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I NT R O D U C T I O N  

 
K.L.N.Swamy [13] initiated the study of 
BH-monoids by generalizing the notion of 
DRl-semigroups. He obtained certain 
properties concerning this class. He also 
obtained decomposition theorems for both 
BH-monoids and BH-lattices. i.e; every 
BH-monoid L  is a direct product of po-
group and a BH-monoid with greatest 
element if and only if e → x  is invertible and 
x  → x = e, ∀x ∈ L .  Moreover, every BH-
lattice L  is a direct product of a 
commutative l-group and a BH-lattice with 
greatest element. 
 In this article we introduce the notion of 
filter in BH-lattices, furnish examples and 
prove certain properties of filters. We obtain 
the basic properties concerning congruences 
and as well as for filters. Also we prove one 
to one correspondence between the set of 
congruences and filters of BH-lattices which 
gives more insight for constructing quotient 
BH-lattices. Finally, we obtain a one to one 
correspondence between the set of filters and 
the set of all congruences in a Heyting 
algebra as a special case. We prove that if L  
be a BH-lattice with the special property e 
≤ (x  → y) ∨ (y → x )  and subdirectly 
irreducible, then L  is totally ordered. 

 
 

PR EL IMI NAR I ES  
 

In this section, we recall certain definitions 
and results concerning Heyting algebra, l-
group and Brouwer-Heyting lattices which 
will be used in the sequel. 
 Definition 2.1. A  bounded lattice 
(L, ∨ , ∧) is called a Heyting algebra if for 
any given elements a and b in L ,  there is a 
greatest x such that x∧ a ≤ b. 
 Remark 2.1. The greatest element x is 
denoted by a → b. Clearly a → b is unique. 
 Lemma 2.1. Every Boolean algebra is a 

Heyting algebra, with a → b given by a′  ∨  b. 
 Theorem 2.1. Let L  be a Heyting 
algebra and x,  y,  z ∈ L .  Then the 
following hold 

1. y ≤  x  → y 
2. 1 =  x  → 1 
3. x  ≤  y ⇔ x  → y =  1. 
4. x  ∧ ( x  → y) =  x  ∧ y 
5.  y∧(x→y)= y and ( (x∧y)→ x )∧ z = z 
6. y =  1 → y 
7. If x  ≤  y, then (z → x )  ≤  (z → y) 

 Theorem 2.2. Let L  be a Heyting 
algebra and x,  y,  z ∈ L .  Then the 
following hold 
 

1. If x  ≤  y, then (y → z) ≤  ( x  → z) 
2. x → (y → z) = (x  ∧ y)→ z =  (x → 

y) → ( x → z) 
3. (x  → y) ∧ ( x  → z) =  x  → (y ∧ z) 
4. (x→ y) ∧ z =  ((z ∧ x ) →(z ∧ y)) ∧ z 
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5. L  is a bounded distributive lattice. 
 Note :  An equivalent definition of 2.1 is 
 Definition 2.2. [12] A  non- empty 
set L with three binary operations ∧, ∨ and → 
and two distinguished elements 0 and 1 is a 
Heyting algebra if the following conditions 
hold: 

(H1 )  (L, ∨, ∧, 0, 1) is a lattice with 0, 1 

(H2 )  x  ∧  ( x  → y)= x  ∧y 

(H3 )  x∧ (y → z)= x∧ [(x ∧y)→(x∧z)] 

(H4 )  ( x  ∧ y)→x = 1. 

 Definition 2.3. [2, 8] A  partially 
ordered group (po-group) is a non-empty set 
G with binary operation . and binary relation 
≤  such that (G,  .) is a group, ( G ,  ≤ )  is a 
poset and the following axioms are satisfied. 

1. x  ≤  y ⇒ xz ≤  yz, 
2. x  ≤  y ⇒ zx ≤  zy, ∀ x,  y,  z ∈ G.  

 
  Definition2.4. [2, 8] An l-group is a 
po-group where ( G ,  ≤ )  is a lattice. 
 Lemma2.2. [2, 8] Let G be a po-group. 
Then the following correlations are true for 
all elements x,  y,  z,  t ∈  G  

1. x  ≤  y ⇒ z −1 xz ≤  z−1yz; 

2. x  ≤  y ⇔ y −1 ≤  x−1 ;  
3. x  ≤  y,  z ≤  t ⇒ xz ≤  yt. 

 
 Theorem2.3. [8] In any l-group G 

1. (x∨y)
−1  =  x

− 1
∧y

−1
 and             

( x  ∧ y )
− 1  =  x

− 1  ∨  y
−1

 

2. x(x∧y)
−1

y =  x∨y and                

x (x  ∨ y)
−1

y =  x  ∧ y. 
 Theorem2.4. [8] In any l-group G, the 
lattice (G, ∨, ∧) is distributive. 
 Definition 2.5. [13] A  system 
(L, ◦ , e , ≤ , →)  is a Brouwer-Heyting (for 
short BH) monoid if 
 

1. (L. ◦ , e)  is a commutative semigroup 

with identity′′e′′ 

2. ( L ,  ≤ )  is a partially ordered set and 
→ is a binary operation on L  such 
that for all x,  a,  b in L ,  (x ◦ b)  ≤  a 
⇔ x  ≤  (a → b). 

Example 2.1. Let (G,  ◦ ,  e,  ≤)  is a 
commutative po-group. Define a → b 

= a◦ b−1 

Example 2.2. (B,  ∨,  ∧,  0,  1) is a 
Boolean algebra. Let ◦  =  ∧, ≤  defined by a 

≤  b  if a ∧  b   = a, e = 1, a → b  = a ∨ b′. 
 
Example 2.3. Let (G,  ∨,  ∧,  1) be a 

Heyting algebra. Let o =  ∧,  e = 1,  ≤  is the 
lattice order, a → b  is the largest x  such that    
b ∧ x  ≤  a. That is, the new arrow operation 
is defined in terms of the arrow operation in 
the Heyting algebra by a →N b    = b  → a. 

 
Theorem2.5. [13] In BH monoid 
(L, o, e, ≤, →) the following hold for x,  y,  
z ∈ L  

1. y  ≤  z ⇒ x ◦ y  ≤  x ◦ z 
2. x  ≤  ( x ◦ y) → y 
3. (x  → y)◦ y ≤  x  
4. z→(x ◦ y) = (z→y)→x = (z→ x ) → y 
5. e → e =  e 
6. x  → e =  x  
7. e ≤  x  → x  
8. x  ≤  y ⇒ x  → z ≤  y → z 
9. x  ≤  y ⇒ z → y ≤ z → x  
10. y ≤ x  ⇔ e ≤  x  → y 
11. (x  → y)◦ (y → z) ≤  x  → z 
12. If x  ∨ y exists, then (z◦ x)  ∨ (z◦ y) 

exists for any z and z◦ (x  ∨ y) 
= (z◦ x)  ∨ (z◦ y) 

13. If x  ∨ y exists, then (z → x )  ∧  (z → 
y) exist and z → ( x  ∨ y) =  (z → x )  
∧  (z → y) 

14. If x  ∧ y exists, then (x →z) ∧ (y → 
z) exists and (x  ∧ y) → z =  (x  → 
z) ∧ (y → z). 

 Definition2.6. [13] A  BH monoid   
(L,  ◦ ,  e ,  ≤ ,  →)  is a BH-lattice if 

1. ( L ,  ≤ )  is a lattice with glb and lub 
denoted by ∧ and ∨ respectively 

2. x ◦ (y∧z)= (x ◦ y)∧(x ◦ z), ∀x, y, z ∈ L  
3. ((y→x)∧ e)◦ x  =  x∧ y,  ∀x,  y ∈ L .  

 
 Theorem 2.6. [13] A  lattice (L, ∨, ∧,  
o, e, →), where (L,  ◦ ,  e)  is a commutative 
monoid and → is a binary operation on L ,  
is a BH-lattice if and only if 

1. (y → x ) ◦ x  ≤  y 
2. (x  ∧ z) → y ≤  x  → y 
3. x  ≤  ( x ◦ y)  → y,  ∀x,  y ∈ L  
4. x ◦ (y∧z)= (x ◦ y)∧(x ◦ z), ∀x, y, z ∈  L  
5. ((y→x)∧e)◦ x = x∧y,  ∀x, y ∈ L  

 
 Since ∧ is commutative, it follows that 
((y→x)∧e)◦ x = ((x→y)∧e)◦ y,  ∀x,  y ∈ L .  
 Definition 2.7. [2] A  class of algebras 
is said to be equational if it can be defined by a 
set of identities. 
Hence we have the following remark. 
 Remark 2.2. [13] Theorem 2.6 shows 
that BH-lattices are equational. 
 Example 2.4. [9] Heyting algebra and 
l-groups are BH-lattices. Heyting algebra is 
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an example of bounded BH-lattice while the 
unbounded l-groups are examples of 
unbounded BH-lattices. 
 Theorem 2.7. [13], [9] Let 
(L, ∨, ∧, o, e, →) be a BH-lattice and a,  b,  x 
∈ L ,  then the following hold. 

1. x → x = e. 
2. L  is distributive 
3. (x∨y)◦ (x∧y) =  x ◦ y 
4. x = x ◦ e= (x∨e)◦ (x∧e) 
5. If e ≤  x ,  then x is invertible 
6. e ∨ x  is invertible 
7. If x is invertible, then e → x  is 

inverse of x. 
8. If y is invertible, then x  → y =  

x ◦ (e→y) 
9. If x  and y are invertible, then         

[a] xoy is invertible and 
(e→x)o(e→y) is the inverse of xoy 
[b] x → y is invertible and y → x  is 
the inverse of x → y. 

10. e → x  is invertible. 
11. If G is the set of all invertible 

elements, then G is an l-group. 
 
Further Properties of BH-lattics 
 
 Theorem 3.1. Let L  be a BH-lattice 
and a,  b,  x,  y ∈ L  such that a ≤ b  and x  ≤  
y, then aox ≤  boy 

Proof. Suppose a ≤  b and x  ≤  y. By 1 
in Theorem 2.5 a ≤  b implies aox ≤ box and 
x  ≤  y implies box ≤ boy. Hence aox ≤ boy. 
 Notation: For a BH-lattice L  and x,  
y ∈ L ,  x ∗ y = (x →y)∧(y→x).  
 Theorem 3.2. Let L  be any BH-
lattice. For any x,  y,  z ∈ L ,  the following 
properties hold. 

1. x  *y  ≤  e with equality iff x = y. 
2. (x∨y) *(x∧y) =  x  *y 
3. (x *y)o(y*z) ≤  x *z 
4. (x→y)*e  ≥  x *y 
5. x  ≤  e  ⇒  x *e= x. 

 Proof. By 13 and 14 of Theorem 2.5, 
x∧y→x∨y = [(x∧y)→x] ∧ [(x∧y)→y] 
= [(x → x)  ∧  (y→x)]∧ [(x→y)  ∧  (y→y)] 
=  e∧ (y→x)  ∧  (x→y)                             (i) (i) 
And also by 1, 3 and 12 of Theorem 2.5, 
(x∨y )o{(x→y)∧(y→x ) } = [xo{(x→y)∧(y→
x)} ]∨[y o{(x→y)∧(y→x)} ]  ≤  {xo(y→ x ) }  
∨ {y o(x→y )}  ≤  x  ∨ y. That is (x  ∨ y )o{(x  
→ y) ∧ (y → x ) }  ≤  ( x  ∨ y) 
⇒(x→y)∧(y→x)≤ (x∨y)→(x∨y)= e 
⇒(x→y)∧(y→x)∧e= (x→y)∧(y→x)  (ii) 
Hence from (i) and (ii) we have x∧y→x∨y 
= (x→y)∧(y→x). Since x∧y ≤  x∨y, by 8 of 
Theorem 2.5,  x∗y =  (x→y)∧(y→x)  

= (x∧y)→(x∨y)≤ e. If x = y, then by 1 of 
Theorem 2.7, x *y =  e. Conversely if x ∗y 
= e, then x ∗y = (x∧y)→(x∨y)= e ⇒ e 
≤ (x∧y)→(x∨y) ⇒ (x ∨ y) ≤  (x ∧ y)   ⇒ 
x ∨ y =  x ∧ y and consequently it follows 
that x = y. Hence (1) holds. Since 
(x ∨ y) ∗ (x ∧ y) =  [(x  ∨  y)  ∧  (x  ∧  y)] → 
[(x  ∨  y)∨ (x  ∧  y)] =  (x  ∧  y )→ (x  ∨  y) 
=  x ∗y. Hence (2) holds. Again 
(x→y) ∧ (y→x)≤ x →y, y→x  and 
(y→z) ∧ (z→y)≤ y→z, z→y.(x ∗ y)o(y∗ z)
= [(x→y)∧(y→x)]o[(y→z)∧(z→y)]≤ (x→y
)o(y→z) (by Theorem 3.1) ≤  x →z (by 11 
of Theorem 2.5). That is (x∗y)o(y∗z) ≤  
x →z. By a similar argument (x∗y)o(y∗z) 
≤  z→x. So it follows that (x ∗ y)o(y∗ z) 
≤ (x→z) ∧ (z→x)  =  x ∗ z. Hence (3) holds. 
Further, by 4 and 9 of Theorem 2.5, 
(x→y)oy ≤  x. This implies that y→x  ≤  
y→(x →y)oy =  e→(x→y). Hence x ∗y 
= (x →y)∧ (y→x)  ≤  ( x→y)∧ (e→(x →y)) 
=  (x →y)∗ e. So x ∗y ≤  ( x→y)∗ e. Finally, 
let x ≤ e ⇒ e→e = e ≤ e→x  (by 9 of Theorem 
2.5). ⇒ x = e∧x  ≤  x∧(e→x)  =  x ∗e ≤  x. 
Hence x ∗e  =  x. 
 
 Definition 3.1. Let L  is a BH-lattice. 

For n ∈ N and x∈L ,  define xn = xoxo...ox 
(n factors). 
 Theorem 3.3. In a BH-lattice L ,  for any 

n ∈ N,  tn  ≤  e ⇔ t ≤  e. 

 Proof. Let tn ≤  e. Repeatedly applying 
the associative and distributive properties of 

o over the operation ∨, we have (t ∨ e)
n =  t

n 

∨  t
n−1 

∨  ...  ∨  t  ∨  e =  (t
n ∨  e)  ∨  (t

n−1 
∨  

...  ∨  t  ∨  e) =  t
n − 1  

∨  ... ∨  t  ∨  e =  (t ∨ 

e)n−1 . That is (t∨e)o(t∨e)
n −1  =  (t∨e)

n −1   

⇒ (t∨e) ≤  [(t∨e)o(t∨e)
n−1

] → (t∨e)
n −1  

=  

(t∨e)n−1 → (t∨e)n−1= e  ⇒ t∨e = e ⇒ t ≤ e. 
Hence t  ≤  e (by 2 of Theorem 2.5). 
The converse follows from Theorem 3.1 by 
induction. 
 
Filters 
 In this section we introduce the notion of 
filters in BH-lattices, furnish examples and 
prove certain properties of filters. 
 Definition 4.1. A  non empty subset F  
of a BH-lattice L  is called a filter of L  iff 

1 .  x,  y ∈ F  ⇒  xoy ∈ F  
2. x ∗e  ≤  y∗e  and x  ∈ F  ⇒  y ∈ F .  

 Theorem 4.1. Let F  be a filter of BH-
lattice L.  Then e ∈ F .  
 Proof. Since F  is nonempty subset of L ,  
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there exists an element x  ∈ F .  By 13 and 14 
of Theorem 2.5, x∧ e → x∨ e =  [(x ∧ e) → x]  
∧ [(x ∧ e) → e]  
=  [(x→x) ∧ (e→x)] ∧  [(x→e) ∧ (e→e)]          
=  e ∧ (e → x)  ∧  x                                
And also by 1, 3 and 12 of Theorem 2.5, 
(x ∨ e)o{x ∧ (e→x ) } = [xo{x ∧ (e→x)}] ∨ [eo{x
∧ (e→x)} ] ≤ {xo(e→x ) }∨(eox) ≤  x∨e. That 
is (x∨e)o{x∧(e→x ) }  ≤  (x∨e) ⇒ x  ∧ (e→x)  
≤  ( x  ∨ e)→(x  ∨ e)= e  ⇒  x ∧ (e→x) ∧ e =  
x ∧ (e→x)  (ii)Hencefrom(i)and(ii)wethatx∧e→x∨e= x∧(e→x)= x ∗e. 
 Hence by 8 of Theorem 2.5,  x∗e 
= x∧(e→x)  = (x∧e)→(x∨e) ≤  e. So, by the 
definition of a filter e ∈ F .  
 Theorem 4.2. Let F  be a filter of BH-
lattice L.  Then the following properties hold. 

1 .  If x, y ∈ F and x∧ y ≤ a ≤ x∨ y, then 
a ∈ F .  

2. F  is closed under all the operations 
in L .  

 Proof. Let x  ∈ F .  By 1 of Theorem 3.2 
and 9 of Theorem 2.5,  x ∗ e  ≤  e ⇒ e → e = e 
≤  e → (x ∗ e). This implies that e ∧ ( x∗e) 
= x ∗e ≤ (x∗e)∧(e→(x∗e)) = (x∗e)∗e. Hence 
x ∗e ∈ F .  

Let x,  y,  a ∈ L  such that x∧ y ≤ a 
≤ x∨ y. Then by 1, 9 and 13 of Theorem 2.5 
and 1 and 5 of Theorem 3.2, a∗e = a∧(e→a) 
≥ a∧(e→(x∨y)) ≥  (x∧y) ∧  (e→(x∨y)) 
= (x∧y) ∧  (e→x) ∧  (e→y) = (x ∗ e)  ∧  
(y ∗ e) ≥ (x ∗ e)o(y ∗ e) = [(x ∗ e)o(y ∗ e)] ∗ e. 
Further, for x,  y ∈ F ,  x ∗ e,  y ∗ e ∈ F ,  
and hence (x∗e)o(y∗e) ∈ F .  Hence a ∈ F .  
By Theorem 3.1 and 1, 3 and 5 of Theorem 
3.2, we have [(x∗e)o(y∗e)]∗e = (x∗e)o(y∗e) 
≤  x∗y =  (x∗y)∗e. Thus it follows that 
x∗y ∈ F .  Furthermore, by 4 and 9 of 
Theorem 2.5, (x →y)oy ≤  x. This implies 
that, y→x  ≤  y→(x →y)oy =  e→(x →y). 
So that (x →y)∗e = (x→y)∧(e→(x →y)) 
≥ (x→y)∧(y→x)  = x ∗y = (x∗y)∗e. Hence 
by definition it follows that x → y ∈ F .  
Thus (2) holds. 

         Corollary 4.1. A  filter F  of a BH-
lattice L  is a sub BH-lattice of L .  
 
 A  sub BH-lattice H  of a BH-lattice may 
not be a filter of L .  For this take L  the 
addative group of real numbers with the 
usual order and H  the set of integers. 

Corollary 4.2. If x  is an element 
of a filter F  of a BH-lattice L ,  then the 
interval [x  ∧  e,  x  ∨  e] ⊆ F .  

Definition 4.2. Every BH-lattice 
L  is a filter of itself, called the improper 
filter; all other filters will be called proper. 

 
Theorem 4.3. For any BH-lattice 

L ,  E = { e }  is a filter of L.  
Proof. Clearly e∗e = e. Let x  ∈ L  

such that e∗e ≤  x ∗e ⇒ e ≤  x ∗e ≤ e (by 
Theorem 3.2) ⇒ x∧ (e→x )= e ⇒ e ≤ x  and e 
≤  e→x  (by the definition of ∧) ⇒ e ≤  x  
and x  ≤  e (by defining condition of →). 
Hence x = e  ∈ E .  Thus E  is a filter. 

Definition 4.3. The filter E = { e }  
is called the trivial filter. 

Theorem 4.4. Z  is the only non 
trivial filter in the BH-lattice 
(Z , + , 0 , ≤ , − ) ,  where ≤  is the usual 
ordering. 

Proof. Let F  be a filter of BH-lattice 
(Z , + , 0 , ≤ , − )  and 0 ≠  x0 ∈ Z .  If there 

exists an element y ∈ F  such that y∗0 ≤  
x0∗0, then x0 ∈ F  and Z ⊆ F  and the proof is 

over. Suppose not. This implies, for all y ∈ 
F ,  x0∗0 ≤ y∗0. ⇒ x0 ∧ ( −x 0 )  ≤  y ∧ ( − y )  

(because in l-group x  → y =  xoy
−1

). ⇒ 
−|x0| ≤ −|y| ⇒ |y| ≤ |x0|. 

Since F  is a filter and y ∈ F,  |y| ∈ 
F and further by Theorem 4.2, for all n ∈ N,  
n|y| ∈ F .  Hence n|y| ≤ |x0|,  ∀n ∈ N which 

is impossible. Hence there exists an element y 
∈ F  such that y∗0  ≤  x0∗0.  Thus x0  ∈ F .  

 
Example 4.1. Let L = {0, x, y, z , 1} be the 
lattice given by the Hasse diagram in fig.1. 
For o = ∧ and → defined by the table 1. 

 
Figure 1: Hasse diagram of  L 

 
→ 0 x y z 1 

0 1 y x 0 0 
x 1 1 x x x 
y 1 y 1 y y 
z 1 1 1 1 z 
1 1 1 1 1 1 

 
Table1: definition of → 

 
Then, L  is a BH-lattice, and F 1= {x, z , 1},  

F2 =  {y , z , 1} and F3 = { 1 }  are all filters of 

L .  
Example 4.2. Let B  =  {1,  2,  3,  

5,  6,  10,  15,  30}, positive factors of 30. It is 
a Boolean algebra under divisibility. That is, 
for x,  y ∈ B ,  x  ≤  y means x  divides y, 
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x∨y =  lcm{x,  y} ,  x∧y =  g cd{x,  y } and 

1′= 30,  2′= 15,  3′= 10,  5′= 6. Then clearly 
F1  =  {2, 6, 10, 30}, F 2  =  {3, 6, 15, 30} and F 3  

=  {30}  are filters of B.  
Theorem 4.5. The set of filters of  a 

BH-lattice are closed under arbitrary 
intersection. 

Proof. Follows from the definition of 
filter. 
Consider the filters F 1  and F2  in example 4.2 

above. Clearly F1∪ F2 is not a filter. Hence 

we have the following. 
Theorem 4.6. Let L  be a BH-

lattice and for all x  ∈ L,  e→(e→x)= x. Let 
F  and G be filters of L .  Then F∪G  is a 
filter of L  if and only if G  ⊆ F  or F  ⊆ G.  

Proof. Let F ∪G  be a filter of L .  
Suppose that F  ⊈ G  and G  ⊈ F .  Thus 
there exists elements x  ∈ F − G  and y ∈ 
G − F . Hence xoy ∈ F ∪G. And 
consequently xoy ∈ F  or xoy ∈ G.  If xoy ∈ 
F ,  then x  → xoy =  e → y ∈ F .  Thus 
e→(e→y) =  y ∈ F ,  which is a 
contradiction. If xoy ∈ G, then y→xoy 
= e→x  ∈ G. Thus e→(e→x)  =  x  ∈ G, 
which is also a contradiction. In both cases 
there is a contradiction. Hence G  ⊆ F  or F  
⊆ G.  The converse is trivial. 

Corollary 4.3. If a BH-lattice L  is 
an l-group and F  and G are filters of L ,  then 
F∪G  is a filter of L  if and only if G  ⊆ F  or 
F  ⊆ G.  

Theorem 4.7. Let F  be a non 
empty subset of BH-lattice L such that 

1 .  x  ∈  F and x ∗e≤ y∗e ⇒ y ∈ F  
2. If x  ∈ F and y→x  ∈ F ,  then y ∈ F .  

Then F  is a filter of L .  Moreover, if 
L  is bounded above and F  is a filter of L ,  
then F  satisfies the conditions in (1) and (2). 

Proof. Let a non empty subset F  of 
the BH-lattice L  satisfies the conditions (1) 
and (2). Since F  is non-empty, there exists 
an element, say x  ∈ F .  Then x ∗e ≤  e =  e∗e. 
So that e ∈ F .  Let x,  y ∈ F .  By 4 of 
Theorem 2.5,  z→(xoy) = (z→ x )  →y. For 
z = xoy, by condition (2) in the hypothesis, 
we have e = (xoy)→(xoy) = ((xoy)→x) →y 
∈ F .  Hence (xoy)→ x  ∈ F .  Thus (xoy) ∈ 
F .  Therefore F  is a filter of L .  
Now let L  is bounded above and F  is a filter 
of L .  If there exists an element x∈L  such 
that e< x, then using (1) of Theorem 2.5 the 

elements of the sequence { x 2
n

}  are all 
distinct and the sequence is strictly 
increasing. And this contradict the given 

hypothesis that L  is bounded above. Hence 
e is the upper  bound of L  and by Theorem 
4.1,  e ∈ F .  Let x,  y→x  ∈ F .  Then x∧y 
= [(y→x)∧e]ox = xo(y→x )  ∈ F .  Moreover, 
by Theorem 2.6 and Theorem 3.2, 
[xo(y→x)]∗e= xo(y→x)  ≤  y =  y∗e. Hence 
y ∈ F .  

Theorem 4.8. Let L  be a BH-
lattice and F  be a filter of L .  Then, for x,  
y,  z ∈ L  the following hold. 

1 .  x ∗y ∈ F  ⇔ x →y , y→x  ∈ F  
2. x ∗y,  y∗z ∈ F  ⇒ x ∗z ∈ F  
3. x, y→x  ∈ F  ⇒ x∧y ∈ F .  

Proof. Follow from the definition of 
filter, Theorem 3.2, Theorem 4.1 and 
Theorem 4.2. 
          Theorem 4.9. Let L  be a BH-
lattice, F  a filter of L ,  x∈L .  Then 

1 .  x  ∈ F  ⇔ ( x∨e),  (x∧e) ∈ F  
2. x  ∈ F  ⇔ ( x∗e) ∈ F .  

Proof. Follow from the definition of 
filter and Theorem3.2. 

Theorem 4.10. Let L  be a BH-
lattice, x, y ∈ L and F  be a filter of L .  Then 

1. (x∨y)∗e  ≤ (x∗e)∨(y∗e) 
2. If x∨y ∈ F ,  then (x∗e)∨(y∗e) ∈ F .  

Proof. By 13 of Theorem 2.5 and 
distributive property, (x  ∨ y)∗e = (x∨y) ∧ 
(e→(x∨y)) =  (x∨y) ∧ { ( e→x)  ∧ (e→y )}  =  
{ x  ∧ ((e→x)  ∧ (e→y ))}  ∨ {y  ∧ ((e→x)  ∧ 
(e→y ))}  =  { ( x ∗e) ∧ (e→y )}  ∨ { (y∗e) ∧ 
(e→x ) }  ≤  ( x∗e) ∨ (y∗e). Hence (1) holds. 
Thus by Theorem 3.1 and Theorem 3.2 in 
(1), we obtain that (x  ∨ y)∗e ≤ (x∗e ∨ y∗e)∗e. 
Hence x  ∨ y ∈ F  implies that (x∗e) ∨ (y∗e) 
∈ F .  

Theorem 4.11. Let L  be a BH-
lattice bounded above and F  be a filter of L .  
Then for x,  y,  z ∈ L ,  the following hold. 

1 .  x → y,  y → z ∈ F  ⇒  x → z ∈ F  
2. x → y,  yoz ∈ F  ⇒ xoz ∈ F  
3. x,  z ∈ F ,  x  ≤ y → z ⇒ y ∈ F  
4. x  ≤ y ⇒ y → x  ∈ F .  

Proof. Let L  be a BH-lattice 
bounded above and F  be a filter of L .  By 11 
of Theorem 2.5 and definition of filter, x → 
y,  y → z ∈ F  implies that (x→y)o(y→z) 
≤ x → z and (x →y)o(y→z) ∈ F .  Hence 
x →z ∈ F .  Suppose that, x →y,  yoz ∈ F .  
Then by 1 and 3 of Theorem 2.5, 
(x→y)o(yoz) = ( (x→y)oy)oz ∈ F  and 
( (x→y)oy)oz ≤  xoz. Hence xoz ∈ F .  
Further, by Theorem 4.7 and the definition, 
x, z ∈ F , x  ≤  y→z ⇒ y→z,  z ∈ F .  Hence 
y ∈ F .  Finally to prove (4), let x ≤ y ⇒  e  ≤ y 
→ x. Hence y → x  ∈ F .  
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Theorem 4.12. Let L  be a BH-
lattice which is bounded above. Let F  and G 
be filters of L.  Then F∪G  is a filter of L  if 
and only if G  ⊆ F or F  ⊆ G. 

Proof. Let F∪G  is a filter of L .  
Suppose that F  ⊈ G  and G  ⊈ F .  This 
implies there exist elements x  ∈ F − G  and y 
∈ G − F .  Hence x ∗y = (x→y)∧(y→x)  ∈ 
F ∪G. It follows that (x→y) ∧ (y→x)  ∈ F  
or (x→y)∧(y→x)  ∈ G. If ( x→y)∧(y→x)  ∈ 
F ,  then y→x  ∈ F .  Thus by Theorem 4.7,  y 
∈ F ,  which is a contradiction. If x ∗y ∈ G, 
then x → y ∈ G. Thus by the same argument 
as above, x  ∈ G, which is also a 
contradiction. In both cases there is a 
contradiction. Hence G  ⊆ F  or F  ⊆ G. The 
converse is trivial. 

Theorem 4.13. Let L  be a BH-
lattice which is bounded above. Then 

L e = { x∈L :e→x = e}  is a filter of L .  

Proof. Let x,  y ∈ Le .  Then e→xoy 
= (e→ x ) →y = e→y = e. Hence xoy ∈ 

Le .Let x  ∈ L e  and x  ≤  y. Then x  ≤  y ≤  
e. Thus e = e→e ≤ e→y ≤ e→x  = e. Hence y 

∈ Le .  
Theorem 4.14. Let L  be a BH-

lattice with unity l and bounded above. Then 
L l = { x∈L :x →l= e}  is a filter of L .  

Proof. Since L l  is a sub BH-lattice 

of L  [[9], Theorem 2.25], it follows from 8 of 
Theorem 2.5. 

Definition4.4. Let L  be a BH-
lattice. A  non empty set H  ⊆ L  is called 

1. multiplicatively closed if xoy ∈ H ,  
whenever x and y be long to H. 

2. implicatively closed if x →y H ,  
whenever x and y belong to H. 
Example 4.3. For any BH-lattice 

L ,  L e  = { x  ∈ L : e → x  =  e}  is both 
multiplicatively and implicatively closed set. 

Definition 4.5. Given a BH-
lattice L  and a non empty set X ⊆ L .  F ( X )  
or [ X )  denote the least filter containing X ,  
i.e., the intersection of all filters containing 
X ,  called the filter generated by X .  The 
elements of X  are called generators of the 
filter [X). 
If X = {x1 , ... , xn}, then the filter [X)  is 

simply denoted by [x1 , x2 , ..., xn) and said to 

be finitely generated. We can write F (a)  
instead of writing F ( { a } ) ,  when X = { a }  
and we call it the principal filter generated by 
a. 

 

Theorem 4.15. Let L  be a BH-
lattice and ∅ = X  ⊆ L .  Then the filter 
generated by X  is given by, F ( X ) = { x∈L : 
(a1∗e)o(a2∗e)o...o(ak∗e) ≤  x ∗e,  ai ∈ X ,  k  ∈ 

N}, ai ’s are not necessarily distinct. 

Proof. Since for any a ∈ X ,  a∗e ≤  
a∗e ,  X  ⊆ F ( X ) .  Let x,  y ∈ F ( X ) ,  then 
there exist elements a1 , ...,  ak,  b1,  ...,  bt ∈ 

X  such that (a1∗e)o(a2∗e)o...o(ak∗e) ≤  x∗e 

and (b1∗e)o(b2∗e)o...o(bt∗e) ≤  y∗e. Hence by 

Theorem 3.1 and distributive property of o 
over ∧ (use twice), we have {(a1∗e) o (a2∗e) o 

... o (ak∗e)} o {(b1∗e) o (b2∗e) o ... o (bt∗e) }  ≤  

( x∗e)o(y∗e) = { x ∧(e→x)}  o  { y∧(e→y )}  =  
(xoy) ∧ (yo(e→x))  ∧ (xo(e→y)) ∧ 
{ ( e→x)o(e→y )}  ≤  xoy ∧ [(e→x)o(e→y)]. 
But by 4 and 11 of Theorem 2.5, 
(e→x)o(e→y) ≤  (e→x)o(x→yox) ≤  
e→xoy. Hence 

(x∗e)o(y∗e) ≤  (xoy)∧(e→(xoy)) 
= (xoy)∗e. Hence xoy ∈ F ( X ) .  Let x  ∈ 
F ( X )  and x ∗e ≤  y∗e. Then clearly, y ∈ 
F ( X ) .  Moreover, let F  be any filter of L  
containing X .  Then by Theorem 4.2 and 
Theorem 4.9, F ( X )  ⊆ F .  Therefore it is the 
filter generated by X .  

Corollary 4.4. Let L  be a BH-
lattice and ∅ = X ⊆L  such that X  is 
implicatively closed and e ∈ X .  Then 
F ( X ) = { x∈L :(a1∧a2)o(a3∧a4)o...o(ak−1∧a

k)≤ x ∗e, ai∈X } ,  where ai ’s are not 

necessarily distinct. 
Proof. Directly follows from 

Theorem 4.15 and the definition of ∗. 
Remark 4.1. For BH-lattice L ,  the 

filter generated by empty set is the 
intersection of  all filters of L .  

Corollary 4.5. For a BH-lattice L  
and a ∈ L ,  the filter generated by a is given 

by F (a)= { x∈L :(a∗e)n ≤  x ∗e,  n ∈ N}  
Proof. Directly follows from 

Theorem 4.15. 
         Corollary 4.6. Let L  be a BH-
lattice and ∅ = X ⊆L  such that X  is 
bounded above by e. Then F ( X ) = { x∈L : 
a1oa2o...oak ≤  x ∗e,  ai ∈ X } .  

Proof. Follows from 9 of Theorem 2.5 
and Theorem 4.15. 
From the above results we observe that 

1.  if a ∈ L,  a≤ e, then F (a)= { x∈L :an 

≤  x ∗e,  n ∈ N}. 
2. if L  is a BH-lattice bounded above, 

then for any ∅ =  X  ⊆ L ,  F ( X )  =  
{ x∈L : x1ox2 o...oxn ≤  x ,  x i  ∈ X ,  
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∀ i  =  1,  2,  3, ...,  n} and F (a)=  

{ x∈L : an ≤  x,  n ∈ N}. Moreover, 
if X  is multiplicatively closed 
subset of L ,  then F ( X )  reduces to 
the form F ( X ) = { x  ∈ L : a ≤  x,  a 
∈ X } .  

          Corollary 4.7. For a Heyting 

algebra H and a ∈ H ,  { x : an ≤  x, for some 
positive integer n}  is the filter generated by a. 
         Corollary 4.8. In a commutative l-

group G and a ∈ G a n d  a ≤  e, { x : an ≤  

x∧ x
−1

,  n ∈N} is the filter generated by a. 
  
Recall that a subdirectly irreducible algebra 
is an algebra that cannot be factored as a 
subdirect product of  ”simpler” algebras [3]. 
 
       Theorem 4.16. Let L  be a BH-lattice 
with the special property e ≤ (x→y)∨(y→x),  
∀x, y ∈ L .  If L  is subdirectly irreducible, 
then L  is totally ordered. 

Proof. Suppose L  is subdirectly 
irreducible and let L  is not totally ordered. 
Hence there exist a pair of incomparable 
elements x,  y ∈ L .  By 10 of Theorem 2.5, 
this implies that (x →y)∧e =  e and 
(y→x)∧e =  e. Let F 1  =  F ( ( x →y)∧e) and 

F 2  =  F ((y→x)∧e). Let a ∈ F 1 ∩F2 . Then 

there exist positive integers m and n such 

that { ( x →y) ∧ e}m ≤  a ∗ e and 

{ (y→x) ∧ e}n ≤  a ∗ e. Hence 

[ { (x→y)∧e}m] ∨ [{(y→x)∧e}n ] ≤  a∗e. 
Since L  is a distributive lattice and by the 
hypothesis given [ { (x→y)  ∧  e}]  ∨  
[{(y→x) ∧ e}] =  { ( x →y) ∨ (y→x)} ∧ e =  e. 
For any t,  s ∈ L  such that t∨ s = e, by 1 of 

Theorem 2.5 and Theorem 3.1,  s2 ≤  e,  

(t∨ s)ot ≤  t. Thus t∨ s2 ≤ e and (t∨s)ot∨sos 
=  tot∨sot∨sot∨sos =  (t∨s)o(t∨s) =  e. 

And e =  to(t∨s)∨ (sos) ≤  t∨s2.  Therefore 

t∨s2 =  e. Therefore by induction we have 

t∨sn =  e. By a similar argument by 
interchanging the role of t and s in this 

result, we obtain tm ∨ sn =  e. Now, taking 
t  = { ( x →y)∧e }  and s= {(y→x)∧e}, gives, e 

= [ { (x→y)∧e}m] ∨ [{(y→x)∧e}n ] ≤  a∗e ≤  
e. Thus a∗e= e and hence a= e. Therefore L  
is subdirectly reducible. 

Corollary 4.9. Any subdirectly 
irreducible Boolean algebra is a chain. 

Corollary 4.10. Any subdirectly 
irreducible commutative l-group is a chain. 

Proof. Let L  be a BH-lattice and 
(L, o)  is a group. Then by 1 of Theorem 2.5, 
8 of Theorem 2.7 and Theorem 3.3, for any x  

∈ L,  e  =  (x∨x
− 1

)o(x∨x
− 1

)
− 1  =  

(x∨x
− 1

) o(x
− 1
∧x)  ≤  ( x∨x

−1
)

2
.  Hence 

{ ( x∨x
− 1

)
− 1

}
2  ≤  e. Thus (x∨x

− 1
)

− 1  ≤ e and 

hence e ≤  x∨x
− 1

.  Therefore for any 
commutative l-group L ,  and x,  y ∈ L,  e  ≤  

(xoy
−1

)  ∨ (xoy
− 1

)
− 1  =  (xoy

− 1
)  ∨ (x

−1
oy ) 

=  (x →y) ∨ (y→x)  
Theorem 4.17. Let L  be a BH-

lattice, x,  y,  z ∈ L  such that  x,  y,  z ≤  
e, Then 

1. (x∧y)o(x∧z) ≤  x∧(yoz) 
2. (x∨y)o(x∨z) ≤  x∨(yoz). 

Proof. By 1 of Theorem 2.5,  x≤ e,  
y≤ e implies that xoy≤ x ∧ y. Hence by 
distributive property of o over ∧, ( x∧y) o 
(x∧z) =  (xox)  ∧ (yox) ∧ (xoz) ∧ (yoz) ≤  
( x∧x)  ∧ (y∧x)  ∧ ( x∧z) ∧ (yoz) ≤  x  ∧ x  ∧  
x  ∧ (yoz) =  x  ∧ (yoz). Further, 
(x∨y)o(x∨z) =  (xox)  ∨ (yox) ∨ (xoz ) ∨ 
(yoz) ≤  ( x∧x)  ∨ (y∧x)  ∨ ( x∧z) ∨ (yoz) ≤  
x  ∨ x  ∨ x  ∨ (yoz) =  x∨(yoz). 
 

Theorem4.18. Let L  be a BH-
lattice, T  be a filter of L  and a,  b ∈L .  Then 

1. F (T∪{ a } )  =  { x∈L : to(a∗e)n ≤  
x ∗e,  t ∈ T,  n  ≥  0} ,  where for x  ∈ 

L ,  x0  =  e. 
2. F (a)  ∧ F (b) ⊆ F (a∗e ∧ b∗e) =  

F ((a∗e)o(b∗e))  ⊆ F (a)  ∨ F (b) 
3. F (a)∨F (b)⊇F ((a∗e)∨(b∗e)) 

Proof. The first one is trivial. For 
the rest two consider the following. Since a ∗ e 
= (a ∗ e) ∗ e, it is obvious that F (a)  =  
F (a ∗ e). Further, by Theorem 3.2, 
(a ∗ e)o(b ∗ e) ≤  (a ∗ e)  ∧  (b ∗ e) ≤  a∗ e,  b∗ e. 
Hence by Theorem 3.1 and induction we 

have ((a∗e)o(b∗e))n ≤  (a∗e ∧ b∗e)n ≤  

(a∗e)n,  (b∗e)n,  n ∈ N. Observe that, F (a),  
F (b) ⊆ F ((a∗e)  ∧  (b∗e)). Hence F (a)  ∧  
F (b) ⊆ F (a),  F (b) ⊆ F ((a∗e)  ∧  (b∗e)) ⊆ 
F ((a∗e)o(b∗e)). Let G  be any filter of L  
such that F (a), F (b) ⊆ G  and let x  ∈ 

F ((a∗e)o(b∗e)). Then ((a ∗ e)o(b ∗ e))n ≤  
x ∗ e, for some n ∈ N. Nevertheless, a∗ e,  b∗ e 
∈ G, thus (a ∗ e)o(b ∗ e) ∈ G. Therefore x∈G. 
Hence F ((a∗e)o(b∗e)) ⊆ F ((a∗e)∧(b∗e)),  
F (a) ∨ F (b). Hence (2) holds. Furthermore, 
as a∗e,  b∗e ≤ (a∗ e)∨ (b∗ e), it follows that 

(a ∗ e)n, (b ∗ e)n≤ ((a∗ e)∨ (b ∗ e))n,  n ∈ N. 
Hence it follows that F ((a∗e)∨(b∗e)) 
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T  

⊆F (a∗e),  F (b∗e) ⊆ F (a)∨F (b). 
 
In 2 and 3 of Theorem 4.18 equality 

does not hold. To  show this consider F1  and 

F2  in example 4.2. Observe that F (2)  =  { x  

∈ B  :(2∗e)n ≤  x ∗e }  =  { x  ∈ B  : 2 ≤  x }  =  
F 1  = {2, 6, 10, 30}. Similarly F (3)  =  F 2  =  

{3, 6, 15, 30}. Then clearly F (2)  ∨  F (3)  =  
B  = {1, 2, 3, 5, 6, 10, 15, 30} while F ( (2∗e) ∨ 
(3∗e)) =  F (2 ∨ 3) =  F (6)=  {6, 30}. 
Additionally, F (2)  ∧ F (3)= {6, 30}, while 
F ((2∗e) ∧ (3∗e)) =  F (1)  =  {1,  2,  3,  5,  
6,  10,  15,  30}. 
 

Theorem 4.19. Let L  be any BH-
lattice, F  and T be filters of L .  Then 
F ∨T= F ( F∪T )= { x∈L :f ot≤ x ∗e, f∈F, t∈T ,
f ,  t ≤  e }  is the smallest filter containing 
F∪T . 

Proof. Trivially follows from 
Theorem 4.2 and Theorem 4.15. 

Theorem 4.20. Let L  be any BH-
lattice. Then the set of filters F of L  forms a 
complete bounded distributive lattice (under 
⊆). 

Proof. Let L  be any BH-lattice and 
F  and T be filters of L .  Take F ∧T =  F ∩ T ;  
F∨T= F ( F∪T ). 
 Then clearly it is a bounded lattice 

with 0 = F  and 1 =  L .  To  show it is 

distributive it suffices to show ( F  ∨ G )  ∧ ( F  
∨ T ) ⊆ F  ∨ ( G  ∧ T ) or F  ∧ (G  ∨ T )  ⊆ ( F  
∧ G )  ∨ ( F  ∧ T ) for F,  G,  T ∈ F .  Let x  ∈ 
F  ∧ (G∨T ). This implies that x  ∈ F  and x  
∈ G∨T . Hence by Theorem 4.19 there exists t 
∈ T,  g ∈ G  such that tog ≤  x ∗e,  t,  g ≤  e 
and x  ∈ F .  Then ( (x∗e)∨t)o((x∗e)∨g) ≤  
( x∗e) ∨ (tog)= x ∗e. Since (x∗e)∨t ∈ F ∩T ,  
(x∗e)∨g ∈ F ∩G, ( (x∗e)∨t)o((x∗e)∨g) ∈ 
( F ∩G)  ∨ ( F ∩T ). Hence x  ∈ ( F ∩G)∨( F ∩T ). 
Therefore the lattice in theorem is 
distributive. 
 Let ∅ ≠ X  ⊆ L .  Any x  ∈ L  is in 
F ( X )  iff there exists elements a1,  a2,  ...,  an 
∈ X  such that (a1∗ e)o(a2∗ e)o...o(an∗ e) ≤  

x ∗ e. Therefore x  ∈ F (a1 ,  a2,  ...,  an) and 

thus F ( X ) =

 },,:)( NnnYXYYF  . Further, 

clearly for X ,  Y  ⊆  L , X  ⊆  F ( X ) ,  X  ⊆ 
Y implies that F ( X )  ⊆  F (Y) and 
F ( F ( X ) ) = F ( X ) .  Hence the mapping X →  
F ( X )  is an algebraic closure operator whose 
closed subsets are filters.   Since the set of all 
closed subsets (with set inclusion as the 

partial ordering) is a complete lattice,  the 
lattice in the theorem is complete. Hence 
(F, ⊆) is a complete bounded distributive 
lattice. 

In any lattice (P , ≤) ,  for a,  b ∈P , 
the relative Pseudocomplement of a with 
respect to b is a maximal element c such that 
a ∧ c ≤  b  and it is denoted by b  → a. 

Theorem 4.21. Let L  be a BH-
lattice and T  and K  be filters of L .  The 
relative pseudocomplement of T  with respect 
to K  is given by K → T = { x∈L : (x∗e) ∨ 
(a∗e) ∈ K,  ∀a ∈ T } .    

Proof. Let 
H = { x∈L :(x∗e)∨(a∗e)∈K, ∀a∈T }. Since for 
any a ∈ L, a∗e ≤ e, (e∗e)∨(a∗e) = e∈K , e  ∈H .  
So that H is non empty set. Let x,  y ∈ H .  
Then for each a ∈T ,  (x∗e)∨(a∗e),  
(y∗e)∨(a∗e) ∈ K .  Since (x∗e)o(y∗e) ≤  
(xoy)∗e, by Theorem 4.17,  {(x∗e) ∨ 
(a∗e)}o{(y∗e) ∨ (a∗e) }  ≤  { ( x ∗e)o(y∗e) }  ∨ 
(a∗e) ≤  ((xoy)∗e) ∨ (a∗e). Thus ((xoy)∗e) ∨ 
(a∗e) ∈ K  and hence xoy ∈ H .  Now let x  ∈ 
H  and x ∗e ≤  y∗e. Then (x∗e) ∨ (a∗e) 
≤ (y∗e) ∨ (a∗e) ∈ K .  Hence y ∈ H  and 
consequently H is a filter. 

If x  ∈ T∩H , then x ∗e = (x∗e) ∨ 
( x∗e) ∈ K  and hence x∈ K .  Hence T∩H  ⊆ 
K .  Furthermore, let C  be any filter such  
that T∩ C ⊆ K .  For x∈ C  and for each a ∈ 
T , x ∗ e, a ∗ e ≤ { ( x ∗e) ∨ (a∗e)}∗e =  (x∗e) 
∨(a∗e) ∈ T∩C  ⊆ K .  Hence x  ∈ C  implies 
that x  ∈ H .  Therefore H is the maximal 
element C  such that T∩C  ⊆ K .  Hence 
H = K →T . 

Corollary 4.11. For any BH-
lattice L  and the set of filters F ,  the system 
(F, ⊆) forms a Heyting algebra with K →T 
=  { x∈L : (x∗e) ∨ (a∗e) ∈ K, ∀a ∈ T },  K,  
T∈ F .  
Observe that for K ,  T  ∈ F ,     
K  → T  =  { C∈F : T ∩ C  ⊆ K } .  
 

Theorem 4.22. If any BH-lattice L  
is totally order, then so does (F,  ⊆). 
 
  Proof. Let F,  T ∈ F  such that F ≠ T . 
Then there exists an element x  ∈ F − T or x  
∈ T− F . Suppose that x  ∈ F − T . Then by 
Theorem 4.9,  x∗e∈F − T . Let y ∈ T . Then 
y∗e ∈ T . If y∗e ≤  x ∗e, then x  ∈ T which is a 
contradiction. Thus x ∗e ≤  y∗e and hence y 
∈ F .  Hence T ⊆ F .  Therefore (F, ⊆) is 
totally ordered. 
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C O N G R U E N C E R E L A T I O N S  
 
In this section we introduce the notion of 
congruence relations in BH-lattices and 
prove certain properties of filters. 

Definition 5.1. An equivalence 
relation θ on a BH-lattice (L, ◦ , e, ≤ , →)  is 
called a congruence relation on L  if for (x,  
y),  (c,  d) ∈ θ,  (x ∧ c,  y ∧ d),  (x ∨ c,  y∨ d) 
, (xoc,  yod),  (x→c,  y→d) ∈ θ. That is, a 
lattice congruence θ on L  is a congruence on 
L  if for (x,  y),  (c,  d) ∈ θ,  (xoc,  yod),  
(x → c,  y →  d) ∈ θ. 

For a congruence relation θ on BH-
lattice L ,  the congruence class containing x is 
denoted by [x] or [x]θ and the set of all 

congruence classes is denoted by L/θ .  
Theorem 5.1. Let F  be a filter and 

define θ F= {(x, y )  ∈ L X L  : xoh ≤ y,  yoh 

≤  x  for some h ∈ F } .  Then θ F is a 
congruence relation on L .  

Proof. For any x  ∈ L,  xoe ≤  x  

and by Theorem 4.1,  e ∈ F .  so  (x,  x)  ∈ θ F. 

Clearly θ F is symmetric. Let (x,  y),  (y,  

z) ∈                  θ F.  Then there exist elements 

h,  h′ ∈ F  such that xoh ≤  y,  yoh  ≤  x,  

yoh′ ≤  z,  zoh′  ≤  y.  By 1 of Theorem 

2.5,  (xoh)oh′ ≤  yoh′ ≤  z and (zoh′)oh ≤  

yoh ≤  x  and hoh′ =  h′oh ∈ F .  So (x,  z ) ∈ 

θ F.  Thus θ F is an equivalence relation on  
L .  

To  establish the substitution 

properties, let (a,  b),  (x,  y) ∈ θ F. Then 

there exist elements h,  h′ ∈ F  such that aoh 

≤  b  and boh  ≤  a, xoh′ ≤ y and yoh′ ≤  x. 

Let k = hoh′ ∈ F ,  then by Theorem 3.1,  

(aoh)o(xoh′) ≤  boy and (boh)o(yoh′) ≤ aox. 

This implies that (aox)o(hoh′) ≤ boy and 

(boy)o(hoh′) ≤  aox. Thus, (aox,  boy) ∈ θ F. 

Further, let j  =  h∧h′. By 1 and 14 of 
Theorem 2.5,  aoj ≤  aoh  ≤  b,  boj  ≤  boh 

≤  a and x o j  ≤  xoh′ ≤  y,  yoj  ≤  yoh′  ≤  
x. This implies that a ≤  b  →  j,  b ≤  a → 
j ,  x  ≤ y → j ,  y ≤  x → j .  Hence a∧x  ≤  
(b→j )∧(y→j ) = (b∧y)→j  and b∧y ≤  
(a→j )∧(x →j )  =  (a∧x)→j .  Therefore, 
(a∧x)o j  ≤  b∧y and (b∧y)oj ≤  a∧x  and 

hence (a∧x, b∧y) ∈ θ F. Moreover, (a∨x) o j  =  

(aoj )∨(xo j )  and j  ≤  h,  h′ and this implies 

that boj ≤  boh ≤ a,  yoj ≤  yoh′ ≤  x  and 

aoj ≤  aoh ≤  b,  xoj  ≤  xoh′ ≤  y.  Hence, 
(aoj )  ∨ (xo j )  =  (a∨x)o j  ≤  b∨y and 
(boj )∨(y oj )  =  (b∨y)oj ≤  a∨x. Thus, 

(a∨x, b∨y) ∈ θ F.  Therefore, the relation θ F is 
a congruence relation. 

Theorem 5.2. Let F  be a filter of a 
BH-lattice L .  The relation defined by 
x ≡ y(θF) iff x ∗y = (x→y)∧(y→x)  ∈ F  is a 

congruence relation. 
Proof. Let F  be a filter of BH-lattice 

L .  Define x ≡ y(θF) iff 

x ∗ y= (x→y) ∧ (y→x)  ∈ F .  Since e belongs 
to F,  it follows that for any element x  in L,  
x ≡ x(θ F). So it is reflexive. Let for x, y in 

L,  x ≡ y(θF). Since x ∗y =  y∗x, it follows 

that y≡ x(θ F). Hence it is symmetric. 

Now let x ≡ y(θF), y ≡ z(θF). Then 

x ∗ y and y ∗z both belong to F .  Hence 
(x ∗ y)o(y ∗ z) belong to F .  Using Theorem 
3.2, (x ∗y)o(y ∗z) ≤  x ∗z ≤  e. Hence using 
9 of Theorem 2.5,  [(x∗y)o(y ∗z)]∗ e =  
(x∗y)o(y∗z) ≤  x ∗z =  (x∗z)∗e. So it 
follows that x ∗z ∈ F  and hence x ≡ z(θF). 

Thus it is transitive Hence x ≡ y(θF) is an  

equivalence relation. 
Let x  ≡  y(θF) and t ≡  s(θF). 

Then using 9 of Theorem 2.5, 
Theorem 3.1 and the distributive property of 
o over ∧, [(x∗y)o(t∗s)]∗e =  (x∗y)o(t∗s) =  
[(x→y) ∧ (y→x)]o(t∗s) =  { ( x →y)o(t∗s)}  ∧ 
{ (y→ x)o(t∗s)}  
=  { ( x →y)o(t→s) }∧{ (y→ x)o(t→s) }  ∧ 
{ (y→x)o(s→t ) }  ∧ { ( x →y)o(s→t ) }  
 ≤  { ( x →y)o(t→s) }  ∧     { (y→x)o(s→t)}.  
Moreover, by 2, 4  and 11 of Theorem 2.5,  x 
≤  xos → s ⇒ x  → y ≤  (xos      →s)→y 
=  xos→yos. Similarly, t→s ≤  tox→xos. 
Hence, by 11 of Theorem 2.5 and Theorem 
3.1,  (x→y)o(t→s) ≤  xot → yos. 
Analogously, (y→x)o(s→t) ≤  yos→xot. 
Thus, { ( x →y)o(t→s) }  ∧ { (y→x)o(s→t ) }  
≤  {(xot)→(yos)} ∧ {(yos)→(xot)}     
= (xot)∗(yos) =  [(xot)∗(yos)]∗e. Hence by      
the definition of a filter     (xot)∗(yos) ∈ F .  
So (xot) ≡  (yos)(θF). 

Further by 9 and 14 of Theorem 2.5, 
[(x∧ t) ∗ (y∧ s)] ∗ e =  (x∧ t) ∗ (y ∧ s) =  
(x∧ t→y ∧s)  ∧  (y∧s→x ∧ t) =  (x →y∧ s)  
∧ (t→y∧ s)  ∧  (y→x ∧ t)  ∧  (s→x ∧ t) ≥  
( x→y) ∧ (t→s)  ∧  (y→x)  ∧  (s→t) =  
(x∗y)∧(t∗s)= [(x∗y)∧(t∗s)]∗e. Since by 
Theorem 4.2,  (x∗y)∧(t∗s) belongs to F,  it  
follows that (x∧t)∗(y∧s) belongs to F .  Hence 
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x∧t ≡  y∧s(θF). 

By 8 and 13 of Theorem 2.5, 
[(x∨t)∗(y∨s)]∗e =  (x∨t)∗(y∨s) =  
(x∨t→y∨s) ∧ (y∨s→x∨t) =  (x∨t→y) ∧ 
( x∨t→s)∧(y∨s→x)∧(y∨s→t) ≥  ( x→y)  ∧  
(t→s)  ∧  (y→x)  ∧  (s→t) =  (x ∗ y) ∧ (t ∗ s) 
=  [(x ∗ y)∧ (t ∗ s)] ∗ e. Since (x ∗ y) ∧ (t ∗ s) 
belongs to F,   it follows that x∨t ≡  
y∨s(θF). 

Finally, Since s ∗ t , x ∗ y ∈ F and  
using Theorem 3.2,  [x ∗ y] ∗ e = x ∗ y 
= (x →y) ∧ (y→x)≤ (x →y) ∗ e, (y→ x) ∗ e 
and [s ∗ t] ∗ e = s ∗ t =  (s→t) ∧ (t→s) ≤  
(s→t) ∗ e,  (t→s) ∗ e, it follows that x →y,  
y→x,  t→s,  s→t all belong to F .  And since 
F  is a filter it follows that(s→t)o(x→y) and 
(y→x)o(t→s) belong to F .  Now, by 3 and                                                   
11 of Theorem 2.5, to(y→s)o(s→t)o(x→y) ≤  
to(y→t)o(x→y) ≤  yo(x→y) ≤  x. Hence it 
follows that (x →t)→(y→s) ≥  
(s→t)o(x→y). Similarly, as so 
(x→t)o(t→s)o(y→x)  ≤  so (x→s)o(y→x)  
≤  xo(y→x)  ≤  y, it follows that 
(y→s)→(x →t) ≥  (t→s)o(y→x).  

Hence by 9 of Theorem 2.5 and 
Theorem 3.2, it follows that 
[(x→t) ∗ (y→s)] ∗ e =  (x→t) ∗ (y→s) ≥         
{ (s→t)o(x→y )}∧{ ( t→s)o(y→x ) }  =  
[{(s→t)o(x→y )}∧{ ( t→s)o(y→x)} ]∗e. So 
that (x  →t)∗(y→s) belongs to F,  as 
{ (s→t)o(x→y )}∧{ ( t→s)o(y→x ) }  ∈ F .  
Hence (x →t) ≡  (y→s)(θF). Thus if F  is a 

filter of BH-lattice L ,  then x ≡ y(θF) iff x ∗y 

∈ F  is a congruence relation on L.  
Definition 5.2. Let L  be a BH-

lattice and F  be a filter of L .  The congruence 
relation in Theorem 5.2 is called congruence 
relation related to F  denoted by θF  and for 

simplicity the se t of all congruence classes 
L / θ F  is simply denoted by L / F .  

Theorem 5.3. Let θ be a congruence 
relation on BH-lattice L.  If e is comparable 
for each x  ∈ L ,  then N = { x∈L : x ≡ e(θ )}  is a 
filter of L .  

Proof. Let θ be a congruence relation 
on L  and N  =  { x∈L : x ≡ e(θ )}. Obviously 
e belongs to N, so N is non  empty subset of 
L .  For x, y belong to N, by the definition of 
a congruence relation, it follows that xoy 
belongs to N. Let x belongs to N and x ∗e ≤  
y∗e. Then x ≡ e(θ ),  x ≡  x(θ )  ⇒ x ∗ e =  
x ∧ (e→x)  ≡  e(θ). ⇒ (x ∗ e) ∧ (y∗ e) ≡  e(θ) 
⇒[(x ∗ e) ∧ (y∗ e)] ∨ (y∗ e) =  y∗ e ≡  e(θ). If 
y ≤  e, then by 9 of Theorem 2.5, y∗e = y. 
Hence y ≡ e(θ). If e ≤ y ,then e → y ≤ e      

≤ y. Thus y∗e = e → y ≡ e(θ). This implies 
that yo(e→y) ≡ y(θ). Hence {yo(e→y )}∨e 
≡ y ∨ e(θ).Thus e ≡ y(θ), so that y ≡ e(θ). 
Hence in both cases we  have that y ≡ e(θ). 
Thus y belongs to N and hence N is a filter. 

Theorem 5.4. Let L  be a BH-
lattice such that e is comparable for each x  ∈ 
L.  Then there is one to one correspondence 
between the set of all filters F  of L  and the set 
of all congruence relations of L ,  ConL.  

Proof. From Theorem 5.2 and 
Theorem 5.3, it suffices to show the 
following. Define a function f :F −→ C on L  
by f ( F ) = θF. For F ,  G ∈ F,  let 

f ( F ) = f (G) .  Then this implies that θF 
= {(x, y ) : x ∗y ∈ F } = {(x, y) ; x∗y ∈ G } = θG. 

Hence, x  ∈ F  implies that x ∗e ∈ F ,  so x ∗e ∈ 
G. Thus by Theorem 4.9 x  ∈ G. Therefore 
F⊆G. By a similar argument, it follows that 
G⊆F . Thus F = G  and hence f is one to one 
function. Let θ ∈ conL. Then by Theorem 
5.3,  N= { x∈L :x ≡ e(θ )}  is a filter. Moreover, 
if x →y ∈ N , then x →y ≡ e(θ). Hence by the 
reflexive property of θ, the definition 
ofcongruence in L  and Theorem 2.6, 
(x∧y)= { ( x →y)∧e}oy≡ y(θ). Similarly, if 
y→x  ∈ N , then y→x ≡ e(θ) and hence 
(x∧y)= {(y→x)∧e}ox  ≡  x(θ )). Thus, if 
x →y,  y→x  ∈ N , then x ≡ y(θ). Therefore, 
f ( N ) = {(x, y ) : x ∗y ∈N }  = {(x, y ) : x →y,  
y→x  ∈ N }  = {(x, y ) : x ≡ y(θ )}  = θ. i.e; N  is 
the pre image of θ. Hence f is on to. Hence, 
there is a one to one correspondence between 
congruence relations on L  and its filters. 

Corollary 5.1. There is one to one 
correspondence between the set of all filters F  
of Heyting algebra H  and the set of all 
congruence relations of H, ConH. 

Theorem 5.5. In a BH-lattice L ,  
for a filter F  in L  and [x],  [y] ∈ L/F , [x ]  
≤  [y] ⇔ (y→ x)∧e ∈ F .  

Proof. Let [x] ≤  [y]. This implies 
[x]∧[y] =  [x] ⇒ [x ∧ y] = [x] ⇒ ( x  ∧ y)∗x  ∈ 
F .  As x∧y ≤ x,  x → x = e ≤ x →x∧y. Hence 
(x∧y)∗x  =  (x→(x  ∧ y)) ∧ ( (x∧y)→x)  =  
(x→(x∧y)) ∧ ( x →x)  ∧ (y→x)  =  (y→x)∧e. 
This implies that (y→x)∧e ∈ F .  

Conversely, let (y→x)∧e ∈ F .  Since 
x∧y ≤  x ,  x→x  =  e ≤  x →x∧y. Hence 
x ∗(x∧y)= (y→x)∧e ∈ F .  Thus it follows 
that [x∧y]= [x] and hence [x]≤ [y]. 

Theorem 5.6. Let L  be a BH-
lattice and F  be a filter of L .  The system 
(L/F, o, [e], ∨, ∧, →) is a BH-lattice (called 
quotient BH-lattice corresponding to F ) ,  
where the operations in the quotient are 



 
SINET: Ethiop. J. Sci.,46(3), 2023                                                                                                                               355 

 

defined by [x]o[y] = [xoy],  [x]∨[y] = [x∨y],  
[x]∧[y] = [x∧y],  [x]→[y] = [x→y]. Further, 
if L  is bounded above, so is 
(L/F, o, [e], ∨, ∧, →). 

Proof. Obviously all the operations 
in the quotient system are well defined [5], 
[3]. Also it is clear that (L/F, o, [e]) is a 
commutative monoid with identity element 
[e] and (L/F , ∨ , ∧)  is a lattice. Further, by 
Theorem 5.5 we have the following. Let [x],  
[a],  [b] ∈ L / F  such that [x]o[b] ≤ [a] ⇔ [xob] 
≤  [a] ⇔ (a→xob)∧e ∈ F  ⇔{ (a→b)→x } ∧e ∈ 
F  ⇔ [x]≤ [a→b] ⇔ [x]≤ [a]→[b]. Hence the 
system (L/F, o, [e], ∨, ∧, →) is a BH-lattice. 
Trivially all the other axioms of BH-lattices 
hold. Finally if L  is bounded above, then 
for x  ∈ L ,  x ≤ e ⇒  e ≤ e→x  ≤ e ⇒  e= e→x  
∈ F .  Hence for any [x] ∈ L/F ,  [x ]  ≤  [e]. 
Therefore it is bounded above. 
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