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ABSTRACT: Given a right near ring N, an additive mapping D:N −→ N is said to be a derivation

on N, if D(xy) = D(x)y + xD(y) for all x, y ∈N and an additive mapping F : N −→ N satisfying

F (xy) = F (x)y + xD(y) for all x, y ∈N, is called generalized derivation on N associated with the

derivation D. The aim of this paper is to study the commutativity of a near-ring using some properties

of generalized derivations on the given near-ring and we proved the following results. (a) The

commutativity of 3-torsion free prime near-ring N with a generalized derivation F associated with

non-zero idempotent derivation D on N satisfying the conditions F 2[x, y]− [x, y] = 0 for all x, y ∈ N

and F 2(xoy) − (xoy) = 0 for all x, y ∈ N and (b) commutativity of 5-torsion free prime near ring

N with a generalized derivation F associated with non-zero idempotent derivation D on N satisfying

the conditions F 2[x, y] + [x, y] = 0 for all x, y ∈ N and F 2(xoy) + (xoy) = 0 for all x, y ∈ N are

proved in this article. These results may help us to study more about the commutativity of general

near-rings.

Keywords/phrases: commutativity, derivation, 5-torsion free, generalized derivation,
near-ring, prime near-ring, 3-torsion free.

Introduction

Posner (1957) started to study about deriva-
tions in rings and proved the existence of a non-
zero centralizing derivation on a prime ring that
forces the given ring to be commutative. Since
then, several authors have studied about deriva-
tions on rings (see Bell and Kappe (1989) and
Rahman (2002)) and Bell and Daif (1985) stud-
ied about the derivations and commutativity of
prime rings. Bell (1997) studied about deriva-
tions in near-rings and Jamal (2008) in his MPhil
Thesis studied about derivations in near-rings.
The idea of generalized derivation on rings was
introduced by Hvala (1998) and several authors
have studied about generalized derivations in
near-rings and prime near-rings and commuta-
tivity of near-rings using generalized derivations
(see Gölbaşi (2006), Boua and Oukhtite (2011),

Ali et al. (2013), Khan Hasnain (2013) and also
Satyanarayana and Prasad (2013)). Boua et al.
(2018) also studied about derivations and gen-
eralized derivations satisfying certain differential
identities on Jordan ideals and Lie ideals of 3-
prime near-rings. The commutativity of a 2,3 –
torsion free prime near ring N which admits a
generalized derivation F with some conditions on
F was proved by Reddy et al. (2016).

In this paper, N will denote a zero sym-
metric right abelian near-ring and Z(N) denotes
a multiplicative center for N. For all x, y ∈ N as
usual [x, y] = xy − yx, called the Lie product of
x and y and also xoy = xy + yx, called Jordan
product of x and y. A near-ring N is called prime,
if xNy = {xny : n ∈ N} = {0} for x, y ∈ N ,
then x = 0 or y = 0. We refer to Satyanarayana
and Prasad (2013) for the basic definitions and
properties of near-ring.

∗Author to whom correspondence should be addressed.
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An additive mapping D:N−→N is called a
derivation of N if D(xy) = xD(y) +D(x)y holds
for all x, y ∈N and an additive mapping F:N−→N
is said to be

(1) a right generalized derivation associated with
a derivation D of N if F (xy) = F (x)y+xD(y)

and
(2) a left generalized derivation associated with a

derivation D of N if F (xy) = xF (y)+D(x)y.

A generalized derivation F is a generalized
derivation associated with a derivation D if it is
a right as well as a left generalized derivation as-
sociated with a derivation D.

The purpose of this work is to prove some
results about the commutativity of near-rings
using conditions on generalized derivations of
near-rings that are proposed by Khan and Has-
nain (2013).

Preliminaries

For the purpose of our works, let us start our
discussions by giving formal definitions of near-
rings, derivations of near-rings and generalized
derivations on near-rings. Detail works and some
results can be found in the works of several au-
thors and some of these are: Gölbaşi (2006),
Boua and Oukhtite (2011), Ali et al. (2013),
Khan and Hasnain (2013) and Satyanarayana
and Prasad (2013).

The following definition is Definition 2.1.1
in Satyanarayana and Prasad (2013).

Definition 1. A non-empty set N together with
two binary operations ′′+′′, called addition and
′′.′′, called multiplication, is said to be a right
(resp. left) near-ring if it satisfies the following.

(1) (N,+) is a group;
(2) (N, .) is a semigroup and
(3) ′′.′′ is right (resp. left) distributive over ′′+′′,

that is, for all x, y, z ∈ N, (x+ y)z = xz+ yz

(resp. x(y+ z) = xy+ xz for all x, y, z ∈ N..

In our discussions, by a near-ring we mean
right near-ring, unless stated otherwise. Now, let

us define different types of near-rings and study
their properties.

The following definitions are Definition
2.1.10 and Definition 2.1.13 in Satyanarayana
and Prasad (2013).

Definition 2. Let (N,+, .) be a near-ring. Then
N is said to be

(a) prime, if nNm = {0} for n,m ∈N, then n = 0

or m = 0, where nNm = {ntm : t ∈ N};
(b) abelian, if n+m = m+ n for all n,m ∈ N .
(c) an n−torsion free for some positive integer n,

if nt = 0 for t ∈ N , then t = 0.
(d) The set N0 = {n ∈ N : n0 = 0} is called the

zero-symmetric part of N and a near-ring N is
called a zero symmetric near ring, if N0 = N.

Theorem 1. Let (N,+, .) be a near-ring with
identity. If n(−1) = −n for all n ∈N, then (N,+)

is abelian.

Proof. Let (N,+,.) be a near-ring with identity
1. Suppose n(−1) = −n for all n ∈ N . We want
to show that for any n,m ∈ N , n+m = m+ n.
Let n,m ∈ N . Then n + m −m − n = 0. This
implies (n+m) + (m(−1) + n(−1)) = 0.
By the same reasoning, we then have that

(n+m) + (m+ n)(−1) = 0

and hence (n +m) − (m + n) = 0. This implies
n+m = m+ n and then N is abelian.

Our main objective in this article is to
study about the commutativity of near-rings by
using generalized derivations. For these pur-
poses, let us revise some concepts about deriva-
tions and generalized derivations on near-rings.

Derivations in Near-Rings.
Some basic results concerning the study of

derivations in near-rings can be obtained from
the results studied in the works by Gölbaşi (2006)
and Jamal (2008).

Definition 3. Let (N,+, .) be a near-ring. An
additive mapping D:N−→N is said to be a deriva-
tion on N if D(xy) = D(x)y + xD(y) for all
x, y ∈N and a derivation D is called an idem-
potent derivation if D2 = D
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Definition 4. Let (N,+, .) be near ring. The
set {x ∈ N : xn = nx for all n ∈ N} is called the
center of N denoted by Z(N).

The following are results that are proved
by several authors about commutativity of near-
rings and derivations on near-rings.

Lemma 1 (Ali et al. (2013), Lemma 1). Let
(N,+, .) be a prime near ring. If N admits a
non-zero derivation D for which D(N) ⊆ Z(N),
then N is a commutative ring.

Theorem 2 (Gölbaşi (2006), Lemma 3). Let
(N,+, .) be a prime near-ring. If N admits a
non zero derivation D such that for all x, y ∈ N ,
D([x, y]) = 0, then N commutative.

Theorem 3 (Gölbaşi (2006), Theorem 1). Let
(N,+, .) be prime near-ring which admits a
nonzero derivation D. Then the following asser-
tions are equivalent.

(i) D[x, y] = [D(x), y] for all x, y ∈ N.
(ii) [D(x), y] = [x, y] for all x, y ∈ N .
(iii) N is a commutative ring.

Theorem 4 (Rahman (2002), Theorem 2). Let
(N,+, .) be a 2-torsion free prime near-ring which
admits a non-zero derivation D. Then the follow-
ing assertion are equivalent.

(i) D([x, y]) ∈ Z(N) for all x, y ∈ N .
(ii) N is a commutative ring .

Lemma 2 (Rahman (2002), Lemma 2.2). Let
(N,+, .) be a prime near-ring.

(i) If z ∈ Z(N)\{0}, then z is not a zero divisor.
(ii) If Z(N) contains a non-zero element z for

which z + z ∈ Z(N), then (N,+) is abelian.
(iii) Let D be a non-zero derivation on N. Then

xD(N)= {0} implies x = 0 and D(N)x = {0}
implies x = 0.

(iv) If N is 2-torsion free and D is a derivation on
N such that D2 = 0, then D = 0.

Generalized Derivations and Commutativ-
ity of Prime Near-Rings.

The concept of generalized derivation was
introduced in Hvala (1998). In this section N will
denote a zero symmetric abelian near-ring.

Definition 5. Let (N,+,.) be a near-ring. An
additive mapping F:N−→N is said to be

(a) a right generalized derivation associated with
a derivation D, if there exists a derivation D
on N and F (xy) = F (x)y + xD(y) for all
x, y ∈N.

(b) a left generalized derivation associated with
derivation D, if there exists a derivation D
on N and F (xy) = xF (y) + D(x)y for all
x, y ∈ N.

(c) a generalized derivation associated with a
derivation D, if there exists a derivation D
on N and F is both right and left generalized
derivation associated with the derivation D.

Definition 6. Let (N,+,.) be a near-ring. An
additive mapping g:N−→N satisfying g(xy) =

g(x)y is called left multiplier and every left mul-
tiplier is a generalized derivation.

In the following two lemmas, we give some
basic properties of derivations and generalized
derivations on near rings which we will use them
in our proofs of the main results of this article.

Lemma 3. Let (N,+, .) be a prime near-ring
and D be a derivation of N . Then for all x, y ∈N,
(a) if D([x, y]) = [x, y], then D([x, yx]) = D([x, y])x;
(b) If D(xoy) = xoy, then D(xo(yx)) = D(xoy)x.

Proof. Let us prove (a) and then (b) can be
proved similarly.

Suppose D([x, y]) = [x, y] for x, y ∈ N .
By definition, D([x, yx]) = x(yx) − (yx)x. This
implies (xy)x − (yx)x = (xy − yx)x. Then
D([x, yx]) = [x, y]x = D([x, y])x.

Lemma 4. Let (N,+, .) be a near-ring and F be
a generalized derivation associated with a deriva-
tion D of N . Then for all x, y ∈ N ,

(a) if F ([x, y]) = [x, y], then F ([x, yx]) = F ([x, y])x;
(b) if F (xoy) = xoy, then F (xo(yx)) = F (xoy)x.

Proof. Let us prove (a) and then (b) can be
proved similarly.

Suppose F ([x, y]) = [x, y] for x, y ∈ N .
By definition, F ([x, yx]) = x(yx) − (yx)x. This
implies (xy)x − (yx)x = (xy − yx)x and hence
F ([x, yx]) = [x, y]x = F ([x, y])x.
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In order to prove our main results in this
article, we will make extensive use of the follow-
ing results obtained from the studies by Jamal
(2008) and also results obtained from the studies
by Khan and Hasnian (2013).

Definition 7. Let (N,+, .) be a near-ring a
nonempty subset U of N is called a semigroup
right ideal (respectively semigroup left ideal) of
N if UN ⊂ U (respectively NU ⊂ U).

Remark 1. Let (N,+, .) be a near-ring. A
nonempty subset U of N is called a semigroup
ideal if it is both a semigroup right ideal and a
semigroup left ideal.

Lemma 5 (Khan and Hasnian(2013), Lemma
B). Let (N,+, .) be a prime near-ring and U 6=
{0} be a semigroup ideal of N . If U ⊆ Z(N),
then N is commutative.

Lemma 6 (Khan and Hasnian (2013), Lemma
C). Let (N,+, .) be a prime near-ring and let
U 6= {0} be a semigroup ideal of N . If m ∈ N

such that mU = 0 or Um = 0, then m = 0.

Lemma 7 (Jamal (2008), Lemma 3). Let
(N,+, .) be a prime near-ring and let U 6= {0}
be a semigroup ideal of N . If n,m are elements
of N such that mUn = 0 , then m = 0 or n = 0.

Lemma 8 (Khan and Hasnian (2013), Lemma
D). Let (N,+, .) be a prime near-ring and U 6=
{0} a semigroup ideal of N . If D is a derivation
on N such that D(U) = 0, then D = 0.

Lemma 9 (Khan and Hasnian (2013)). Let
(N,+, .) be a prime near-ring, U6= {0} be a semi-
group ideal of N and F be a non-zero general-
ized derivation such that F is left multiplier. If
F (x) = x for all x ∈U then F (n) = n for all
n ∈N.

Theorem 5 (Khan and Hasnian(2013)). Let
(N,+, .) be a non-commutative prime near-ring,
U be a non-zero semigroup ideal of N and F 6= 0

be a generalized derivation associated with D. If
F [x, y]− [x, y] = 0 for all x, y ∈ U , then F is the
identity mapping on N.

Corollary 1 (Khan and Hasnian (2013)). Let
(N,+, .) is a prime near-ring.

(a) Let U be a nonzero semigroup ideal of N . If
N admits a generalized derivation F associ-
ated with a derivation D such that F [x, y]−
[x, y] = 0 for all x, y ∈ U , then N is commu-
tative or F is identity map.

(b) If N admits a generalized derivation F asso-
ciated with a nonzero derivation D such that
F [x, y]− [x, y] = 0 for all x, y ∈ N , then N is
commutative.

Theorem 6 (Khan and Hasnian (2013)). Let
(N,+, .) be a non commutative prime near-ring,
U be a nonzero semigroup ideal of N and F 6= 0

a generalized derivation associated with a deriva-
tion D on N such that F [x, y] + [x, y] = 0 for all
x, y ∈ U , then F (n) = −n for all n ∈ N .

Corollary 2 (Khan and Hasnian (2013)).

(i) Suppose (N,+, .) is a prime near-ring and U

a nonzero semigroup ideal of N . If N admits
a generalized derivation F associated with a
derivation D on N such that F [x, y]+[x, y] =

0 for all x, y ∈U , then N is commutative or
F (n) = −n.

(ii) Suppose (N,+, .) is a prime near-ring and If
N admits a generalized derivation F associ-
ated with D 6= 0 such that F [x, y]+[x, y] = 0

for all x, y ∈ N ,then N is commutative.

Theorem 7 (Khan and Hasnian (2013), Theo-
rem 3). Let (N,+, .) be a noncommutative prime
near-ring, U be a nonzero semigroup ideal of N
and F 6= 0 a generalized derivation associated
with D of N . If n(−1) = −n for all n ∈ N and
F (xoy) − (xoy) = 0 for all x, y ∈ U , then F is
identity map.

The following results are about the com-
mutativity of near-rings involving generalized
derivations satisfying certain conditions they can
be proved using Theorem 7.

Corollary 3 (Khan and Hasnian (2013)). Let
(N,+, .) is a prime near-ring.

(a) Let U be a nonzero semigroup ideal of N. If N
admits a generalized derivation F associated
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with D such that n(−1) = −n for all n ∈N
and F (xoy)− (xoy) = 0 for all x, y ∈U, then
N is commutative or F is an identity map.

(b) Let F be a generalized derivation on N as-
sociated with a non-zero derivation D on N
such that n(−1) = −n for all n ∈N and
F (xoy) − (xoy) = 0 for all x, y ∈N. Then
N is commutative.

Theorem 8 (Khan and Hasnian (2013)). Let
(N,+, .) be a non-commutative prime near-ring,
U be a nonzero semigroup ideal of N and F 6= 0 a
generalized derivation associated with D of N . If
n(−1) = −n for all n ∈ N and F (xoy)+ (xoy) =

0 for all x, y ∈ U , then F (n) = −n for all n ∈ N .

The following results are about the com-
mutativity of near-rings involving generalized
derivations satisfying certain conditions they can
be proved using Theorem 8.

Corollary 4 (Khan and Hasnian (2013)). Let
(N,+, .) be a prime near-ring.

(a) If U is a non-zero semigroup ideal of N and
if N admits a generalized derivation F asso-
ciated with D such that n(−1) = −n for all
n ∈N and F (xoy)+ (xoy) = 0 for all x, y ∈U,
then N is commutative or F (n) = −n for all
n ∈N.

(b) If N admits a generalized derivation F asso-
ciated with D 6= 0 such that n(−1) = −n for
all n ∈ N and F (xoy) + (xoy) = 0 for all
x, y ∈ N , then N is commutative.

Main Results

In this section, the main results of this article
are given and these results are based on the re-
sults in Khan and Hasnain (2013) about the com-
mutativity of near-rings involving powers of gen-
eralized derivations associated with idempotent
derivations.

Theorem 9. Let (N,+, .) be 3-torsion free prime
near-ring with a generalized derivation F associ-
ated with a non-zero idempotent derivation D of
N. If F 2[x, y] − [x, y] = 0 for all x, y ∈ N , then
N is commutative.

Proof. Let (N,+, .) be a 3-torsion free prime
near-ring which admits a generalized derivation F
associated with a nonzero idempotent derivation
D of N.

Suppose F 2[x, y] = [x, y] for x, y ∈ N .
Now, replacing y by yx gives us

F 2[x, yx] = F 2[x, y]x, (0.1)

since [x, yx] = [x, y]x and from the right side of
Equation (0.1) we have

F 2[x, yx] = F 2[x, y]x+ F [x, y]D(x) (0.2)

+F [x, y]D(x) + [x, y]D2(x).

Using the relation F 2[x, yx] = F 2[x, y]x

and Equation (0.2), we have the identity.

F [x, y]D(x) + F [x, y]D(x) + [x, y]D2(x) = 0. (0.3)

On the other hand, the derivation D is
idempotent, which implies that Equation (0.3)
becomes F [x, y]D(x)+F [x, y]D(x)+[x, y]D(x) =

0 and using the right distributive property of
multiplication on addition we have the following
equation.

(F [x, y] + F [x, y] + [x, y])D(x) = 0 (0.4)

Applying F on both sides of Equation
(0.4), since D is idempotent and using Equation
(0.4) once again, we have the identity,

[x, y]D(x) + [x, y]D(x) + F [x, y]D(x) = 0. (0.5)

Now, equating Equation (0.4) with
Equation(0.5) and simplifying the resulting ex-
pression, we have the following expression,

F [x, y]D(x)− [x, y]D(x) = 0 for all x, y ∈ N. (0.6)

Now, equating Equations (0.5) and (0.6)
since both of them are equal to zero for all
x, y ∈ N and simplifying the expression gives us
3[x, y]D(x) = 0. But from our assumption, N is
a 3-torsion free prime near ring. This implies
[x, y]D(x) = 0 and thus

xyD(x) = yxD(x). (0.7)

Now replacing y by yz in Equation (0.7)
gives us xyzD(x) = yzxD(x) = yxzD(x) and
hence [x, y]zD(x) = 0 for all x, y, z ∈ N. That is,
[x, y]ND(x) = 0 for all x, y ∈N.

From the primeness of N and because D is
a non-zero derivation on N, we have [x, y] = 0 for
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all x, y ∈ N and hence xy = yx for all x, y ∈ N.

That is, N is commutative and this completes the
proof of the theorem.

Theorem 10. Let (N,+, .) be a 3-torsion free
prime near-ring with identity with a generalized
derivation F associated with non-zero idempo-
tent derivation D. If n(−1) = −n for all n ∈ N

and F 2(xoy) − (xoy) = 0 for all x, y ∈ N , then
N is commutative.

Proof. Let (N,+, .) be a 3-torsion free prime
near-ring with identity and F be generalized
derivation associated with non-zero idempotent
derivation D on N .

Suppose F 2(xoy)− (xoy) = 0 for all x, y ∈
N , that is, F 2(xoy) = (xoy).

Now, if we replace y by yx, then we get
F 2(xo(yx)) = (xoy)x.

On the other hand,

F 2(xoyx) = F 2(xoy)x

+F (xoy)D(x) (0.8)

+F (xoy)D(x)

+(xoy)D2(x)

and since D is idempotent, we have
F(xoy)D(x)+F(xoy)D(x)+(xoy)D(x) = 0.

By right distributivity of multiplication on
addition we have,

(F (xoy) + F (xoy) + (xoy))D(x) = 0. (0.9)

Applying F on Equation (0.9) and since
D is idempotent and using the assumption, that
F 2(xoy) = xoy, we can easily get

((xoy) + (xoy) + F (xoy))D(x) +

(F (xoy) + F (xoy) + (xoy))D(x) = 0.

Substituting identity in Equation (0.9) in
this equation gives us the identity

((xoy) + (xoy) + F (xoy))D(x) = 0. (0.10)

Since both Equation (0.9) and Equa-
tion (0.10) are identities for all x, y ∈ N , after
equating these equations and simplifying, for all
x, y ∈ N one can get

F (xoy)D(x)− (xoy)D(x) = 0. (0.11)

Similarly, both Equation (0.10) and Equa-
tion (0.11) are identities for all x, y ∈ N , equating
these equations and simplifying we can get

[(xoy) + (xoy) + (xoy)]D(x) = 3(xoy)D(x) = 0

for all x, y ∈ N. By assumption, N is a 3-torsion
free prime near-ring. This implies (xoy)D(x) =

0, that is,

xyD(x) = −yxD(x). (0.12)

Replacing y by yz in Equation (0.12) and
using the assumption that n(−1) = −n for all
n ∈ N , we have xyzD(x) = −yzxD(x) =

yxzD(x) and hence [x, y]zD(x) = 0 for x, y, z ∈
N. This implies [x, y]ND(x) = 0 for x, y ∈ N.

By the primeness of N and since D is a non-
zero derivation on N, we have [x, y] = 0 for all
x, y ∈ N. That is xy = yx for all x, y ∈ N and
hence N is commutative.

The next results are on the commutativity
of 5-torsion free prime near-rings.

Theorem 11. Let (N,+, .) be a 5-torsion free
prime near-ring with a generalized derivation F

associated with non-zero idempotent derivation
D. If F 2[x, y] + [x, y] = 0 for all x, y ∈ N , then
N is commutative.

Proof. Let (N,+, .) be a 5-torsion free prime
near-ring and F be a generalized derivation on
N associated with a non-zero idempotent deriva-
tion D.
Suppose F 2[x, y] = −[x, y] for x, y ∈ N . Now,
since [x, yx] = [x, y]x), replacing y by yx gives us

F 2[x, yx] = −[x, y]x, (0.13)

and we also have that

F 2[x, yx] = F 2[x, y]x+ F [x, y]D(x)

+F [x, y]D(x) + [x, y]D2(x)

and D idempotent. This implies,

(F [x, y] + F [x, y] + [x, y])D(x) = 0. (0.14)

Applying F on both sides of Equation
(0.14), using the assumption F 2[x, y] = −[x, y]
we get the following.

(−[x, y]− [x, y] + F [x, y])D(x) +

(F [x, y] + F [x, y] + [x, y])D2(x) = 0. (0.15)
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But D is idempotent and using Equation
(0.14), we have the identity

(−[x, y]− [x, y] + F [x, y])D(x) = 0,

which implies

F [x, y]D(x) = ([x, y] + [x, y])D(x). (0.16)

Applying F on both sides of Equation
(0.16), D is idempotent and F 2[x, y] = −[x, y]
and also simplifying these expressions give us

F [x, y]D(x) = [x, y]D(x)− [x, y]D(x)

−[x, y]D(x). (0.17)

Equating Equation (0.16) and Equation
(0.17) and simplifying the given equation, we can
get the following equation

5[x, y]D(x) = 0 for all x, y ∈ N. (0.18)

Since N is a 5-torsion free near-ring, we
have that [x, y]D(x) = 0, which implies

xyD(x) = yxD(x). (0.19)

Now, replacing y by yz in Equation (0.19)
gives us xyzD(x) = yzxD(x). Again by us-
ing Equation (0.19) we have that xyzD(x) =

yxzD(x) which implies that

[x, y]zD(x) = 0 for all x, y, z ∈ N.

This implies [x, y]ND(x) = 0 for all x, y ∈
N. From the primeness of N and since D is
a non-zero derivation on N, we have [x, y] =

0 for all x, y ∈ N and hence xy = yx for all
x, y ∈ N. That is, N is commutative and this
completes the proof of the theorem.

Theorem 12. Let (N,+, .) be a 5-torsion free
prime near-ring with identity and F be a gener-
alized derivation on N associated with non-zero
idempotent derivation D. If n(−1) = −n for all
n ∈ N and F 2(xoy) + (xoy) = 0 for all x, y ∈ N ,
then N is commutative.

Proof. Let N be a 5-torsion free prime near-
ring, F be a generalized derivation on N asso-
ciated with non-zero idempotent derivation D of
N. Now, let us suppose F 2(xoy) + (xoy) = 0 for
all x, y ∈ N . Then F 2(xoy) = −(xoy). If we re-
place y by yx, we get F 2(xo(yx)) = −(xoy)x. On

the other hand, D is idempotent and we have

F 2((xoy)x) = −(xoy)x+ F (xoy)D(x)

+F (xoy)D(x) + (xoy)D(x). (0.20)

and this leads to have the following identity

(F (xoy) + F (xoy) + (xoy))D(x) = 0. (0.21)

Applying F on both sides of Equation
(0.21) and using the assumption that D is idem-
potent gives us that

(−(xoy)− (xoy) + F (xoy))D(x) = 0.

This implies

F (xoy)D(x) = ((xoy) + (xoy))D(x). (0.22)

Again applying F on both sides of Equation
(0.22), using the assumptions that

F 2(xoy) = −(xoy)

and D is idempotent we have

F (xoy)D(x) = (−(xoy)−(xoy)−(xoy))D(x). (0.23)

By considering Equation (0.22) and Equa-
tion (0.23) and simplifying the given expressions,
we easily obtain the identity

5(xoy)D(x) = 0, for all x, y ∈ N. (0.24)

Since N is 5-torsion free near-ring we have

(xoy)D(x) = 0 (0.25)

Now replacing y by yz in Equation (0.25)
and using the same equation once again gives us
xyzD(x) = −yzxD(x) = yxzD(x) and hence
[x, y]zD(x) = 0 for all x, y, z ∈N.

This implies [x, y]ND(x) = 0 for all
x, y ∈N. From the primeness of N and since D
is a non-zero derivation on N, we have [x, y] = 0

for all x, y ∈ N. This implies xy = yx for all
x, y ∈ N and hence N is commutative.

Conclusions

In this work, we proved the commutativity of
a 3-torsion free prime near-ring (N,+, .) with a
generalized derivation F associated with non-zero
idempotent derivation D on N satisfying the con-
ditions F 2[x, y] − [x, y] = 0 for all x, y ∈ N and
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F 2(xoy)− (xoy) = 0 for all x, y ∈ N .
The commutativity of a 5-torsion free prime near
ring (N,+, .) with a generalized derivation F as-
sociated with non-zero idempotent derivation D
on N satisfying the conditions F 2[x, y]+[x, y] = 0

for all x, y ∈N and for all x, y ∈N, F 2(xoy) +

(xoy) = 0 are also proved in this article.
To conclude this work, it may give of inter-

est to consider the following problems.

(1) Can we prove the commutativity of the near-
ring for any positive integer n > 2, with all
the conditions given in the results?

(2) Can we leave the conditions 3-torsion free or
5-torsion free and still prove the commutativ-
ity of the given prime near-rings?
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