinf{Vc(x), iinf{Va(y),Vs(z)}}: y,z€G,
x=yz}

=iinf{Vc(x), isup{iinf{Va(y),Vs
x=yz})
= iiI‘If{Vc(x), VAOB(X)}

=Vcn(a0B)(X)
Thus VenaaoB)(X) £ Vao eao)(x) for eachxeG.
Hence C " (A o B)cA o (BN C).
From step (1) and step (2), we have
Ao(BnC=Cn(AoB).
Hence the theorem follows.

Vc(@)1}:y, zeG,

Y1), Ve@itk: y

yH}, iinf{Ve(2), Ve(@)}): v,

Oty zeG,

@)}y, zeG,

Notation: Let N(G) denotes the set of all I-
vague normal groups of a group G whose I-
vague values at e are equal. Then we have the
following corollary.

Corollary 3.21: If I is infinitely meet
distributive, then (N(G), <) is a modular lattice.
Proof: We prove that (N(G), <) is a modular
lattice.
Let A, B, CeNp(G).
First we show that AnB, A o BeNr(G).
AnB is an I-vague normal group of G by theorem
2.23. Moreover, A o B is an I-vague normal group
of G by theorem 3.18.
Since A, BeNL(G), Va(e) = Va(e).
Van5(e) = iinf{Va(e),Vi(e)}= Va(e)
AMB € Ni(G).
Vaos(e) = isupfiinf{Va(x),Vs(x1): xeG}
=iinf{Va(e),Vs(e)}
= Va©)
Hence A o0 B € Ni(G).

= Vg(e). Hence

Consider (Ni(G), ©). It is a lattice where
Av B = A o B by theorem 3.12 and
AAB=AnNB.
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A c C implies A o( BN C)=C n (A o B) by
theorem 3.20.
Hence (Ni(G), <) is a modular lattice.
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