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INTRODUCTION

K.L.N.Swamy [13] initiated the study of
BH-monoids by generalizing the notion of
DRIl-semigroups. He obtained certain
properties concerning this class. He also
obtained decomposition theorems for both
BH-monoids and BH-lattices. i.e; every
BH-monoid L is a direct product of po-
group and a BH-monoid with greatest
element if and only if e — x is invertible and
x — x=e,Vx € L. Moreover, every BH-
lattice L is a direct product of a
commutative I-group and a BH-lattice with
greatest element.

In this article we introduce the notion of
filter in BH-lattices, furnish examples and
prove certain properties of filters. We obtain
the basic properties concerning congruences
and as well as for filters. Also we prove one
to one correspondence between the set of
congruences and filters of BH-lattices which
gives more insight for constructing quotient
BH-lattices. Finally, we obtain a one to one
correspondence between the set of filters and
the set of all congruences in a Heyting
algebra as a special case. We prove that if L
be a BH-lattice with the special property e
<(x — y) VvV (y — x) and subdirectly
irreducible, then L is totally ordered.

PRELIMINARIES

In this section, we recall certain definitions
and results concerning Heyting algebra, 1-
group and Brouwer-Heyting lattices which
will be used in the sequel.

Definition 2.1. A bounded lattice
(L, Vv, A) is called a Heyting algebra if for
any given elements a and bin L, thereis a
greatest x such that xAa < b.

Remark 2.1. The greatest element x is
denoted by a — b. Clearly a — bis unique.

Lemma 2.1. Every Boolean algebra is a

Heyting algebra, with a — bgiven by a Vb
Theorem 2.1. Let L be a Heyting
algebra and x, y, z € L. Then the
following hold
1. y< x —>y

< yex »y= 1L

Ax —y)= x Ay
yA(x—y)=yand ((xAy)— x)Az =z
y= 1—-y

If x < y, then(z —»x) < (z—Yy)
Theorem 2.2. Let L be a Heyting

N O w P

algebra and x, y, z € L. Then the
following hold
1. If x< y, then(y —-z)< (x —z)
2. x> (y—z)=(x ANy)=>z= (x—

y) = (x—z)
3. (x =2 y)A(x >z)= x > (YAz)
4 (x—>y)Az= ((zAX)—>(z Ay)) Az

“Author to whom correspondence should be addressed.
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5. L is a bounded distributive lattice.
Note: An equivalent definition of 2.1 is
Definition 2.2. [12] A non- empty

set L with three binary operations A, V and —
and two distinguished elements 0 and 1 is a
Heyting algebra if the following conditions
hold:

(Hy) (L, Vv, A,0,1) is a lattice with 0, 1

(Hy) x A (x = y)=x Ay

(Hs) XA (y = 2)= XA [(x Ay)—(xAz)]

(Hy) (x Ay)—x=1.

Definition 2.3. [2, 8] A partially
ordered group (po-group) is a non-empty set
G with binary operation . and binary relation
< such that (G, .) is a group, (G, <) is a
poset and the following axioms are satisfied.

1. x< y=>xz< yz,

2. x< y=>zx< zy,Vx, y, z€G.

Definition2.4. [2, 8] An l-group is a
po-group where (G, <) is a lattice.

Lemma2.2. [2, 8] Let G be a po-group.
Then the following correlations are true for
all elementsx, y, z, t€ G

1. x < y:z_lxz < z_lyz;
2. x < y@y_lﬂ x~1;
3. x< vy, z< t=2xz< yt

Theorem?2.3. [8] In any l-group G

1. (xVy)_1 = x_lAy_1 and
-1 -1 -1
(x Ay) = x Vy
2. x(x/\y)ily = xVy and
x(x Vy)_ly = X Ay.

Theorem2.4. [§] In any l-group G, the
lattice (G, V, A) is distributive.

Definition 2.5. [13] A  system
(L,°,e,£,—) is a Brouwer-Heyting (for
short BH) monoid if

L (L. o, e) is a commutative semigroup

with identity”e”
2. (L, <) isa partially ordered set and
— is a binary operation on L such
that for all x, a, bin L, (x°b) < a
©x < (a—b).
Example 2.1. Let (G, °, e, <)isa
commutative po-group. Define a — b
=acb 1
Example 2.2. (B, v, A, 0, 1) is a
Boolean algebra. Let © = A, < defined by a

< bifana b=a,e=1,a—>b=avb'.

Example 2.3. Let (G, Vv, A, 1) be a

Heyting algebra. Let 0= A, e=1, < is the
lattice order, a — b is the largest x such that
bA x < a. That is, the new arrow operation
is defined in terms of the arrow operation in
the Heyting algebrabya - N b =b— a.

Theorem?2.5. [13] In BH  monoid
(L, 0, e,<, —) the following hold for x, vy,
z €L

y=>X >z y—2Z
y:z—>y$z—>x

x <
x <
ySX &es X oYy

R =20 00NN U kW
R
@
IA
X
X

(X =y)(y—2z)s x =z
. If x Vy exists, then (z°x) V (z°y)
exists for any z and z°(x V vy)
= (z2x) V (z°)
13. If x Vy exists, then (z — x) A (z —
y)existandz — (x Vy) = (z — x)
A(z =)
14. If x Ay exists, then (x—z) A (y —
z) exists and (x Ay) - z= (x —
z) Ay — z).
Definition2.6. [13] A BH monoid
(L, °, e, £, —) is a BH-lattice if
1. (L, <) is a lattice with glb and lub
denoted by A and V respectively
2. x°(yAz)=(x°y)A(x°z),VX,y,z€L
3. ((y—x)Ae)ex = xAy, Vx, y€L.

—_
N

Theorem 2.6. [13] A lattice (L, V, A,
0,e,—), where (L, °, e) is a commutative
monoid and — is a binary operation on L,
is a BH-lattice if and only if

1. (y—=x)°x <y
(x Az) >y x =y
x £ (x°y) —vy, Vx, yeEL
x°(yAz)= (x°y)A(x°z),VXx,y,z€ L
((y—x)Ae)ex=xAy, Vx,y €L

Ol PN

Since A is commutative, it follows that
((y=x) A)ox= ((x—y)Ae)oy, Vx, y € L.

Definition 2.7. [2] A class of algebras
is said to be equational if it can be defined by a
set of identities.
Hence we have the following remark.

Remark 2.2. [13] Theorem 2.6 shows
that BH-lattices are equational.

Example 2.4. [9] Heyting algebra and
lI-groups are BH-lattices. Heyting algebra is
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an example of bounded BH-lattice while the
unbounded l-groups are examples of
unbounded BH-attices.

Theorem 2.7. [13], [9] Let
(L,Vv, A, 0,e,—) be a BH-lattice and a, b, x
€ L, then the following hold.

1. x—x=e

2. L is distributive

3. (xVvy)e(xAy) = xcy

4. x=xce=(xVe)e(xAe)

5. If e< x, then x is invertible

6. eVx is invertible

7. If x is invertible, then e — x 1is
inverse of x.

8. If y is invertible, then x — y =
xe (e—y)

9. If x and y are invertible, then
[a]  xoy is invertible  and
(e—x)o(e—y) is the inverse of xoy
[b] x— y is invertible and y — x is
the inverse of x— y.

10. e — x is invertible.

11. If G is the set of all invertible
elements, then G is an l-group.

Further Properties of BH-lattics

Theorem 3.1. Let L be a BH-lattice
anda, b, x, y€L suchthata<bandx <
y, then aox £ boy

Proof. Supposea < band x £ y.By 1
in Theorem 2.5 a < bimplies aox < box and
x <y implies box < boy. Hence aox < boy.

Notation: For a BH-lattice L and x,
y €L, xxy=(x=y)A(y—x).

Theorem 3.2. Let L be any BH-
lattice. For any x, y, z € L, the following
properties hold.

1. x*y £ ewith equality iff x=y.

2. (xvy)*(xAy) = x'y
3. (x*y)o(y*z) £ x*z
4
5

. X < e = x*e=x.

Proof. By 13 and 14 of Theorem 2.5,
XAy—xVy = [(xAy)—=x] A [(xAy)—y]
=[x = x) A (y=x)]A[(x=y) A (y—y)]
= en(y—x) A (x—y) (i
And also by 1, 3 and 12 of Theorem 2.5,
(xVy)ol (x=y)A(y—x) } = [x0{ (x—y)A(y—
)} VIy ol (x—y)Aly—x)}] < {xo(y— x))
V{yo(x—y)} £ x Vy.That is (x Vy)o{(x
- y) Ay — x)} = (x Vy)
S(Xx=y)A(y—=x)< (xVy)—=(xvy)=e
=(x=y)AM(y—x)Ae= (x—=y)A(y—x) (i)
Hence from (i) and (ii) we have xAy—xVy
= (x—=y)A(y—x). Since xAy £ xVy, by 8 of
Theorem 25, x*xy = (x—=y)A(y—X)

= (xAy)—(xvy)<e If x=y, then by 1 of
Theorem 2.7, x*y = e. Conversely if x*y
=e, then xxy =(xAy)—(xVy)=e = e
< (xAy)—=(xvy) = (xVy) < (xAy) =
xVy = xAy and consequently it follows
that x=y. Hence (1) holds. Since
(xVy)*(xAy) = [(x V y) A (x A y)] —
[(x V y)V(x A y)[= (x A y)=(x VYY)
= x*y. Hence (2) holds. Again
(x—=y) A (y—=X)S x>y, y—X and
(y—=2) A (z—=y)S y—2z, 22y (x * y)o(y* 2)

= [(x=y)Aly =) lo[(y=2)A(z—y)]s (x—y
Jo(y—z) (by Theorem 3.1) £ x—z (by 11
of Theorem 2.5). That is (x*y)o(y*z) <
x—z. By a similar argument (x*y)o(y*z)
< z—X. So it follows that (x*y)o(y*z)
< (x—z)A(z—x) = x*z. Hence (3) holds.
Further, by 4 and 9 of Theorem 2.5,
(x—>y)oy £ x. This implies that y—x <
y—(x—y)oy = e—(x—y). Hence xxy
= (x=y)A(y—x) £ (x—=y)Ale—=(x—y))
= (x—y)*e. Sox*y £ (x—Yy)=*e. Finally,
let x< e=>e—e=e<e—x (by 9 of Theorem
25). » x=eAx £ xA(e—x) = x*e < X.
Hencexxe = x.

Definition 3.1. Let L is a BH-lattice.

For n € N and x€L, define x= xoxo0...0x
(n factors).
Theorem 3.3. In a BH-lattice L, for any

neN, th < eot< e

Proof. Let t™ < e. Repeatedly applying
the associative and distributive properties of

o over the operation V, we have (tve)' = t"
Vitve= (t've v (t" v

n-1
.Vtve=t V.VtVe= (tV
-1 n-1

n-1

vV t Vo o..

n

e)n_l. That is (tve)o(tve) = (tve)
= (tve) < [(tve)o(tve)" '] — (tve)" " =
(tVe)n_1 — (tVe)n_1= e >tVe=e=>t<e
Hencet < e (by 2 of Theorem 2.5).

The converse follows from Theorem 3.1 by
induction.

Filters

In this section we introduce the notion of
filters in BH-lattices, furnish examples and
prove certain properties of filters.

Definition 4.1. A non empty subset F
of a BH-lattice L. is called a filter of L iff

1. x, yeF = xoy €F

2. x* < y*»and x €F = yeF.

Theorem 4.1. Let F be a filter of BH-
lattice L. Then e€F.

Proof. Since F is nonempty subset of L,
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there exists an element x € F. By 13 and 14
of Theorem 2.5, xAe—xVe= [(x Ae) — X]
Al(x Ne) —e]

= [(x=x) A (e=x)] A [(x—e) A (e—e)]
= eAN(e—X) A X

And also by 1, 3 and 12 of Theorem 2.5,
(xVve)o{xA(e—x)}=[xo{xA(e—x)}]V[eo{x
A(e—x)}]< {xo(e—x)}V(eox) £ xVe. That
is (xve)o{xA(e—x)} < (xVe) = x A (e—X)
< (x Ve)—=(x Ve)=e = x A(e—Xx) Ae =
x A (e—X)

Hence by 8 of Theorem 2.5, xxe
= xA(e—x) = (xAe)—(xVe) £ e. So, by the
definition of a filtere € F .

Theorem 4.2. Let F be a filter of BH-
lattice L. Then the following properties hold.

1. If x,y €eFand xAy<a<xVy, then
a€eF.

2. F is closed under all the operations
in L.

Proof. Let x € F. By 1 of Theorem 3.2
and 9 of Theorem 2.5, x*e < e>e—e=c¢
< e — (xxe). This implies that e A (x*e)
= x*e < (x*e)A(e—(xxe)) = (x*e)*xe. Hence
x*e€F .

Let x, y, a € L such that xA y <a
< xVy.Then by 1, 9 and 13 of Theorem 2.5
and 1 and 5 of Theorem 3.2, a*xe = aA(e—a)
> ane—(xVy)) = (xAy) A (e—(xVy))
= (xAy) A (e=x) A (e>y) =(x*e) A
(y*e) 2 (x*e)o(y «e) = [(x*e)o(y *e)] *e.
Further, for x, y € F, x*xe, yxe € F,
and hence (x*e)o(y*e) € F. Hencea € F.
By Theorem 3.1 and 1, 3 and 5 of Theorem
3.2, we have [(x*e)o(y*e)]xe = (x*e)o(y xe)
< x*xy = (x*xy)*e. Thus it follows that
x*y € F. Furthermore, by 4 and 9 of
Theorem 2.5, (x—y)oy £ x. This implies
that, y—»x < y—(x—y)oy = e—(x—y).
So that (x—y)*e = (x—>y)A(e—=(x—Y))
2 (x—>y)A(y—x) =x*y = (x*y)+e. Hence
by definition it follows that x— y € F.
Thus (2) holds.

Corollary 4.1. A filter F of a BH-
lattice L is a sub BH-lattice of L.

A sub BH-lattice H of a BH-lattice may
not be a filter of L. For this take L the
addative group of real numbers with the
usual order and H the set of integers.

Corollary 4.2. If x is an element
of a filter F of a BH-lattice L, then the
interval [x A e, x Ve]CSF.

Definition 4.2. Every BH-lattice
L is a filter of itself, called the improper
filter; all other filters will be called proper.

Theorem 4.3. For any BH-lattice
L, E={e} is afilter of L.

Proof. Clearly exe =e. Let x € L
such that exe < x*e = e < x*e <e (by
Theorem 3.2) = xA (e—»>x)=e=>e<x and e
< e—x (by the definition of A) > e < x
and x < e (by defining condition of —).
Hencex=e € E. Thus E isa filter.

Definition 4.3. The filter E = {e}
is called the trivial filter.

Theorem 4.4. Z is the only non
trivial filter in the BH-lattice
(Z,+,0,5,-), where < is the usual
ordering.

Proof. Let F be a filter of BH-lattice
(Z,+,0,<,-) and 0 # x, € Z. If there
exists an element y € F such that yx0 <
x*0, then x, € F and Z € F and the proof is
over. Suppose not. This implies, for all y €
F, xo*0 £y%0. = x5 A (=%y) £ VA (-Y)
(because in l-group x — y = xoy_l). =
“Ixl = =lyl = lyl< Ixl.

Since F is afilter and y € F, |y| €
F and further by Theorem 4.2, for all n € N,
n|y| € F. Hencen|y|< |x,|, Vn € N which

is impossible. Hence there exists an element y
€ F such that y*x0 < x,*0. Thus x, €F.

Example 4.1. Let L={0,x,y,z,1} be the

lattice given by the Hasse diagram in fig.1.
For o= A and — defined by the table 1.

Figure 1: Hasse diagram of L

- |0 x y z 1
0 1 vy x 0 0
X 1 1 x x x
y |1y 1 vy
z 1 1 1 1 =z
1 ]1 1 1 1 1

Tablel: definition of —

Then, L is a BH-lattice, and F,= {x, z, 1},
F,= {y,z,1} and F;= {1} are all filters of
L.

Example 4.2. Let B = {1, 2, 3,
5, 6, 10, 15, 30}, positive factors of 30. It is
a Boolean algebra under divisibility. That is,
for x, y € B, x £ y means x divides y,
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xVy = lem{x, y}, xAy= gcd{x, y} and

1'= 30, 2'= 15, 3'= 10, 5'= 6. Then clearly
F,= {2,6,10,30}, F, = {3,6,15,30} and F,
= {30} arefilters of B.

Theorem 4.5. The set of filters of a
BH-lattice are closed under arbitrary
intersection.

Proof. Follows from the definition of
filter.

Consider the filters F; and F, in example 4.2
above. Clearly F,UF, is not a filter. Hence
we have the following.

Theorem 4.6. Let L be a BH-
lattice and for all x € L, e—(e—x)=x. Let
F and G be filters of L. Then FUG is a
filter of L if andonlyif G € F or F €G.

Proof. Let FUG be a filter of L.
Suppose that F € G and G ¢ F. Thus
there exists elements x € F-G and y €
G-F. Hence xoy € FuG. And
consequently xoy € F or xoy € G. If xoy €
F, then x — xoy = e — y € F. Thus
e—~>(e—>y) = 'y € F, which is a
contradiction. If xoy € G, then y—xoy
=e—x € G. Thus e—(e—x) = x € G,
which is also a contradiction. In both cases
there is a contradiction. Hence G € F or F
€ G. The converse is trivial.

Corollary 4.3. If a BH-lattice L is
an l-group and F and G are filters of L, then
FUG is afilter of L if andonlyif G € F or
F cG.

Theorem 4.7. Let F be a non
empty subset of BH-lattice L such that

1. x € Fand x*e< yxe=>y€F
2. If x eFandy—x €F, theny€F.

Then F is a filter of L. Moreover, if
L is bounded above and F is a filter of L,
then F satisfies the conditions in (1) and (2).

Proof. Let a non empty subset F of
the BH-lattice L satisfies the conditions (1)
and (2). Since F is non-empty, there exists
an element, say x € F. Then x*e< e= exe.
So that e € F. Let x, vy € F. By 4 of
Theorem 2.5, z—(xoy) = (z— x) —y. For
z = xoy, by condition (2) in the hypothesis,
we have e = (xoy)—(xo0y) = ((x0y)—Xx)—>y
€ F. Hence (xoy)— x € F. Thus (xoy) €
F . Therefore F is a filter of L.

Now let L is bounded above and F is a filter
of L. If there exists an element x€L such
that e< x, then using (1) of Theorem 2.5 the

n
elements of the sequence {x2 } are all
distinct and the sequence is strictly
increasing. And this contradict the given

hypothesis that L is bounded above. Hence
e is the upper bound of L and by Theorem
41, e€e F. Let x, y—»x € F. Then xAy
= [(y—x)Ae]ox =xo(y—x) € F. Moreover,
by Theorem 2.6 and Theorem 3.2,
[xo(y—x)]*e= xo(y—x) £ y = y=e. Hence
y€EF.

Theorem 4.8. Let L be a BH-
lattice and F be a filter of L. Then, for x,
y, z €L the following hold.

1. x*y€F ©x—y,y—>x €F
2. xxy, y»z€F =>xx*z€F
3. x,y—=x €F =>xAy€F.

Proof. Follow from the definition of
filter, Theorem 3.2, Theorem 4.1 and
Theorem 4.2.

Theorem 4.9. Let L be a BH-
lattice, F afilter of L, x€L. Then
1. x €F & (xVve), (xne) €F
2. x €F © (x*) €F.

Proof. Follow from the definition of
filter and Theorem3.2.

Theorem 4.10. Let L be a BH-
lattice, x, y ELand F bea filter of L. Then

1. (xVvy)*e < (x*e)V(y*e)
2. If xvy €F, then (x*e)V(y*e) €F.

Proof. By 13 of Theorem 2.5 and
distributive property, (x V y)xe = (xVy) A
(e—(xVy)) = (xVy) Af{(e—x) A(e—y)) =
{x A (e=x) A (e=y)} V{y A ((e>x) A
(=YD} = ((x+%e) A (e=y)} V {(y*e) A
(e—x)} £ (x*e) V (y*e). Hence (1) holds.
Thus by Theorem 3.1 and Theorem 3.2 in
(1), we obtain that (x V y)*e < (x*eV y*e)*e.
Hence x vy € F implies that (xxe) V (y*e)
€F.

Theorem 4.11. Let L be a BH-
lattice bounded above and F be a filter of L.
Then for x, y, z €L, the following hold.

1. x>y, y—=>z€F = x—z€F
2. x—vy, yoz€F =>xo0z €F

3. x, z€F, x<y—>z=>yE€EF
4 x<y=>y—ox €F.

Proof. Let L be a BH-lattice
bounded above and F be a filter of L. By 11
of Theorem 2.5 and definition of filter, x —
y, vy — z € F implies that (x—y)o(y—2z)
<x— z and (x—y)o(y—z) € F. Hence
x—z € F. Suppose that, x—y, yoz € F.
Then by 1 and 3 of Theorem 2.5,
(x—y)o(yoz) = ((x—y)oy)oz € F and
((x—y)oy)oz < xoz. Hence xoz € F.
Further, by Theorem 4.7 and the definition,
x,z €F,x £ y—>z=>y—z, z€F. Hence
y €F . Finally to prove (4), letx<y=> e <y
— x. Hencey — x €F.
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Theorem 4.12. Let L be a BH-
lattice which is bounded above. Let F and G
be filters of L. Then FUG is a filter of L if
andonlyif G €S ForF cG.

Proof. Let FUG is a filter of L.
Suppose that F € G and G ¢ F. This
implies there exist elements x € F— G and y
€ G-F. Hence x*y = (x—y)A(y—X) €
FUG. It follows that (x—y) A (y—x) € F
or (x—=y)A(y—x) € G. If (x—>y)A(y—Xx) €
F, then y—»x €F. Thus by Theorem 4.7, y
€ F, which is a contradiction. If x*y € G,
then x — y € G. Thus by the same argument
as above, x € G, which is also a
contradiction. In both cases there is a
contradiction. Hence G € F or F € G. The
converse is trivial.

Theorem 4.13. Let L be a BH-
which is bounded above. Then

L€={x€L :e—x=e} is afilter of L.

lattice

Proof. Let x, y € L®. Then e—xoy
=(e— x)—y =e—y =e. Hence xoy €

L€ Let x €EL® andx < y.Thenx < y<
e. Thus e =e—e<e—y <e—x =e. Hencey
eL®.

Theorem 4.14. Let L be a BH-
lattice with unity 1 and bounded above. Then
L,={x€L :xx—l=e} is afilter of L.

Proof. Since L, is a sub BH-lattice
of L [[9], Theorem 2.25], it follows from 8 of
Theorem 2.5.

Definition4.4. Let L be a BH-
lattice. A nonempty setH S L is called

1. multiplicatively closed if xoy € H,

whenever x and y be long to H.

2. implicatively closed if x—y H,

whenever x and y belong to H.

Example 4.3. For any BH-lattice

L, L® ={x €L:e - x = e} is both
multiplicatively and implicatively closed set.
Definition 4.5. Given a BH-
lattice L and a non empty set X € L. F (X)
or [X) denote the least filter containing X,
i.e., the intersection of all filters containing
X, «called the filter generated by X. The
elements of X are called generators of the
filter [X).
If X={x1,...,xn}, then the filter [X) is
simply denoted by [x,, X5, ..., X,) and said to
be finitely generated. We can write F(a)
instead of writing F ({a}), when X ={a}
and we call it the principal filter generated by
a.

Theorem 4.15. Let L. be a BH-
lattice and @ =X & L. Then the filter
generated by X is given by, F (X)={x€L:
(a;*e)o(a,*e)o...o(axe) < x*e, a; €X, k €
N}, a,’s are not necessarily distinct.

Proof. Since for any a € X, ax*e <
axe, X € F(X). Let x, y € F(X), then
there exist elements a; ,..., a,, by, .., b, €
X such that (a,*e)o(a,*e)o...o(a, *e) < xxe
and (b, *e)o(b,*e)o...o(b,xe) < y=e. Hence by
Theorem 3.1 and distributive property of o
over A (use twice), we have {(a;*e) o (a,*e) o
... 0 (ay*e)} o {(by*e) o (by*e) 0 ... 0 (bxe)} <

(x*e)o(y*e) ={xA(e—x)} o {yAle—y)} =

(xoy) A (yo(e—x)) A (xo(e—y)) A
{(e=x)0(e—y)} < xoy A [(e—x)o(e—y)].
But by 4 and 11 of Theorem 2.5,

(e—x)o(e—y) <
e—xoy. Hence

(x+e)o(yse) <  (xoy)Ale—(x0y))
= (xoy)*e. Hence xoy € F(X). Let x €
F (X) and x*e < y+e. Then clearly, y €
F (X). Moreover, let F be any filter of L
containing X. Then by Theorem 4.2 and
Theorem 4.9, F (X) € F. Therefore it is the
filter generated by X .

Corollary 4.4. Let L be a BH-
lattice and @ =X EL such that X is
implicatively closed and e € X. Then
F (X)={x€L:(a1Aa2)o(a3Aag)o...o(ak-1Aa

(e—x)o(x—yox) <

k)< x*e, ai€X }, where aj’s are not
necessarily distinct.
Proof. Directly follows from

Theorem 4.15 and the definition of *.
Remark 4.1. For BH-lattice L, the
filter generated by empty set is the
intersection of all filters of L.
Corollary 4.5. For a BH-lattice L
and a € L, the filter generated by a is given

by F (a)= {x€L :(axe)"" < xx*e, n € N}
Proof. Directly follows
Theorem 4.15.

Corollary 4.6. Let L be a BH-
lattice and @ =X CSL such that X is
bounded above by e. Then F (X)={x€L:
a,0a,0...0a;, < x*e, a; EX}.

Proof. Follows from 9 of Theorem 2.5
and Theorem 4.15.
From the above results we observe that

1. ifa€el, a<e, thenF(a)={x€L alt
< x=*e, n € N}.

2. if L is a BH-lattice bounded above,
then forany = X €L, F(X) =
{x€L: x;0x,0...0x, £ x, Xx; €X,

from
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vi = 1, 2, 3,.., n}and F(a)=

{xeL:a < x, n € N}. Moreover,
if X is multiplicatively closed
subset of L, then F (X) reduces to
theform F (X)={x €L:a< x, a
eX}.

Corollary 4.7. For

algebra H anda € H, {x: al' < x, for some
positive integer n} is the filter generated by a.

Corollary 4.8. In a commutative 1-
<

a Heyting

groupGanda€G and a< e {x:a

xAX ', n €N} is the filter generated by a.
Recall that a subdirectly irreducible algebra
is an algebra that cannot be factored as a
subdirect product of “simpler” algebras [3].

Theorem 4.16. Let L be a BH-lattice
with the special property e < (x—y)V(y—x),
vx,y € L. If L is subdirectly irreducible,
then L is totally ordered.

Proof. Suppose L is subdirectly
irreducible and let L is not totally ordered.
Hence there exist a pair of incomparable
elements x, y € L. By 10 of Theorem 2.5,
this implies that (x—y)Ae = e and
(y—x)ne= e.Let F; = F ((x—y)Ae) and
F, = F((y—x)Ae). Let a € F;NF,. Then
there exist positive integers m and n such

that {(x—y)Ae}™ <
{(y—x) Ae}™ <

axe and

axe. Hence

H(x—y)Ae)™] v [{(y—>x)ne)?] < ase.
Since L is a distributive lattice and by the

hypothesis given [{(x—y) A e}]] V
H(y—=x)Ael] = {(x—oy)V(y—ox)lAe = e
For any t, s € L such that tvs =e, by 1 of

Theorem 2.5 and Theorem 3.1, 52 < e
(tvs)ot< t. Thus tvs? < eand (tvs)otVsos

= totVsotVsotVsos = (tVs)o(tvs) = e.
And e= to(tVs)V(sos) < tvs2. Therefore
tvsZ = e. Therefore by induction we have
tvs™ = e By a similar argument by

interchanging the role of t and s in this

result, we obtain t™ v st =

t ={(x—y)Ae} and s=

e. Now, taking
{(y—x) e}, gives, e

= [{(x—=y)re}™] v [{(y—=x)Ae}'] < axe <
e. Thus axe=e and hence a= e. Therefore L
is subdirectly reducible.
Corollary 4.9. Any subdirectly
irreducible Boolean algebra is a chain.
Corollary 4.10. Any subdirectly
irreducible commutative 1-group is a chain.

Proof. Let L be a BH-lattice and
(L, o) is a group. Then by 1 of Theorem 2.5,

8 of Theorem 2.7 and Theorem 3.3, for any x
-1 -1, -1

(xvx o(xvx ) =

1)o(x_ll\x) <

(xVx_l)z.
-1,-1,2

{(xvx ') '} £ e Thus (xVx_l)_1

e L, e =

(xVx Hence

<eand

-1
hence e < xvx Therefore for any
commutative l-group L, andx, y €L, e <

(xoy ) V(xoy )7 = (xoy ) V(x oy)
= (x—=y) V(y—x)

Theorem 4.17. Let L be a BH-
lattice, x, y, z € L suchthat x, y, z <
e, Then

1. (xAy)o(xAz) £ xA(yoz)
2. (xVy)o(xvz) £ xV(yoz).

Proof. By 1 of Theorem 2.5, x<e,
y< e implies that xoy<xAy. Hence by
distributive property of o over A, (xAy) o

(xAz) = (xox) A (yox) A (x0z) A (yoz) <
(xAX) A (YAX) A (XAz) A(yoz) £ X AX A
x A (yoz) = x A (yoz). Further,
(xVvy)o(xvz) = (xo0x) V (yox) V (xo0z) V
(yoz) £ (xAx) V (YAX) V (xAz) V (yoz) <
X VX VX V(yoz)= xV(yoz).

Theorem4.18. Let L be a BH-
lattice, T beafilter of L anda, beL. Then

1. F(Tu{a}) = {x€L: to(axe)" <
x*e, t€T, n = 0}, where for x €
L, xO = e.

2. F(a) A F(b) € F(a*e A bre) =
F ((a*e)o(bse)) SF (a) VE (b)
3. F(a)VF (b)=2F ((ax*e)V(bxe))
Proof. The first one is trivial. For
the rest two consider the following. Since a * e
=(a*xe)*xe, it is obvious that F(a) =
F(axe). Further, by Theorem 3.2,
(a*e)o(bxe) < (a*xe) A (bxe)< axe, bxe.
Hence by Theorem 3.1 and induction we

have ((axe)o(bxe)) < (axe A bxe)l' <

(axe)™, (bxe)™, n € N. Observe that, F (a),
F(b) € F((a*e) A (bxe)). Hence F(a) A
F(b) € F(a), F(b) € F((a*e) A (b*e)) S
F ((axe)o(bxe)). Let G be any filter of L
such that F(a),F(b) € G and let x €

F ((a*e)o(bxe)). Then ((axe)o(bxe))t <
x * e, for some n € N. Nevertheless, axe, bxe
€ G, thus (a*e)o(b*e) € G. Therefore x€G.
Hence F ((a*e)o(bxe)) & F ((axe)A(bxe)),
F (a) v F(b). Hence (2) holds. Furthermore,
as axe, bxe < (axe)V(bxe), it follows that

U (bre)l< ((axe)v(bxe)?, n € N.
follows that F ((a*e)V(bxe))

(axe)
Hence it
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CF (axe), F(b*e) € F (a)VF (b).

In 2 and 3 of Theorem 4.18 equality
does not hold. To show this consider F, and

F, in example 4.2. Observe that F (2) = {x

EB :(2xe)" < xxe} = {x €B :2< x} =
F, =1{2,6,10,30}. Similarly F(3) = F, =
{3,6,15,30}. Then clearly F(2) v F(3) =
B ={1,2,3,5,6,10,15,30} while F((2%e) V
(3x¢)) = F(2 v 3) = F(6)= {6,30}.
Additionally, F(2) A F(3)={6,30}, while
F((2%¢) A (%)) = F(1) = {1, 2, 3, 5,
6, 10, 15, 30}.

Theorem 4.19. Let L be any BH-
lattice, F and T be filters of L. Then
FvT=F (FUT)= {x€L :fot< x*e, f€F, teT,
f, t £ e} is the smallest filter containing
FUT.

Proof. Trivially follows from
Theorem 4.2 and Theorem 4.15.

Theorem 4.20. Let L be any BH-
lattice. Then the set of filters Fof L forms a
complete bounded distributive lattice (under
c
S).

Proof. Let L be any BH-lattice and
F and T befiltersof L. Take FAT = FNT;
FvT=F (FUT).

Then clearly it is a bounded lattice
with 0= (JF and 1= L. To show it is
distributive it suffices to show (F v G) A (F
VT)EF V(GAT)orF A(GVT) c(F
AG) V(F AT)forF, G, T €F. Let x €
F A (GVT). This implies that x € F and x
€ GVT. Hence by Theorem 4.19 there exists t
€T, g€G suchthattog< xxe, t, g< e
and x € F. Then ((xx*e)vt)o((x*e)vg) <
(x*e) V (tog)= x=*e. Since (x*e)vt € FNT,
(xxe)vg € FNG, ((x*e)vt)o((x*e)vg) €
(FNG) v (FNT). Hence x € (FNG)V(FNT).
Therefore the lattice in theorem is
distributive.

Let #X SL. Any x €L isin
F (X)) iff there exists elements a;, a,, ..., a
eX
x * e. Therefore x € F(a;, a,, ..., a,)and
thus F (X) =
U{F(Y):Y< X, |Y|<n, ne N}. Further,

clearly for X, Y € L, X € F(X), X &
Y implies that F (X) € F (Y) and

F (F (X))=F (X). Hence the mapping X —
F (X)) isan algebraic closure operator whose
closed subsets are filters. Since the set of all
closed subsets (with set inclusion as the

such that (a;*e)o(a,* e)o...o(a,*e) <

partial ordering) is a complete lattice, the
lattice in the theorem is complete. Hence
(F, €) is a complete bounded distributive
lattice.

In any lattice (P, <), for a, b €P,
the relative Pseudocomplement of a with
respect to bis a maximal element ¢ such that
aAc< band itis denoted by b— a.

Theorem 4.21. Let L be a BH-
lattice and T and K be filters of L. The
relative pseudocomplement of T with respect
to K is given by K — T ={x€L: (x*e) V
(a*xe) €K, Va €T}.

Proof. Let
H= {x€L :(x*e)v(a*e)€K, Va€T }. Since for
any a € L, axe<e, (exe)V(axe) = e€K, e €H.
So that H is non empty set. Let x, y € H.
Then for each a €T, (x*e)Vv(axe),
(y*e)v(axe) € K. Since (xx*e)o(y*e) <
(xoy)*e, by Theorem 4.17, ({(x*e) V
(axe)ol(y=e) V (ave)} < {(x*e)o(yse)} V
(a*xe) £ ((xoy)x*e) V (a*e). Thus ((xoy)*e) V
(a*e) € K and hence xoy € H. Now let x €
H and x*e < y*e. Then (x*e) V (axe)
< (yxe) V (a*xe) € K. Hence y € H and
consequently H is a filter.

T If x € TNH, then x*e = (x*e) V
(x*e) € K and hencexe€ K. Hence TNH <
K. Furthermore, let C be any filter such
that TN C € K. For x€ C and for each a €
T, xxe,a*xe < {(x*e) V (axe)}*e = (xxe)
V(axe) € TNC < K. Hence x € C implies
that x € H. Therefore H is the maximal
element C such that TNC < K. Hence
H=K ->T.

Corollary 4.11. For any BH-
lattice L and the set of filters F, the system
(F, €) forms a Heyting algebra with K —T
= {x€L: (x*e) vV (axe) € K,Va € T}, K,
TeF.

Observethatfor K, T €F,
K —->T=v{CeF: TNC cK}.

Theorem 4.22. If any BH-lattice L
is totally order, then so does (F, C<).

Proof. Let F, T € F such that F#T.
Then there exists an element x € F— T or x
€ T- F. Suppose that x € F—T. Then by
Theorem 4.9, x*xe€F—-T. Let y € T. Then
yrxe € T.If yxe< x#e, then x € T whichisa
contradiction. Thus x*e £ y*e and hence y
€ F. Hence T € F. Therefore (F,S) is
totally ordered.
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CONGRUENCERELATIONS

In this section we introduce the notion of
congruence relations in BH-lattices and
prove certain properties of filters.

Definition 5.1. An equivalence
relation 6 on a BH-lattice (L,°, e, <, —) is
called a congruence relation on L if for (x,
y), (c, d) €6, (xAc, yAd), (xVc, yvd)
,(xoc, yod), (x—c, y—d) € 0. That is, a
lattice congruence 6 on L is a congruence on
L if for (x, y), (c, d) €8, (xoc, yod),
(x —¢c, y— d) €.

For a congruence relation 0 on BH-
lattice L, the congruence class containing x is
denoted by [x] or [x], and the set of all
congruence classes is denoted by L /0.

Theorem 5.1. Let F be a filter and

define 6F= {(x,y) e LXL

< x for some h € F}.
congruence relation on L.
Proof. For any x € L,

and by Theorem 4.1, e€ F. so (x,

:xoh £y, yoh
Then 6F is a

xoe < X

x) € 0F,
Clearly oF is symmetric. Let (x, y), (v,
z) €
h, h' € F such that xoh <
yoh' < z, zoh <
2.5, (xoh)oh <
yoh < x and hoh' =

0F. Then there exist elements
y, yoh < x,
y. By 1 of Theorem
yoh < z and (zoh)oh <
h'oh €F. So (x, z) €

0F. Thus 6F is an equivalence relation on
L.
To  establish the

properties, let (a, b), (x, y) € 0F. Then

substitution

there exist elements h, h' € F such that aoh
< band boh < a, xoh' < y and yoh' < x.
Let k = hoh' € F, then by Theorem 3.1,
(aoh)o(xohv) < boy and (boh)o(yoh') < aox.
This implies that (aox)o(hoh') < boy and
(boy)o(hoh') < aox. Thus, (aox, boy) € oF,

Further, let j = hAh'. By 1 and 14 of
Theorem 2.5, aoj < aoh < b, boj < boh

< aandxoj < xoh' < y, yoj < yoh' <
x. This implies thata< b— j, b< a—

i, x £y —j, vy £ x—j. Hence anx <

(b—j)A(y—j)= (bAy)—j and bry <
(a—=j)A(x—j) = (aAx)—j. Therefore,
(aAx)oj £ bAay and (bAy)oj £ aAx and

hence (aAx, bAy) € 0F. Moreover, (avx)oj =

(a0j)Vv(xo0j) andj < h, h' and this implies
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that boj < boh <a, yoj< yoh' < x and
aoj < aoh< b, xo0j < xoh' < y. Hence,
(a0j) Vv (x0j) = (avx)oj < Dbvy and
(boj)v(yoj) = (bvy)oj < avx. Thus,

(avx, bvy) € GF. Therefore, the relation GF is
a congruence relation.

Theorem 5.2. Let F be a filter of a
BH-lattice L. The relation defined by
xE y(0F) iff x*y = (x—>y)A(y—x) €F is a
congruence relation.

Proof. Let F be a filter of BH-lattice
L. Define xE y(OF) iff
x x y= (x—y) A (y—x) € F. Since e belongs
to F, it follows that for any element x in L,
x= x(0F). So it is reflexive. Let for x, y in
L, x=y(0F). Since x*y =
that y=

y*x, it follows
x(0F). Hence it is symmetric.

Now let x=y(0F),y = z(0F). Then
x*y and y=*z both belong to F. Hence
(x*y)o(y *z) belong to F. Using Theorem
3.2, (x*y)o(y*z) £ xxz £ e. Hence using
9 of Theorem 2.5, [(x*y)o(y*z)]*xe =
(x*y)o(y*z) < xxz = (x*z)xe. So it
follows that x*z € F and hence x= z(0F).
Thus it is transitive Hence x= y(0F) is an
equivalence relation.

Let x = y(6F) andt= s(0F).

Then wusing 9 of Theorem 2.5,
Theorem 3.1 and the distributive property of
o over A, [(xxy)o(txs)]*e = (x*y)o(txs) =
[(x—y) A (y—=x)]o(tss) = {(x—y)o(txs)} A
{(y— x)o(t*s)}
= {(x=y)o(t—=s)IM(y— x)o(t—s)} A
(y—x)o(s—t)} A {(x—y)o(s—t)}

S {(x—=y)o(t—s)} A {(y—x)o(s—t)}.
Moreover, by 2, 4 and 11 of Theorem 2.5, x
(xos —s)—>y
= xo0s—Yyos. Similarly, t—s < tox—Xos.
Hence, by 11 of Theorem 2.5 and Theorem
3.1, (x—y)o(t—s) < xot —  yos.
Analogously, (y—x)o(s—t) < yos—xot.
Thus, {(x—y)o(t—s)} A {(y—x)o(s—t)}
< {(xot)—(yos)} A {(yos)—(xot)}
= (xot)*(yos) = [(xot)*(yos)]*e. Hence by
the definition of a filter (xot)*(yos) € F.
So (xot) = (yos)(0F).

Further by 9 and 14 of Theorem 2.5,
[(xAD*(yAS)l*e =  (xAt)=(yAs) =
(XAt—yAs) A (YAs—XAL) = (X—YAs)
A(t—yAs) A (YoXAtL) A (s—xAtL)
(x=Y)A(t=s) A (y=x) A (s—b)
(x*y)A(t*¥s)= [(x*y)A(t*s)]*e. ~ Since by
Theorem 4.2, (x*y)A(t*s) belongs to F, it
follows that (xAt)*(yAs) belongs to F. Hence

< X08 >s=>X —y=<

v
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XAtE  yAs(OF).

By 8 and 13 of Theorem 2.5,
[(VB)s(yVs)lve = (xVi)x(yVs) =
(xVt—yVs) A (yVs—xVt) = (xVt—y) A
(xVt—=s)A(yVs—x)A(yVs—t) = (x—y) A
t=8) A (y=x) A (s—t) = (x*y)A(ts)
= [(x*y)A(txs)]*e. Since (x*y)A(t*s)
belongs to F, it follows that xvt =
yVs(0F).

Finally, Since s*t ,x*y € Fand

using Theorem 3.2, [x*y]*e =xxy
= (x=2y)A(y—=x)S (x—2y) *e (y—  x)xe
and [s*t]*xe =s*t = (s—>t)A(t—s) <

(s—t) xe, (t—s)=e, it follows that x—vy,
y—X, t—s, s—tall belongtoF. And since
F is a filter it follows that(s—t)o(x—y) and
(y—x)o(t—s) belong to F. Now, by 3 and
11 of Theorem 2.5, to(y—s)o(s—t)o(x—y) <
to(y—t)o(x—y) £ yo(x—y) < x. Henceit
follows that (x —>t)—>(y—s) >
(s—t)o(x—y). Similarly, as S0
(x—t)o(t—8)o(y—x) < 50 (x—S)o(y—x)
< xo(y—x) < vy, it follows that
(y—s)—(x—t) = (t—s)o(y—X).

Hence by 9 of Theorem 2.5 and
Theorem 3.2, it follows that

[(x=t)x(y—s)]xe = (x—>t)*(y—s) 2
{(s=t)o(x—y)}A{(t—s)o(y—x)} =
[{(s—=t)o(x—=y)IA{(t=s)o(y—x)}]*e.  So
that (x —t)*(y—s) belongs to F, as

{(s—t)o(x—y)IA[(t>s)o(y—x)} € F.
Hence (x—t) = (y—s)(0F). Thus if F isa
filter of BH-lattice L, then x= y(0F) iff xxy
€ F isacongruence relation on L.

Definition 5.2. Let L be a BH-
lattice and F be a filter of L. The congruence
relation in Theorem 5.2 is called congruence
relation related to F denoted by 0; and for
simplicity the se t of all congruence classes
L /05 is simply denoted by L / F .

Theorem 5.3. Let 0 be a congruence
relation on BH-lattice L. If e is comparable
foreachx €L, then N={x€L:x=e(0)} is a
filter of L.

Proof. Let 0 be a congruence relation
onL and N = {x€L:x=e(0)}. Obviously
e belongs to N, so N is non empty subset of
L. For x, y belong to N, by the definition of
a congruence relation, it follows that xoy
belongs to N. Let x belongs to N and x xe <
yxe. Then x=e(0), x = x(0) = x*xe =
xA(e—x) = e(0). 2 (x*xe)A(y*xe) = e(0)
Slx* ) A(y* ]V (yre) = yre= (). If
y < e, then by 9 of Theorem 2.5, y*e =y.
Hence y =e(0). If e <y ,then e — y <e

<vy. Thus y*e =e — y = e(0). This implies
that yo(e—y) =y(0). Hence {yo(e—y)}ve
=y V e(0).Thus e =y(0), so that y = e(0).
Hence in both cases we have that y = e(0).
Thus y belongs to N and hence N is a filter.

Theorem 5.4. Let L be a BH-
lattice such that e is comparable for each x €
L. Then there is one to one correspondence
between the set of all filters F of L and the set
of all congruence relations of L, ConL.

Proof. From Theorem 5.2 and
Theorem 5.3, it suffices to show the
following. Define a function f:F-—— ConL
by f(F)=6p. For F, G € F, let
f(F)=£f(G). Then this implies that OF
=1 y):xxy €F }={(x,y); xxy € G} = 0G.
Hence, x € F implies that x*e € F, so x*e €
G. Thus by Theorem 4.9 x € G. Therefore
F€G. By asimilar argument, it follows that
GCcEF. Thus F=G and hence f is one to one
function. Let 6 € conL. Then by Theorem
5.3, N={x€L :x=e(0)} is a filter. Moreover,
if x >y € N, then x—y = e(0). Hence by the
reflexive property of 0, the definition
ofcongruence in L and Theorem 2.6,
(xAy)= {(x—Yy)Ae}oy= y(0). Similarly, if
y—x € N, then y—x=e(0) and hence
(xAy)={(y—x)Ae}ox = x(0)). Thus, if
x—y, y—x € N, then x= y( ). Therefore,
fF(N)={(x,y): xxy €N} ={(x,y): x—>y,
y—x EN} ={(x,y):x=y(0)} =0.1i.e N is
the pre image of 0. Hence f is on to. Hence,
there is a one to one correspondence between
congruence relations on L and its filters.

Corollary 5.1. There is one to one
correspondence between the set of all filters F
of Heyting algebra H and the set of all
congruence relations of H, ConH.

Theorem 5.5. In a BH-lattice L,
for a filter F in L and [x], [y] € L/F, [x]
< [yl® (y—= x)Ae €F.

Proof. Let [x] < [y]. This implies
[X]Alyl = [X] = [x Ayl =[x] = (x Ay)= €
F. As xAy<x, x — x=e<x—xAy. Hence
(xAy)*x = (x—(x Ay)) A ((xAy)=x) =
(x—(xAY)) A (x—=x) A(y=x) = (y—x)Ac.
This implies that (y—x)Ae € F .

Conversely, let (y—x)Ae € F. Since
XAy £ X, x—xAy. Hence
x*(xAy)= (y—x)Ae € F. Thus it follows
that [xAy]= [x] and hence [x]< [y].

Theorem 5.6. Let L be a BH-
lattice and F be a filter of L. The system
(L/F,o0,[e],Vv,A, —) is a BH-lattice (called
quotient BH-lattice corresponding to F),
where the operations in the quotient are

X—X = e <
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defined by [x]Jo[y] = [xoy], [x]V]y] = [xVy],
[(x]Aly] = [xAy], [x]—[y] = [x—y]. Further,
if L is bounded above, so s
(L/F,o,[e], vV, A, —).

Proof. Obviously all the operations
in the quotient system are well defined [5],
[3]. Also it is clear that (L/F,o,[e]) is a
commutative monoid with identity element
le] and (L/F, v, A) is a lattice. Further, by
Theorem 5.5 we have the following. Let [x],
[a], [p] € L/ F such that [x]o[b] £ [a] & [xob]
< [a] © (a—xob)Ae € F <{(a—b)—x}Ae€
F & [x]£[a—Db] & [x]< [a]—[b]. Hence the
system (L/F, o, [e], V, A, =) is a BH-lattice.
Trivially all the other axioms of BH-lattices
hold. Finally if L is bounded above, then
for x €L,
€ F. Hence for any [x] € L/F,
Therefore it is bounded above.

X<e=> e<e—X <e> e=e—X

[x] £ [e].
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