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ABSTRACT: In this paper we study further properties of BH-lattices which is a subclass of BH-
monoids. We furnish certain examples of BH- monoids which are not BH- lattice. We give a
characterization of BH-lattices in terms of bounded BH-lattices and commutative l-groups. Also
we prove that every BH-lattice is a direct product of Heyting algebra and commutative 1-group
under certain condition. Further we obtain the decomposition theorem in terms of Boolean

algebra and a commutative 1-group.
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INTRODUCTION

It is Ward and Dilworth [16] initiated the study
of residuated lattices and as a result a study on
lattice ordered Semigroups with residuation as
an operation have been introduced by K.L.N
Swamy [10] under the name DRI-Semigroups. Two
algebras  Brouwerian and  Heyting are
generalizations to Boolean algebra (lattice) and
dual to each other. There is a mismatch in the
literature regarding the nomenclature of these
two algebras. Brouwerian algebra defined in [7]
by Nordhaus, EA and Leolapidus is called as
Heyting algebra by Birkhoff G [1]. To avoid
this mismatch, we recall the two definitions in
the preliminaries and also to clear the confusion
between the two algebras Swamy [9] introduced
the notion of Brouwer-Heyting monoids (for
short BH-monoids) as a general class containing
both Brouwerian algebra, its dual Heyting
algebra. He also observed that DRI-semigroups
and dual DRI-semigroups are examples of BH-
monoids. Further he obtained decomposition
theorems for both BH-Monoids as well as for
BH-lattices.

This paper investigates further properties of
BH-lattices and decomposition theorems on BH-
lattices. It is divided into 3 sections. The first
section is preliminaries in which we recall all the
existing literature on BH-monoids and BH-

“Author to whom correspondence should be addressed.

lattices. In section two, we obtain further
properties on BH-lattices which we use in the
sequel. The last section is devoted for
decomposition theorems. In this paper we
prove every BH-lattice can be represented as a
direct product of Heyting algebra and a
commutative l-group with certain conditions.

The following abbreviations are used in this
paper. Po-group means partially ordered group,
l-group means lattice-ordered groups, BH means
Brouwer-Heyting, DRI means Dually residuated
lattice ordered.

Preliminaries

In this section, we recall certain definitions and
results concerning Heyting algebra [3, 6] and
Brouwer-Heyting lattices [9] which will be used
in the sequel.

Definition 1.1. A bounded lattice (L, V, A) in which to
each a, b there is a least x such that x Va2b is called a
Brouwerian algebra. The least element is denoted by
2-b.

Definition 1.2. A bounded lattice (L, V, A) is called a
Heyting algebra if for any given elements a and b in L,
there is a greatest x such that x Aa <b.

Remark 1.1. The greatest element x is denoted by
a— b. Clearly a — b is unique.
Lemma 1.1. Every Boolean algebra is a Heyting


https://dx.doi.org/10.4314/sinet.v46i1.9
mailto:drkvenkateswarlu@gmail.com
mailto:drkvenkateswarlu@gmail.com
mailto:mekonnenmamo@hu.edu.et
mailto:yibeltal.yitayew@aau.edu.et
mailto:yibeltal.yitayew@aau.edu.et

SINET: Ethiop. J. Sci.,46(1), 2023

100

algebra, with a — b given by a' v b.

Theorem 1.1. Let L be a Heyting algebra and x,y, z
€ L. Then the following hold

lLysx—y

21=x—1

xsyex—y=1

4 xN(x—>y)=xAy

S5yNx—-y)=yand (x A\y) > x) Az =2z
6.y=1—>y

7. If x <y, then (z - x) <(z =)

Theorem 1.2. Let L be a Heyting algebra and x,y, z
€ L. Then the following hold

1.Ifx<y, then (y —z) <(x —2)

2.3 - (y —2) = (xAY) >z = (x =) = (x—2)

B (x—=yYA(x —z)=x—>(yA2)

4 (x=>y)Az=((zAx) = (zA\Yy)) Az

5. L is a bounded distributive lattice.

Note: An equivalent definition of 1.2 is:

Definition 1.3. A non empty set L with three binary
operations A , V and — and two distinguished
elements 0 and 1 is a Heyting Algebra if the following
conditions hold: (H1) (L, V, A, 0,1) is a lattice with 0,1
(H2) x A(x > y) =x Ay

(Hs) x A(y —2) = x A[(x A) > (x AZ)]

(He) (xAy) = x=1.

Definition 1.4. A system (G, °, e, p) is called a
partially ordered group(po-group) if (G, °, e) is a group,
(G, p) is a poset and for a, b, x, y €G, xpy = (a°x°b)p(a
oy ob). And it is called a commutative po-group, if °
is commutative.

Definition 1.5. An [-group is a po-group where (G, p)
is a lattice.

Example 1.1. The additive groups Z - integers, Q -
rationals, R - reals are the simplest examples of I-
groups.

Definition 1.6. A system (G, °, e, p, —) is a Brouwer-

Heyting (for short BH) monoid if

1 (G.o, €) is a commutative semi group with identity
e

2 (G, p) is a partially ordered set and — is binary

operation on G such that for all x, a, b in
G, (x°b)pa & xp(a — ).

The following are examples of Brouwer-Heyting

monoids.

Example 1.2. Let (G, ° e p) is a commutative po-
group. Definea »b=a°b?

Example 1.3. (B, V, A, 0,1) is a Boolean algebra. Let °
= A, p =<defined by apb if
aAb=ag,e=1,a—b=aVvb.

Example 1.4. Let (G, V, A, 1) be a Heyting algebra. Let
0= A e=1,pis the lattice order , a — b is the largest x
such that b Ax < a. That is, the new arrow operation is
defined in terms of the arrow operation in the
Heyting algebra by a —-n b=b —a.

Example 1.5. Let (L, V, A, 0) be Brouwerian algebra.
If we take p = (the dual of <

)2, a—>b=a-bis the smallest x such that xVb =
a, 0=Vand the least 0 as identity element. Thus
(L, v, A O, -) is a BH monoid where p is the dual
ordering of the lattice (L, V, A)

Example 1.6. Let (G, +, <, —, 0) be a DRI-monoid.
We have x+b2a < a-b<x

(By the definition of DRI- monoid). Thus the dual
of DRI-monoid is a BH monoid .

Note: Here after for the sake of convenience, we
use < instead of p.

Theorem 1.3. In BH monoid (L, o, e, <, —) the
following hold for x,y,z €L

1. y<z=>xcy<xcz

2.x<(x°y) > .

3. (x —>y)ey <x

4d.zoxeoy)=(z—>oy) >x=(z>x) >y
5.e—oe=ce

6.x >e=x

7.e<x —>x

8 xLy=>x—>z<y —z

9.x<y=>z—>y<z—ox

10.ysx©ee<x—y

11. (x »y)°o(y = z)Sx >z

12. If xVy exists, then (z °x) V(z °y) exists for any z and
zo(xVy) = (2°0)V (2 )

13. If x Vy exists, then (z — x) A(z — y) exist and z
—@xVvy)=(z > x)A(z —Y)

14. If x Ay exists, then (x — z)A(y — z) exists and (x
AY) =z = (x > 2) Ay —2).

Definition 1.7. A BH monoid (L, °, e, <, —) is a BH-
lattice if
1. (L, =) is a lattice with glb and lub denoted A
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and V respectively

2. xo(YAz)=(x°y)A(x°z),Vx,y,z €L
3. ((y —>x) Ae)ex=x Ay, Vx,y EL.
Theorem 1.4. A lattice (L, V, A, 0, e, =),

where (L, °, €) is a commutative monoid and — be a
binary operation on L,is a BH-lattice if and only if
1.(y »>x)°x<y

2. (xAz) sy <x >y

3. x<(x°y) >y, Vx,yEL

4. x°(yAz)=(x°y)A(x°z),Vx,y,z €L

5 ((y—x)Ae)ex=xAy, Vx,y EL

Since A is commutative, it follows
((y = x)Ae)ox = ((x > y)Ae) oy, Vx,y EL.

that

Remark 1.2. Theorem 1.4 shows that BH-lattices can
be defined by means of identities alone.

Theorem 1.5. Let (L, V, A, 0, ¢, =) be a BH-lattice and
a,b, x €L, then the following hold.

lL.x—x=e.

2. L is distributive.

3. (xVy)e(xAy) =x°y

4. x=xce=(xVe)e°(xAe).

5.If e <x, then x is invertible.

6. e Vx is invertible.

7. If x is invertible, then e — x is inverse of x.

8. If y is invertible, then x -y =x°(e > V)

9. If x and y are invertible, then xoy is invertible and
(e — x)o(e — y) is the inverse of xoy

10. e — x is invertible.

11. If G is the set of all invertible elements, then G
is an I-group.

Theorem 1.6. (Decomposition Theorem for BH
monoids and BH-lattices)

1. BH monoid L is direct product of po- group and a BH
monoid with greatest element if and only if e — x is
invertible and x — x=¢,Vx €L,.

2. BH-lattice L is direct product of a commutative
l-group and a BH-lattice with greatest element.

Further Properties of BH-lattices
We begin with the following

Example 2.1. Boolean algebra, Heyting algebra given in
example 1.3 and 1.4 above and I-groups are BH-lattices.
Heyting algebra is an example of bounded BH-lattice
while the unbounded I-groups are examples of
unbounded BH-lattices.

Now we have the following examples which are
BH-monoids but not BH-Iattices.

Example 2.2. The commutative po-group (G, °, e, p)
given in the example 1.2 above is not a BH-lattice.

Example 2.3. Consider the lattice given in Fig 1.
Clearly it is a Brouwerian algebra and hence a BH-
monoid. Since [(c — b) Aelob~ ¢ ADb, it is not a
BH-lattice. Thus

1

Figure 1. Example of Brouwerian algebra.
Brouwerian algebra is not a BH-lattice.

Example 2.4. Consider the set A - the multiplicative
semigroup of the set of non negative integers ordered
by the divisibility relation. Then A is a DRI
semigroup with least element 1 and greatest element 0,
forx,y €A, x —»y =|x], where |.| is the floor

g

function, x ANy = GCF (x, y) and x Vy = LCM (x, y).
Then for the BH-monoid induced from the above DRI-
monoid, [(3 = 2)Aelo2 =(1A1).2=12=24£3A2=
6. Hence it is not a BH-lattice. Hence DRI-monoid is
not a BH-lattice.

Note: Here after L stands for a BH-lattice (L, Vv, A,
0,e, —).

Theorem 2.1. In BH lattice L, for x, y € L, if x and y
are invertible, then x — vy is invertible and y — x is
the inverse of x — .

Proof. Let in BH lattice L, x, y € L are invertible.
From theorem 2.9, x -y =x0(e > y) and y — x
= yo(e — x). Hence (x — y)o(y — x) = [xo(e
— lolyole — V)] = o[l — yoylole — )]
(associativity) = xo[eo(e — x)] = e. Henge, the
result holds.

Theorem 2.2. For x, y, z € L, the following properties
holds.

1.x<y—({y —x)

2. z £ (x0z)— (x AYy) or equivalently (x Ay) < (x0z)—z
3. x Ay < [(xoy) — y] A[(xoy) — x]
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Proof. Proof is a consequence of the definition
BH-monoid and 1 of theorem 1.3.

Remark 2.1. For a BH-lattice L and a, b €L, b —a =
max{x € L : aox <}

Theorem 2.3. Let x, y, z € L. Then the following
properties holds.

1.x<((xVy)oz) =z, x < ((x Vy)ox) =y

2.x -y<(z >y —(z —x)

3 x—->ys(x—z) >y —2

Proof.

1. By 1 of theorem 1.3, x0z < (x Vy)oz, xoy < (x V
yox = x < (xVy)oz = z,x <
(xVy)ox —y.

2. By 4 of theorem 1.3, we have z — (xoy) = (z
—x) >y =(z —»y) = x. And by 1 of theorem
2.2 abovewehavex<z - (z »x)=2>x >y <[z —
(z = x)] =y (by 8 of theorem 1.3). Thus we
have (z - y) = (z = x)=z - (yo(z = x)) = (z —
(z > x)) »y. Hencex - y<(z > y) — (z — x).
3. By 4 and 9 of theorem 1.3) we have (y — z)oz
Sy=>x-oy<x—|[y — z)oz]

=(x —>2) = (y —2).

Corollary 2.1. Let x,y € L. Then x -y <e— (y —X)
Proof. Replace z by x in 3 of theorem 2.3

Notation: For x € L, we shall denote ¢ — x by the
symbol x~.

Theorem 2.4. For all x, y € L the following properties
hold.

1. (xoy)y " =x"—>y=y —x

2. xSy >y <x

3.x<x"and x~=x"""

4. (xVy)y =x" Ay and xVy < (x Ay)”

S5x—>y<sy —»x

6. x>y =y —x

Proof. (1) and (2) are clear from theorem 1.3.
By 2 of theorem 2.2 it follows thatx<e — (e —
x) = x—. Hence x < x~~. Now replacing x~ in the
place of x in the above inequality we have x~ <
x~~". But by 2 in the inequality x < x~~, we obtain
that x~"=e¢ > (x ) <(e > x) = x. So x =
x~. By 9 and 13 of theorem 1.3,e = (x Vy) = (e
—x)A(e > y) =x Ay. Since x Ay <x, y, it

follows that x~<e — (x Ay) = (x Ay)~ and similarly
Yy <(xAy). Hence x"Vy < (x Ay). (5) follows
from 2 of theorem 2.3. By 7, 8 and 10 of theorem
15, x>y =x"o0le—y )=x"oy " =xToy =
yole—x)=y —x.

Theorem 2.5.
properties hold.

1. x Ay —»x<e
2. e<x — (xAy)

Let x, y € L, then the following

Proof. Follows from 8 and 9 of theorem 1.3 and 1
of theorem 1.5.

Theorem 2.6. For x, yEL x —>(y > x)=x=>x —
-y =y—y—x

Proof. Let x,y € L. Then x - (x - y) = (x — (y
Sx) > oy = (o —y) >y — ) by
4 of theorem 1.3). Since from theorem 2.2,y <x
— (x - y) itfollow that y — (y — x) < (x —
x—=>y) > »>x) =x - (x > y). Hencey
— (y = x) £x — (x = y). Analogously x—(x —v)
<y -y —x).

Theorem 2.7. Leta, b, x,y € L such thata<band x <
y, then the following properties hold.

1. aox < boy

2 (a—=x)Vb—-y)<b—x
a-ys@—-x)AND—-y)

4.a—->y<box

Proof. Suppose a < b and x £ y. By 1 in
theorem 1.3 a < b implies aox < box and x < y
implies box < boy . Hence aox < boy. By 8
and 9 in theorem 13,a <b =>a - x <b — x
and x <y =>b ->y<b—->x. Hence (a - x)vV(
—-y)<b-ox. Anda<b=>a—->y<b—-yandx
Sy=2>a—->y<a—x. Hencea—-y<@—-x)A@®
—Y). (4) follows from 2 and 3.

Theorem 2.8. Let x, v,z 5t €L. Then the following
properties hold.

1.x =y <xo0z —yoz

2. (x > y)o(s — ) < (xos) — (yot)

Proof. From 2, 4 and 8 of theorem 1.3, x —» y <
[(x0z) — z] =y = x0z — yoz. From

(1) we have x —» y <x0s — yos and s — t < yos —
toy. Now by theorem 2.7 and 11 of theorem 1.3,
we have (x — y)o(s — t) < (xos — yos)o(yos — yot) <
xo0s — yot. Hence (2) holds.



103

K.Venkateswarlu et al.

Theorem 2.9. Let x,y €L. (x Ay) = (xVy) = (x —
YAy —x)

Proof. By 13 and 14 of theorem 1.3, x Ay - xVy =
[(xAy) = x]A[(xAY) = ]

=[x = DAY — DA = YAV = Y] = eAly —
)A(x — )

And also by 1, 3 and 12 of of theorem 1.3, (x Vv
Yo{(x =) Ay — )} = [xo{(x —

YA =) V[yol(x = y) Aly = x)}] < {xo(y —x)}v
{yo(x > y)} <xVvy. That

is (¥ V)ol(x — 1) AWy — 1)} S (X Vy) > (x =) Ay
) <(rvy) - (rvy) =

= (x = Y)AY — x)Ae = (x > YA (Y —x)
Hence from (i) and (ii) we have x Ay - xVy = (x
—YAY )

Theorem 2.10. Let x,y €L. y<x=>(y > x)ox =y

Proof. By 8 of theorem 1.3 and 3 in the definition
of BH-lattices, y <x = (y — x) <e

Sy D) Ae=(y —2) = ((y —x) Adox = (y —
x)ox = x Ay = (y — x)ox =

y =y — x)ox.

Theorem 2.11. Let x,y €L. ((x = y) Ae)o(x Vy) =x
Proof. By 13 of theorem 1.3 and theorem 2.10, x
=@ - @xVvy)oxVvy) = (x —

y)  Ado(xVy).

Theorem 2.12. Let x,y €L. [(x > y) A(y — x)]o(x V
y)=xAy

Proof. Follows from theorem 2.9 and theorem
2.10.

Theorem 2.13. Let x,y,z €EL x<y<z = (x —
yoly »z)=x—>z

Proof. Let x <y < z. By 4 of theorem 1.3 and
theorem 2.10 we have (y —z)oz =y

S x -y =x— |y - 2oz} = (x > 2) — (b o).
Hence (x — y)o(y — 2) = ((x — 2) — (y — 2)o(y
— z). And by 8 of theorem 1.3 we havex —z <y
— z. Hence by theorem 2.10 (x — y)o(y — z) =
(x—2) = (y > 2oy »2)=x—z

Theorem 2.14. For x, y, z € L the following properties
hold.

1.(x 2> y)oz<x —>(y —2),

2. (x = 2)oy < (xoy) — z

3. (e = x)o(e — y) <e — (xoy)

Proof. By 3, 4 and 9 of theorem 1.3, we have (y
— 20z LY. 2 x >y <x—>
(y =20z =(x - (y >2) >z (x> yoz <x
— (y — z). By 2, 4 and 8 of

theorem 1.3, x < (xoy) — y. = x — z < ((xoy)
—y) =z = ((xoy) —>2) >y

= (x — z)oy < (xoy) — z. Finally from (1) and
9 of theorem 1.3 we have (¢ —

x) ole—y)<e—[x - (e —y) <e— (xoy).

Theorem 2.15. For x, y € L, (xoy)™ < (x"oy")~ =
X0y

Proof. From theorem 2.14, (¢ — x)o(e —» y) <e —
xoy. Now by 9 of theorem 1.3 and theorem 2.4
we have (xoy)~<e — [(e = x)o(e > y)] = (e — (e
—x) > (e—>y)=x"—>y = (xoy) . Now by 8
and 10 of theorem 1.5, x~ -y~ = x"0(e —» y") =
x—oy—"

Theorem 2.16. For x, y, z € L the following properties
hold.

I.xAy=e=xAz=>xA(yoz)=e
2.xVy=e=xVz=>xV(yoz)=e

Proof. Letx,y,z€L. Letx Ay =e=xAz. >e<x,y, z.
Hence e <x Ay Az and by theorem 2.7, e <yoz. = e
< xA(yoz). Now by 1 of theorem 1.3, x = xoe <
X0(xAYAZ)

= x A(yoz) Sxo(x Ay Az) A(yoz) = (xox) A(x0z) A(yox) A
(y02) = (x Ay)o(x Az) =

eoe = e i.e, x A (yoz) <e. So it follows that x A (yoz)
=e

Let xVy =e=xVz. 2,1,z <e. Hence xVyVz <e
and with theorem 2.7, yoz <e.

= x V (yoz) <e. By 1 of theorem 1.3 and 12 of
theorem 1.3, xo(x Vy Vz) <x = xoe

= xo(xVy Vz) V(yoz) = (xox) V(xoz) V (yox) V(yoz) = (x
Vy)o(x Vz) = eoe = e and

x0(xVyVz)V(yoz) < xV(yoz). i.e, e < xV(yoz). Hence it
follows that xv(yoz) = e

Notation: For any x and y in L, we shall write x *
y=G=>YAly —)

Theorem 2.17. For any x, y, z € L, the following
properties hold.

1. x xy <e with equality iff x =y.

2.x*Yy=y*x

3.(xVy)*(xAy)=x*y

4. (x*y)o(y *xz) Sx*z
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S.xxy<(x —>y) *e
b.x<e=>x*e=x

Proof. Using 8 of theorem 1.3 and theorem 2.9, x *
y=x—=>YAly —x)=@xAy) > (xVy) <e. It x =
y, then by 1 of theorem 15, x * y = e.
Conversely if x *y = e, then x xy = (x Ay) — (x V
yy=e=>es(xAy) - (xVy). = (xVy) < (xAy)
= xVy=xAyand consequently it follows that x =
y. Hence (1) holds. Evidently (2) is trivial. Since by
theorem 2.9, (x Vy)*(x Ay) =[x VYAx Ay)] — [(x V
YV AW] = (X AY) — (x Vy) = x *y. Hence (3)
holds. Again (x > y) A(y > x)<x -y, y — x and
Y—=2)A(z—y Sy—zz—oy. (xxyo(y*z) =[x
=AY —=9olly > 2)AEz—y)] < x—yoly —
z) (by theorem 2.7) < x — z (by 11 of theorem 1.3).
That is (x * y)o(y * z) £ x — z. By a similar
argument (x * y)o(y * z) <z — x. So it follows that
(x *y)o(y * z) < (x = z) A(z = x) = x * z. Hence (4)
holds. By theorem

23wehavey »x<(x - x) > (x > y)=e — (x
Sy Sxry=(x oAl > DS(x YAl (x
—Y)=(x—>oy)*re Sox*y =< (x —y)*e. Finally
letx<e=e—e=e<e —x (by9 of theorem 1.3).
S>x=eAx<xA(e—x)=x*e<x.Hencex*e=x

Definition 2.1. For n € N and x € L, define x* =
X0x0...0x (n times).

Theorem 2.18. If there exists an element x € L such
that e < x, then the set L is an infinite and not bounded
above.

Proof. Let e < x and x # e. Consider the

sequence {xzn }nen, where N is the set of non-
negative integers. With 1 of theorem 1.3, x < x2.
If x2 = x, then by 2 of theorem 1.3, x < x2 — x = x
— x = e. 1.e; x <e. Since e < x, it follows that
x = ¢ which is a contradiction. So x2 # x. If x2?
=¢gthenx=x De=x >x2=(x > x) >x=
e — x. Since e < x, by 9 of theorem 1.3,¢ — x <
e — e = e. This implies that x = e — x < e.
Hence x = e. In both cases there is a
contradiction. So e < x < x2. This implies that x2
< x* If x2 = x4 then by 2 of theorem 1.3, x2 <
[x20x2] — x2=c. i.e; x2<e. Hence x2 = ¢ which is a
contradiction. Hence e < x < x2 < x* Suppose
that e < x < x2 < x4 < ... <x2n for some n € N.
This implies that x2n < x2n0x2n. If x211 = x2n0x2n,
then by 2 of theorem 1.3, xzn < [xznon;1 ] — xzn =

e which is a
principle of

Hence x2" =
Hence by the

. n
e. 1.e; x2 < e
contradiction.

mathematical induction, the chain ¢ < x < x2 < x#%
n . .
<...<x2 ... does not terminate at some point. So,

n
the sequence of elements x2 are all distinct.
Hence the set L is infinite and unbounded above.

Corollary 2.2. If L is bounded above by the element
t, then t = e.

Theorem 2.19. For x, y € L the following properties
hold.

1.x<eand y <e ©xoy <x Ay

2.e<xand e<y = x Ay < xoy

3.e<xand y<e=y<xoy <x

Proof. Follows from 1 of theorem 1.3.

Theorem 2.20. For x €L and anyn €N, x"<e & x <
e.

Proof. Let x" < e. Repeatedly applying the
associative and distributive properties of o over
the operation v, we have (xve)" = x"vx"1v..vxve =
(xnve)v(xm1lv...vaVe) = x"1V..VxVe (as x* < ¢) =
(xve)r-1. That is (xVe)o(xVve)™ = (xVe)"1 = (xVe) <
[(xVe)o(xVve)y ] - (xVe)yrl=(xVe)l— (x Ve)r1
=e>xVe=¢e=>x<e Hence x <e (by 2 of
theorem 1.3).

The converse follows from theorem 2.7 by
induction.

Corollary 2.3. For x € L, x *e = x © x < e. Proof.
Follows from theorem 2.17 and theorem 2.20.

Corollary 24. Let x, y € L and y is invertible
element. Then for any n € N, x" <
yr o x<y.

Proof. Let x» < y*. Then (xo(e — y))* = x"o(e —
y)r < yole = y)* = (yole — y))* = e. Thus by
theorem 2.20, xo(¢e — y) <e and hence x <y. The
converse follows from 1 of theorem 2.7.

Theorem 2.21. For x EL and anyn €N, x" =e & x
=e.

Proof. From theorem 2.20, x < e. Observe that
X =x m>e=x > x" =x — (xox"1) = (x > x)
— x7l=¢ — x»1 = xn — x*~1 (by 4 of theorem
1.3). Since x < e, x A e = x. So by the
distributive property of o over A repeatedly,
we have x" = (x Ae)" = x" AX" TA... Ax Ae = x" 1A
. Nx ANe = (xAe)rl =yl Hence x = x" — x"1 =
e. The converse is trivial.



105

K.Venkateswarlu et al.

Corollary 2.5. In an I-group, every element other
than the identity element has an infinite order.

Definition 2.2. An element [ € L is called unity if and
only if xo(I — x) = lol, Vx € L.

Lemma 2.1.
properties hold.
1.lol =1
2.1<e
3.e=e—l=(e—1)—1

In L with unity I, the following

Proof. Let x = e in definition 2.2. Then it is
immediate that lol = I. Thus by 2 and 4 of
theorem 1.3 it follows that I < (lol) — | = e.
Lett =e - I. Thent=e— (lol)=(e—1) —1
=t—liet=t—I By4 of theorem 1.3, e =t
—t=(t->l)—ot=t—->(lot)=(t—-t)>l=e—1
=t Thuse—I=e.

Theorem 2.22. Unity element is unique, if it exists
in L.

Proof. Let | and I be unities. This implies e
—l=e=e¢e—-landl<e=>]-><e—-I-=
e. Now by 3 in the definition of BH-lattices
and definition of unity, I Al' = [(I — I') Aelol’ =
(I = INol" = I. By a similar argument I'Al = |
Hencel=1"

'

Corollary 2.6. If BH-lattice L has unity, then L is
an I-group if and only if | = e.

Theorem 2.23. If L with unity contains a least
element a, then a =1

Proof. Since a is least element of L, a <e = (aoa) <
eoa = a (by 1 of theorem 1.3). This implies aoa =
a (as a is least). Thus | = (I — a)oa = (I —
a)oaoa = loa < eoa = a (since | <e and by 1 of
theorem 1.3). Since a is least, a = 1I.

Theorem 2.24. If L with unity |, contains an
element x such that x < I, then the set L is an
infinite set and unbounded below.

Proof. Let x <l and x~ I. Since by lemma 2.1 <e,
it follows that x </ <e = x2 < Jox < x (by 1 of
theorem 1.3). If x2=x, thenx =x2<lox<x > x =
lox . Then the above argument together with 1
and 4 of theorem 1.3, e =¢ »>I=(x > x) >l =x
— (x0l) = x — [xo(I — x)]Jox = x — x0(I — x) =x

— 1. e <x — 1 =1 < x which is a contradiction.
Thus x2#£x

Ifx2=], thenx »l=x—>x2=(x >x) >x=¢—
x. Since x <e¢, by 9 of theorem 1.3,e < e — x. So
x —- 1 =1 < x which is a
contradiction. Hence x2£I. In both cases there
is a contradiction, hence x2 < x < [. = x20x2 <
x2. If x2 = x4, then | = x20[x* — I] = x20(x2 — ) =
xol. Hence by the same argument as above | < x,
which is a contradiction. Hence x¢ <x2<][ <e. In

e < e — x =

the similar fashion, the sequence of elements 2"
are all distinct. Hence the set L is infinite and
unbounded

below.

Corollary 2.7. If L with unity is bounded below by
the element t, then t=1.

Theorem 2.25. Let L be a BH-lattice with unity L
Then Ly = {x €L : x — 1 = e}is a BH-lattice with
least and greatest element. And L; is subset of
the BH-lattice Lt ={x €L : e — x =e}.

Proof. By lemma 2.1, lol =] and e — | = e.
Hence both I and e belong to L. For x € L;, e
sx=x-o)ox=x—ox)>ol=e—>l=c
Hence e is the greatest element and [ is the
least element in L;.

Let x,y € L. Then x <e and y <e. This implies
that xoy < e. Hence (xoy) — [ <e — I = e
Furthermore by theorem 2.14 and 8 of theorem
1.3, (x — oy < (xoy) — L. This implies y < (xoy)
Hence e = y — I < {(xoy) — I} =1 = (xoy)
— I. Thus (xoy) — | = e. By 14 of theorem
13, (xAy) - 1= (x - )A(y — ). Hence L; is
closed under both 0 and A. Since x,y <xVy <
e, by 8 of theorem1.3,e=(x > )A(y =) <(xV
y) -1 <e—1=e¢ Hence xVy € L. Moreover (x
-y 2l=k—-)oy=e—-y=@y—->D)-oy=
(y —>y) »l=e—l=e Sox —y€L. Hence L,
is a BH-lattice with 1 as least element and e as
greatest element. Clearly L, € Le. Finally by the
proof of theorem 4.2 of [9], L¢ is a BH-lattice with
greatest element.

— .

Theorem 2.26. (L, o) is a group iff Vx,y,z €L, x -y
=x—oz>dy=z

Proof. Let (L, 0) be a group and let for any x, y, z
€L x -y =x — z Hence by 9 of theorem 1.5
it follows that (x - y) 1=y - x =2z - x = (x
2 S (Y —1) - (e —x) = (2 —x) (e ).
Using 4 of theorem 1.3 and 8 of theorem 1.5, this
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implies that (y — (xo(e — x)) = (z — (xo(e — x)).
Soy=y —e=z —e=z

Conversely let x,y,z €ELx »y=x -z >y =z
Then e — {yo(e = y)} = (e —

y) > (e > y) =e=e — e. So that yole —» y) =e.
Hence vy is invertible element. Hence (L, o) is a
group.

Theorem 2.27. L is an I-group if (L, 0) is a group
and further a — b is the solution of the equation box =
a.

Proof. 1f (L, 0) is a group, then by the definition
of BH-lattice and 1 of theorem 1.3 L=(L, 0, <, —)
is an I-group. Again by 7 and 8 theorem 1.5, bo(a
— b) = bolao(e — b)] = a. Hence a — b is the
solution of the equation box = a.

Theorem 2.28. BH-lattice L bounded below is a Heyting
Algebraifxoy =xAy, Vx, y €L.

Also, in L, if (L, <, —) is a Heyting Algebra then, xoy
=xAy,Vx,y €L.

Proof. The first part of the theorem is trivial. For
the second part let (L, <, —) be a Heyting Algebra.
For a,b € L,a — b is the largest x such that x AD
Sa. aANb<a=>a<sa—->b=>aAb<(a— bADb
= aAb (by 4 of theorem 1.1, as L is Heyting
algebra). Hence aA(a —a) =aAa=>ahe=a=>a
<e. Hence ¢ is the largest element of the lattice.
Hence by 1 of theorem 1.3,a0b <a,b = aob <a A
b. = aob = (aob) A(a Ab) = (a Ab) Alaob — a AD] (by 4
of theorem 1.1 in a Heyting Algebr (L, <, —)) =a
Ab (by 3 of theorem 1.1).

Theorem 2.29. Let L be with unity I, if (L, V, A) is a
Boolean algebra, then o = Aand x'=1 — x.

Proof. By theorem 2.23 and corollary 2.2, I is the
least element and e is the greatest element of the
Boolean algebra. Let x € L. Then there exists an
element x' € L such that x Vx' =eand x Ax' =L
Hence by theorem 2.28,0 = A and xox' = x Ax' = 1.
Hence x A(I — x) = xo(l — x) =1 and xox" = [
>x<] -x. 2e=xvx<xVvV(l-ox)=>xV(—
x) = e Sol — x is the complement of x in the
Boolean algebra. Hence by uniqueness of
complement x' =1 — x

Decomposition Theorems of BH-lattices

Lemma 3.1. Let L be a BH-lattice and for x,y,z €L,
x — (zoz) < (x — z)o(e —2)

holds. Then the following are equivalent.

1.H={x€L:xox —>x=e¢e}
2. H'={x €L :xox=x}
3.B={x€L:e—x=¢}

Proof. Let x — (zoz) < (x — z)o(e — z). Since by
theorem 2.8, (x — z)o(e — z) <

(xoe) — (zoz), it follows that (xoe) — (zoz) = (x —
z)o(e — z).

Let x € H = xox > x = ¢ = x <xox. As x <
xox — x = e, it follows that xox < x(by 1 and 2
of theorem 1.3). So that xox = x. Thus H is the set
of all idempotent elements with respect to the
operation o. Also if xox = x, then clearly xox
—x=x —>x=ec Letx €H = (xox) —» x = e
Thus by 4 of theorem 1.3,

e — x = {(xox) — x} —» x = (x0x) — (xo0x) = e.
Hence x € B. Furthermore let

y €EB =e -y =e Then by 1 and 3 of theorem
13,y =yole »y) <e=>P<y. And e=y2 > 2=
> —yole »y) =y* —y =y <y> Hence y>=y.

Theorem 3.1. A BH-lattice L is direct product of
Heyting algebra and a commutative I-group if
1. x — (zo0z) < (x — z)o(e — 2)

2. there exists an idempotent element 0 € L such
that 0 < x, for any idempotent element x € L.

Furthermore if L is the direct product of a Heyting
algebra and a commutative I-group, then condition
(1) holds.

Proof. Let the conditions (1) and (2) hold.
Since by theorem 2.8, (x — z)o(e — z) < (xoe) —
(zoz), it follows that (xoe) — (zoz) = (x — z)o(e —

z).

BH-lattice with greatest element e is in similar
line to the proof 2 of theorem 1.6 [9]. Further for
x, ¥ € H, as xoy <x and xoy <y it follows that xoy <
x Ay. By theorem 2.7, x Ay <x, y implies that x Ay
= (x Ay)o(x Ay) <xoy. Hence x Ay = xoy. Thus

by theorem 228 H is a Heyting algebra.
Moreover, as 0,e¢ € H, H is non-trivial.

Now consider the set G = {a € L : (a0a) — a
= a}. Since ¢ € G,G £ §. Leta € G. Then ao(e
— a) = {(aoa) — alo(e — a) = (aoa) — (aoa) = e
(by (a) above). Hence a is an invirtible element.
Let a € L be an invirtible element. Then ao(e —
a) = e = (aoaoe) — (aoa) = [(aoa) — alo(e — a)(by
(a) above and 7 of theorem 1.5)= a = (a0a) — a.
Hence G is the set of all invertible elements of
L. By 11 of theorem 1.5, G is a commutative I-
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group. As ¢ € G and using 10 of theorem 1.5, ¢
— x € G, Vx €L, G is non-trivial.

Hence L is the direct product of G and H, by a
proof in a comparable strip to the proof 2 of
theorem 1.6 [9].

Furthermore if L is the direct product of a
Heyting algebra and a commutative l-group,
then trivially condition (1) holds.

Theorem 3.2. BH-lattice L is direct product
of a BH-lattice with least and greatest elements and a
commutative I-group if and only if

1. (xoy) — (z0z) < (x — z)o(y — 2)

2. There exists an element | such that
= lol

xo(l — x)

Proof. Let the conditions given in (1) and (2)
hold. Then by lemma 2.1,lol =] ande — [ =e,
And from (1) by 2 of theorem 2.8 it follows that
(xoy) — (z0z) = (x = z)o(y — z). Consider G = {x
EL:x—>l=x}and L, ={x €L :x —>1 =e}
Then by theorem 2.25, L, is a BH-lattice with least
element 1 and greatest element e. Since both e
and [ arein L, it is non-trivial.

Fore x, y € G, (xoy) — I = (xoy) — (lol) = (x —
l)o(y—»l) and (x/\y) — I = (x—> l)/\(y —>l).
Hence G is closed under o and A. Furthermore
x>y -1 =x-—->10)—>y=x—>yand
consequently x —y € G. And xo(e — x) = (x —
Do{(l = 1) = x} = (x = Do{(l = x) =1} ={xo(l —
x)} — (lol) =1 — I = e. Hence x is invertible
element. Thus G is a A semi lattice and hence G
is a commutative l-group. By lemma 2.1, e € G
and using 10 of theorem 1.5,e — x € G, Vx € L. So
G is non-trivial.

Now fora€L,lett=a—land s=a —t. Then
t—>l=@—->Il)—>1l=a—-((l)=a—>1=t
and s -l =@ —->@—l) =»l=@—I]) —(@
— ) =e Thus t € G and s € L;. Since [ <e by
9 of theorem 13,4 =a — e <a — I. Thus by
theorem 2.10, ftos = (a — l)o(a — (a — 1)) = a.

Now leta = t'os', where t' € G and s' € L;. Then
a—1=(tos) — ol =(t" — No(s'—= 1) =eo(t — )
=t'. Hence t = t' and consequently tos = t'os' =
tos' = (e — t)o(tos) = (e — t)o(tos’) = s = s'.
Clearly {e} = GNB. Thus L is the direct product
of B and G.

Conversely, if L is the direct product of BH-
lattice with least and greatest element B and
commutative l-group G, then trivially
conditions (1) and (2) in the theorem hold.

Corollary 3.1. For a BH-lattice L with unity and

bounded below the following are equivalent

1. (xoy) — (zoz) < (x — z)o(y — z),Vx,y, z € L.

2. x — (z0z) £ (x = z)o(e — z), Vx, z € L.

3. L is the direct product of Heyting algebra and a
commutative I-group.

Theorem 3.3. BH-lattice L is direct product of a
Boolean algebra and a commutative I-group if and only
if

1. x — (yoy) < (x = y)o(e = y) for all x,y €L

2. there exists an element | in L such that

(I = x)ox=1Iol and | — (I - x) =x forall x € L.

Proof. Suppose that the condition in (1) and (2)
hold. Let G be the set of all invertible elements
of L and H be the set of all idempotent elements
of L. By lemme 3.1 and the same argument as in
the proof of theorem 3.1, H is a BH-lattice with
greatest element e, 0 = A and L is direct product
of G and H.

For any x € H, by 9 of theorem 1.3) x <e e <e
—x<e>e=e¢—x. Hence
as | € H, it follows that e = ¢ — (I — x). So by the
condition given in 2 and 4 of theorem 1.3, [ — (I
—>x)=x:[l—>(l—>x)]—>l=x—>lze=e
>l »x)=[l->(0-x)]->l=x—-oI1>1<x
Hence H is bounded below by the element .
Thus by theorem 2.28, H is a Heyting algebra.
Now for x e H, x A(l »x)=[l > (I - x)]A(l —
x)=[ - (1 —x)]o(l - x) =1
Moreover, | = [ - {x V(I — x)}o[x V(I — x)]
= [l - (xv( — D Ax]V
[l — v — ) AQ — D).
- {xVv( - x)}]Ax =1 and
[ - {xv( - x}]A(l — x)] = 1. Hence l
- {xv(l - x)} <]l >xand!—-{xv({—x)}
<l>(I—->x)=x. Hencel > {xv( - x)}<( —
x)Ax =1 Hencel — {x V(I - x)}=1. Hencee=1
—l=1->[l - {xVv( —x)}] =xVv({ — x). Hence
H is a Boolean algebra. Thus L is the direct
product of Boolean algebra and a
commutative l-group.

Conversely if L is the direct product of a
Boolean algebra H and a commutative l-group G,
then trivially condition (1) and (2) hold.

This implies [I

Definition 3.1. A BH-lattice L is called idempotent if
x2=x,Vx EL.

Theorem 3.4. An idempotent BH-lattice L with
unity | is a direct product of Boolean algebra and
commutative I-group iff | — (I — x) = x, Vx € L.
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Proof. Suppose that | — (I — x) =x, Vx € L. Let
H={x €L :e— x =¢}and G be the set of all
invertible elements of L. The proof of H is a BH-
lattice with greatest element e is analogous to the
proof 2 of theorem 1.6[9] and further L is the
direct product of H and G can be obtained.
Furthermore for x, y € L, xoy < x and xoy < y.
Hence xoy < x Ay. By theorem 2.7, x Ay = (x Ay)o(x
Ay) £ xoy. Thus xoy = x A y. Finally by the same
argument as in the proof of theorem 3.3, x' =1 —
x,Vx € H. Thus H is a Boolean algebra.
Conversely if L is the direct product of Boolean
algebra and commutative l-group, then the
condition I — (I — x) = x, Vx € L is trivial.

Open problem

1. Which group of BH-lattice can be
decomposeble in to irreducible non-trivial sub
algebras of BH-lattices?
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