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ABSTRACT. In this work, we introduce a degenerate generalized integral trans-
form that unifies classical transforms (Laplace, Sumudu, Elzaki, etc.) with
their degenerate counterparts. The proposed transform is defined by

By {0(t)}(r) = u(r) / T () d,

where A € (0,00), u(r) # 0, 9 € Z, and r € C. In the limit A — 0, the
classical transforms are recovered, and the degenerate Laplace, Sumudu, and
Elzaki transforms are included as special cases. We establish fundamental
properties including existence, linearity, differentiation, and convolution the-
orems. Additionally, we derive transform pairs for elementary functions and
special functions such as the Fox-Wright function, the k-Gauss hypergeometric
function, and the p-k-Mittag-Leffler function. Applications to variable coeffi-
cient initial value problems are demonstrated. The novelty of this work lies
in the unification of classical and degenerate transforms within a single frame-
work, providing researchers flexibility to select transforms tailored to specific
problems while maintaining solution consistency.

Key words/phrases: Degenerate integral transforms; Generalized integral transform; Degenerate
gamma function; Laplace transform

1. INTRODUCTION on t; <t < ta, expressed as:

For a long time, mathematicians and engineers ,
have been interested in the concept of integral 2
transforms. An integral transformation is a math- (L1 T{e®)}(r) = &(r) = /t K(t.r)e(t) dt,
ematical operation that uses integration with a
given kernel to convert a function from its original
domain into a different functional space. It is of-
ten simpler to analyze and manipulate some of the
original properties of functions within this trans-
formed space. An associated inverse transforma-
tion, which reconstructs the original function from
its image, makes the process reversible. The role -
of integral transform in mathematics has grown kernel enables the recovery of the original func-

recently, and many authors have studied them in tcion. In order .to find ¢(t) from the given ®(r), we
detail [1, 2). introduce the inverse operator T~ ":

1

provided the integral exists, where K (t,r) is the
kernel of the transform, which depends on both
the integration variable ¢t and a complex transform
variable r, T is the integral transform operator,
and ®(r) is the image of ¢(t). The operator T is
characterized by its specific kernel, and an inverse

Formally, an integral transform acts on a func-
tion ¢(t) and produces a new function ®(r) defined T~H®(r)}(t) = p(t).
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Based on (1.1), the Fourier and the Laplace trans-
forms of a function ¢(t) can be written, respec-
tively, as:

12 Fewin- [ T e () de
and
(13)  L{pt)}(r) = / e p(t) dt.

The existence of the integral in Equation (1.3) re-
quires that the function ¢(t) be of exponential or-
der C, such that for positive constants M and T

lo(t)| < Me®*, for all t > T.

Several differential and integral problems, includ-
ing ordinary, partial and fractional differential
equations, have been approximated using these
transformations. A number of scientific and engi-
neering fields, including communication engineer-
ing, control engineering, electric analysis, quantum
physics, partial differential equation solving, data
mining, machine learning, signal processing, and
integrated circuits, depend heavily on the concept
of integral transformations.

Many mathematical equations, such as frac-
tional kinetic equations, linear and nonlinear
Volterra integral equations, partial differential
equations, linear and nonlinear ordinary differ-
ential equations and many more, have been ap-
proximated using various kinds of integral trans-
formations [3]. Integral transformations are nec-
essary tools for solving mathematical and engi-
neering problems. Integral transforms and their
generalizations have numerous beneficial applica-
tions in a wide range of scientific fields, including
applied sciences, physics, biology, chemistry, and
engineering. Integral transformations are benefi-
cial because they can simplify the problem-solving
process and speed up the computation of solu-
tions. To better understand nature, a number of
mathematicians and engineers developed a num-
ber of analytical and numerical techniques that
are applied in numerous scientific and technologi-
cal fields. Specifically, it has been shown that the
idea of integral transformation is a helpful math-
ematical tool for addressing a variety of issues in
both pure and applied mathematics [4, 5]. It is
crucial to recall that an integral transform occurs
when a mathematical operator uses an integral to
change a function from one function space to an-
other.

The study of ordinary and partial differential
equations has a strong link to the historical devel-
opment of integral transforms. The development
of integral transformations can be linked to the
development of integral calculus and the need to
solve difficult problems involving differential equa-
tions and other mathematical processes [6]. The

integral transform is given its name to the fa-
mous mathematicians Laplace (1780) and Fourier
(1822). Integral transforms were developed by
Laplace, Euler, Fourier, Mellin, and others. The
Laplace and Fourier integrals are the most com-
monly used transforms. In the fields of mathemat-
ics and engineering, integral transformations have
proven essential for solving differential or integro-
differential problems. The Mittag-Leffler func-
tion, the Struve function, the generalized Galué-
type Struve function, the Hurwitz-Lerch zeta func-
tion, the extended hypergeometric function, and
confluent hypergeometric functions are just a few
of the special functions that researchers have re-
cently discussed using integral transforms to solve
fractional differential equations. In recent years,
several alternative integrals have been proposed
in addition to the Laplace, Sumudu, and Elzaki
transforms. These include the Aboodh transform
[7], Natural transform [8], Mohand transform [9],
Pourreza transform [10], Kamal transform [11],
Sawi transform [12], and Emad-Sara transform
[13]. These integral transformations have found
widespread applications in many disciplines, in-
cluding mathematics, engineering, signal process-
ing, wave propagation, control engineering, optics,
and physics.

Modifications of integral transforms have been
the subject of extensive recent research. For exam-
ple, the authors of [14] developed certain relations
and features of the modified Laplace transform.
Duran et al. [15] introduced a modified Sumudu
integral transform and listed many of its proper-
ties. The Elzaki transform was modified by the
author of [16]. He et al. introduced a general-
ized integral transform in [17], which generalizes
the Fourier, Laplace, Sumudu, and other trans-
forms. In [18], Mustafa offered a modified iter-
ative method and a modified Sumudu transform
for solving partial differential equation systems nu-
merically. When combined with semi-analytical
methods like the variational iteration method, the
homotopy perturbation method, and the Adomian
decomposition method, these integral transforma-
tions can be applied to both linear and nonlinear
problems [19].

In recent years, degenerate versions of existing
integral transforms have also been studied. For
instance, Kim and Kim [20] introduced the degen-
erate Laplace transform:

La{f()}(s) = Fa(s) = / T e (O£ () di

(1.4) N
:/ (14 X))~ f(t) dt,
0
provided the integral exists, where e} °(t)
is the degenerate exponential function, and

limx—o La{f(t)} = L{f(¢)}. For the degenerate
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Laplace transform and degenerate gamma func-
tion, the authors provided lots of properties and
interesting formulas. Following that, they de-
fined a modified degenerate Laplace transform
with different properties and a modified degen-
erate gamma function [21]. Many properties of
the degenerate gamma function associated with
analytic continuation as a meromorphic function
on the complex plane were obtained by Kim and
Kim [20], including the difference formula, values
at nonnegative integers, an integral representation
as an integral along a Hankel contour, and sev-
eral expressions derived from the Euler and Weier-
strass formulae for the ordinary gamma function.
Upadhyaya [22] described the characteristics of a
degenerate Laplace-type integral transform. The
degenerate Sumudu transform was defined by Du-
ran [23]:

(1.5)

SUOI) =10 = 5 [ S 0rwa.

S

provided the integral exists, and limx—0 Sx[f(t)] =

S[f(t)]. Kalavathi et al. [24] defined the degener-
ate Elzaki transform:
(1.6)
BfO)s) =T(s) =5 [ 00 dt,
0

provided the integral exists, and limx_,o EA[f(t)] =
E[f(t)]. For applications involving fractional ki-
netic equations, Yahya Almalki et al. [25] ob-
tained significant results on the modified degen-
erate Laplace-type integral. For the solvability
of partial differential equations involving Laplace
operator please refer [33]

The paper is organized as follows: Section 2
presents the fundamental concepts and notations.
Section 3 introduces the proposed degenerate gen-
eralized integral transform and establishes its ba-
sic properties. Section 4 provides applications to
variable coefficient ordinary differential equations;
and finally, Section 5 concludes the paper with a
summary and future research directions.

2. FUNDAMENTAL CONCEPTS

The notations and basic terms of the gamma
function, degenerate gamma function, degenerate
exponential function, degenerate Euler formula,
and degenerate trigonometric functions that are
necessary for this work are introduced in this sec-
tion. These ideas act as the fundamental compo-
nents for our degenerate generalized integral trans-
form. We start with the classical gamma function,
which is essential to the theory of special functions
and integral transforms.

Definition 2.1 (Gamma Function [26]). The

Euler gamma function is defined by:
(2.1)

) = /0oo e " dr, £eC, R(€) > 0.

It satisfies I'(§ + 1) = £T°(€) and I'(n + 1) = n! for
n € N.

Definition 2.2 (Pochhammer Symbol [26]).
The Pochhammer symbol (7). is given by:

(2.2)
Fiy+4)

Ve=7(y+1) - (yH-1) = ———,

(e =20 (r+e-1) =~

It satisfies (v)o = 1.

Definition 2.3 (Degenerate Exponential

Function [21]). For A € (0,00) and t € R, the

degenerate exponential function is defined as:

(2.3) eh = (1+ )7,

1A _ t

Notably, lim,_, g+ 4 = lim,_,o+ (1 + \t) e'.

Definition 2.4 (Degenerate Euler Formula

[21, 20]). The degenerate Euler formula is given
by:
(2.4) ¥ = (14 At)"7> = cosa(t) 4 isina(t),

where i = v/—1. Consequently, lim,_,q+ cosx(t) =
cost and limy_, o+ sinx(¢t) = sint. Therefore,
lim e = lim (14 At)"”> = ¢ = cost + isint.
A—0Tt A—0Tt
Definition 2.5 (Degenerate Gamma Func-
tion [20, 21]). For A € (0,00) and £ € C with
0 < R(€) < 1/, the degenerate gamma function
is defined as:
(2.5)
T'x(€) :/ (1+xt) "M a :/ ex't*7 " dt.
0 0
The degenerate gamma function satisfies the
following properties [20]:
o lim, 5+ I'x(§) = T'(§), recovering the
classical gamma function.
e For m € N,

(m —1)!
T=X1=2X)--(1=m))’
Definition 2.6 (Degenerate Trigonometric
Functions [20, 21]). The degenerate sine and co-

sine functions are defined as:
(2.6)

F)\(m) ==

ex'(t) +ex " (1)

2 ’ 27
The degenerate hyperbolic sine and cosine func-
tions are given by:

cosy(at) = siny (at) =

ex(t) +ex’(t)
2 )

ex(t) — ey (t)
5 :

(2.7) coshy(at) =

(2.8) sinhy (at) =

v €C, R(v) > 0.

ey (t) —ex
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3. THE DEGENERATE GENERALIZED INTEGRAL
TRANSFORM

He, J.-H., et al. [17] considered the generalized
integral transform of an integrable function ¢(t)
as follows:

(e )}(r) = () = u(r) [ T () d,
(3.1) 0

where r € C, ¥ € Z, u(r) # 0.

Informed by the generalization given in Equation
(3.1), we present a degenerate generalized integral
transform incorporating various degenerate inte-
gral transforms and their properties. The operator
Hx{¢(t)}(r) represents the degenerate generalized
integral transform throughout this article.

Definition 3.1. Let ¢(t) be an integrable func-
tion defined for ¢t > 0, u(r) # 0, r € C, X € (0, 00),
and ¥ € Z. The degenerate generalized integral
transform is defined as:

(3.2)

i {o(1)}(r) = u(r) / T Py dt,

provided that the improper integral converges for
some ¥ with ®(r) > 0 and ¥ > 0.

The degenerate exponential function (1 +

/\t)frﬂ/ * is the kernel of the transformation, with
r is the transform variable. Note that when A — 0,
this transform reduces to Equation (3.1). That is,

lim i {(0)) (1)
= u(r) lim oo(1 F) TP (t) dt
— u(r) /Ooo (tim (14207 () e

= u(r) /000 eirﬁtcp(t) dt
= H{p(t)}(r).

This generalization is motivated by the degen-
erate exponential function e} = (1 + At)'/*.

Definition 3.2 (Degenerate Exponential Or-
der [20, 21]). A function ¢(t) is said to be of de-
generate exponential order C' if there exist con-
stants M > 0, C' > 0, and T > 0 such that:

lo(t)] < M(1+ 207,

(3.3) for all t > T.

Theorem 3.3. Let p(t) be a piecewise continuous
function on [0,00) of degenerate exponential order
C. Then the degenerate generalized integral trans-
form Hx{@(t)}(r) exzists for all v € C such that
> C+ A

Proof. Using the definition of the transform in
Equation (3.2) and the triangle inequality:

Hx{e(®)}(r)] =

u(r) /000(1+At)*“9%(t) dt'

o 9
(3.4) <l [ @+ a0 el ar
0
Since ¢(t) is of degenerate exponential order C,
there exists M > 0 such that:

I {(8)} ()] < [ur) M / T O gy

Ju(r)| M

_ v
_71“97()\+C)’ r’>A+C.

(3.5)
This proves the existence of the transform in Equa-
tion (3.2). When A — 0, the degenerate expo-
nential order reduces to the classical exponential
order |p(t)] < MeC", and the existence condition
becomes r” > C, recovering the classical results of
He et al. [17].

Theorem 3.4. Let p(t) be piecewise continuous
on [0,00) of degenerate exponential order C, and
let Fx(r) = Hx{@(t)}(r). Then the inverse trans-
form is given by:

y+ico r
olt) = o B0

9
- v 1 A" /A—1_9—1 d
27 J oo u(T) (1+ M) " .

where v > C 4+ X and u(r) # 0 on the contour.
Proof. +In(l + At) and ¢(z) =

%) (e”%) e we have F (r) = u(r)L{w(:c)}(rﬁ).
Applying the Laplace inversion formula with s =
r?, ds = 9r’~!dr, and substituting back ¢(t) =
e~ (z) yields

I S N (D) 0 /A1 9—1
olt) = 5o / D @yt

Using =z =

y—1i00
Special Cases.

Corollary 3.5. When u(r) =1 and 9 = 1, the
degenerate generalized transform in Equation (3.2)
reduces to the degenerate Laplace transform of Kim
and Kim [21, 20]:

(36)  La{p(®}(r) = / TP () dr.

The existence condition becomes r > C + X\, with
the bound:
M
< =
Lafp(}0)] < —

Corollary 3.6. When A — 0, u(r) = 1, and
¥ = 1, we recover the classical Laplace transform:
(3.8)

Jim LoD} ) = Lip0}) = [ (0 e

(3.7)
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Corollary 3.7. When u(r) = 1/r and ¥ = —1,
the degenerate generalized transform in Equation
(3.2) reduces to the degenerate Sumudu transform
of Duran [23]:

(3.9) Sa{p®)}(r) = %/m(lﬂt)*/wko(t) dt.

Corollary 3.8. When A — 0, u(r) = 1/r, and
¢ = —1, we recover the classical Sumudu trans-

Using integration by parts:

Bl () =) [ 120 P 0 i

= u(r) lim [(1+3) 7o)

+ru(r) /000(1 )T A () dt

= —u(r)(0) + r Ha{ (1 + At) "' ()}

For the second derivative, we apply the first

(3.16)

form: formula to ¢’ (t):

Hr{¢" (1)} = r"Ha{ (1 + M) "' (8)} — u(r)'(0)-

Now, to compute Hy{(1 + Xt)"'¢'(t)}, we set
o) = (1 + X)"*p(t). Then o'(t) = =1 +
M) "2o(t) + (14 M) "1/ (1), so:

HA{(1+ ) "¢ ()} = Ha{e' ()} + A {(1+X6) *p(t)}

Tim_ S {6(0}0) = S{AD}0)
(3.10) R
= 7/0 e o(t) dt.

r

Corollary 3.9. When u(r) =r and 9 = —1, the
degenerate generalized transform (3.2) reduces to

ZLT} fiegenemte Elzaki transform of Kalavathi et al. - [rﬁHA{(l +At) o)} — u(r)g(())]
(3.11) + A {(1 4+ M) Zp(t)}

= Hy{(1 + M) "20(t)} — u(r)¢(0)
+ M {(1+ M) Zp(t)}

Bue®}e) = v [ 1+ 207 ptt)ar

Corollary 3.10. When A\ — 0, u(r) = r, and

9 = —1, we recover the classical Elzaki transform: (3.17)

= (" + NE{(L +2) %p(1)} — ulr)p(0).
Jim Ex{o()}(r) = E{e(t)}(r)

= r/ e/ o(t) dt.
0

Substituting back:

B {e” (O} = 17 [+ V(L + M) (1)} = u(r)e(0)] = ulr)¢(0)
(3.18)

(3.12)

Theorem 3.11. For any a,b € R, and functions
o(t) and o(t) whose transforms exist, the degen-
erate generalized integral transform has a linearity

=77 (" + NE{(1+2) (1)} = u(r)[r"¢(0) + &' (0)].

Continuing this process yields the general for-
mula for (™ (t) = jt—zga(t), m e N:

property:
(3.19)
(313 nlap(t o)) =ab o0 IO}y ooy = [mH 0 4 50 | B {14 A0 0(0)
Using Definition 3.1: =0 |
Hy{ap + bo} = u(r) 223 #!(0) 1:[ (" +32)

In order to solve more complicated problems, we
will now derive the transform pairs for a few basic
elementary functions. We start by calculating the
transform of the constant function ¢(t) = 1:

— u(r) /O T 1+ 2 P ag(t) + bo(t)] dt
= au(r) /00(1 + )\t)_rﬂ/’\p(t) dt

+bu(r) /000(1 ) ot dt

(3.14)
= aH)\{(p(t)} + bH)\{Q(t)}

R 9
lim [ (14x)7" /e

R—oo [

Hy{1}(r) = u(r)/ (1428~ dt = u(r)
0
Using the substitution u = 1 4+ At, we obtain:

AD(1+77/))

Hy{1}(r) = u(r)rﬂ(_/\ () for ¥ > .

Therefore,
As a result:

(3.15) . A- (P /N0 /A u(r
lim By g+ bo} = a Jim B (o(0)} + b lim B o). lim, (1)) = u(r) N w0,
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Similarly, for ¢(t) = t, the transform yields:

Hy {t}(r) = u(r) /000(1 ) At
AL(1+ 77 /X)

= ) T Y A+ )TN
for ¥ > 2.
Thus,
- u(r)
A1—1>ron+ {t}r) = 55
For ¢(t) = t*, we have:

{2} (r) = u(r) /000(1 ) AR

_ 22u(n)T(1+1r7/N)
a L(r?/X)

1
o

% r?(rd — X)(r?

for 7 > 3.

3N’

In general, for ¢(t) = t™ with m € N, the trans-
form is given by the closed-form expression:

H{t"}Hr) = u(r) /000(1 + )\t)f’ﬁ”tm dt

AL (m + DT + 77/ N)u(r)

UL(r?/X)
1 9
X =, for " > (m + 1)\
j:tl(rﬁ —JA)

For A — 0, we have:
lim Hx {t" }(r) =

Theorem 3.12. For a € R with o > —1 and
7 > (a4 1))\, the degenerate generalized integral

transform of t* satisfies:
(3.20)

HA{t"}(r) = u(r)

where FA is the degenerate gamma function defined
by Ta(z) = [7°(1+ )/ e at.

Proof. Using Definition (3.2) and the substitution
y=r"t/X

Hy {62 (r) = u(r) /000(1 )7 e .

u(r)L'(m + 1)
pd(m+1)

XTI (a0 + 1)

F9(at) F}\/,,a‘)(Oé‘f’l),

Let y = %t. Then t = T%y and dt = r%dy:

uw>(A)MJAwu+ww—””y“

70
Using the definition of the degenerate gamma func-
tion Ty 0 (a + 1) = [7°(1 + Ay) -7/ y* dy, we
obtain:

)\a+l

HA{t"}(r) = u(r)ml“/\/wy (o +1).

This completes the proof.

dy.

Corollary 3.13. For m € Ny, the transform of
t™ is

AP (m 4 1)

H{t" Hr) = u(r) Ly/ro(m+1).

rO(m+1)
Tﬂ(nz+1) +1
Using Ty jpo(m+1) = U ;"1 ( —jN7t

this reduces to the earlier power function formula.

u(r)(m + 1)
IT5 (7 =)
Next, we consider the transform of functions of

the form (14 \t)~%/*, which serve as the degener-
ate analogues of exponential functions:

Hy{t"}(r) =

Hy{(1 + M) (r) =

u(r)
rd4+a—\
for v’ > A —a.

As A — 07", we have:

u(r)

r +a

i By {(1420) " }(r) = H{e ™" }(r) =

For u(r)=1,9 =1:

La{(1+ M)} (r) r>\—a.

r+a—\

For u(r) = 1/r, 9 = —1, we have:

—a/A _ 1
S {1+ At) Hr) = m.

This result is particularly useful as it demon-
strates how the degenerate kernel interacts with
generalized exponential arguments. The degener-
ate generalized integral transform of the degen-
erate exponential function e$(t) = (1 4+ Xt)*/* is
given by:

HA@+MV“M>=MMAWQ+Myv“wMﬁ

u(r)

rd—aqg—M\

for r7 > a + A

As A — 0", we have:

Jim {1 00" 1) = B} ()

u(r)/ (14 M) A (14 a0~ gt
0
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Transform of Degenerate Trigonometric
Functions. A significant advantage of the degen-
erate framework is the natural emergence of de-
generate trigonometric functions. We now derive
their transforms.

Hy{cosx(at)} = u(r) /00(1 + At)_ﬁ“
el (t) + ex " (¢)
[%} dt
= /oo (14 a7 i
+ (14 AT ay

_u(r) 1 n 1
2 U —da—X P 4ia— A
u(r)(r’ — )
(r* —X)2 +a?’

u(r)

for ¥ > .

(3.21)

When u(r) = r and ¥ = —1, we have the fol-
lowing degenerate Elzaki transform of cos) (at):

Ex{cosx(at)} = ui,ilﬂ—;f;rz

For A — 0, we have:
9
lim i {coss (at)}(r) = H{cos(at)}(r) = %
Similarly, for the degenerate sine function, we
obtain:

Hx{sinx(at)}(r)

Y tai
)dt

—(1+ M)

Thus, for A — 0, we have:

. . . au(r)
/\li)n()1+ Ha{sinx(at)}(r) = H{sin(at) }(r) = 0
When u(r) = r and ¥ = —1, we have the fol-
lowing degenerate Elzaki transform of sinj (at):
r’a

Ex{sinx(at)} = A= Zsa?

For the degenerate hyperbolic cosine, we follow
a similar procedure with real arguments:

ifooshi ()} () = Jutr) [ (142075
+( +At)*”9¢“)dt
- lu(r) (7«19 _1 —+ _1)\_|_a>
¥ — A

For A — 0, we have:

w(r)r’

/\li%h Hx{coshx(at)}(r) = H{cosh(at)}(r) = 20

a2
When u(r) = r and ¥ = —1, we have the fol-

lowing degenerate Elzaki transform of coshy (at):

1—Ar
E h B A —
\{coshy(at)} =7 A= )2 = a2

Finally, for the degenerate hyperbolic sine func-
tion:

Hy {sinhy ()} (r) = ~u(r) /Ooo <(1 AR S (14 M)

_ Lo 1
T2 r"—X—a 1 —-X+a

= U(T)my

and for A — 0, we have:

. . . au(r)
Alirg+ Hx{sinhy(at)}(r) = H{sinh(at)}(r) = 20 g
When u(r) = r and ¥ = —1, we have the fol-

lowing degenerate Elzaki transform of sinhy (at):

CLT3

Ex{sinhy(at)} = (1—>\7“)—2—<127"2.

When u(r) = r and ¥ = —1, we have the fol-

lowing degenerate Elzaki transform of sinhy (at):
ar®
(1—=Ar)2 —a?r?’

Ey{sinhj(at)}
These transform pairs for degenerate trigono-
metric and hyperbolic trigonometric functions are
essential for solving differential equations involv-
ing oscillatory and hyperbolic behaviors within the
degenerate framework. Notably, as A — 0, all
these expressions reduce to their classical trans-
form H{p(t)} [17], confirming the consistency of
our generalized approach.

Remark 3.14. All the transform pairs derived
above reduce to their classical counterparts as
A — 0. For instance,

a

;iir}) Hy{siny(at)}(r) = H{sin(at)}(r) = u(?")my

T

9 4a

Py

Jai
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TABLE 1. Comparison of Transforms for Elementary Functions

Function Ly{e(t)} Sxa{e(t)}
() Bl (D)) =1 9= 1) D0 () = 1/, B = 1) 2]
g u(r)I'(m + 1) '(m+1) I'(m+ 1)r™
5 (7 = ) I (r =3 [T (1= 5n)
. a a ar
siny (at) u(T)(Tﬁ_ﬁ/\W m (1 — )2 4 a2r2
rv — )\ r— )\ 1— )\’l“
cosx(at) e Ve (ST (1= )2 + a2r2
. a a ar
sinh) (at) u(r) (r? _19/\)2 — a2 m (1= Xr)2 —a?r?
r¥ —\ r—A 1—JAr
coshy (at) u(r) T2 = =2 —a? (1 — )2 — a22

Transform u(r) v Resulting Transform
Degenerate Laplace 1 1 Ly{pt)}(r) = (14 M) o(t) dt

0
Classical Laplace 1 I, A=0 L{io(t)}(r) = /000 e "o(t) dt
Degenerate Sumudu % -1 Sax{e(t)}(r) = %/00(1 + )Y ON (1) dt

0
Classical Sumudu % -1, A—=0 S{p(t)}(r) = %/OOO e rp(t) dt
Degenerate Elzaki T -1 E {p(t)}(r) = /000(1 + AV (1) dt
Classical Elzaki r =1, A—=0 E{p(t)}(r) = r/oo e rp(t) dt

0

which corresponds to the classical generalized in-
tegral transform of sin(at). Similarly,

o Lemma 3.15. The kernel Kx(t,7)

a convolution operation for the suggested integral
transform based on the ideas from these studies.

1+

. r
;LmO Hx{cosx(at)}(r) = H{cos(at)}(r) = U(T)m)\t)_rﬁ/A defined in Equation (3.2) satisfies

3.22
These results are consistent with the classical ( )

Laplace transforms L{sin(at)} =iz and
L{cos(at)} = »5,> when u(r) =1 and ¥ = 1.

Kakichev et al. [29] investigated a method (3.2):
for constructing generalized integral convolutions.
Yakubovich et al. [30] discussed about the hy-
pergeometric method for convolutions and integral
transforms. Xuan [31] focused on the Fourier sine
and cosine transforms using generalized convolu-
tion with a weight function. Giang et al. [32]
studied applications and convolutions for Fourier
transforms with geometric variables. We develop

Kx(t1,m)Kx(t2,7) =

KA(th’I“)K)\(tQ,T) =

Kx(t1 ®x ta,7)

where t1 @ ta = t1 + to + Aito fO’/‘ all ti,t2 > 0.

Using the definition of the kernel in Equation

(1+)\t1)77'19//\(1+)\t2)*7'19/k

= [(1 4 A2)(1 + M) 77/

9
=14 A(t1 + t2 + Mata)] " /2

= L4+ At @)

= K)\(t1 D t2,7‘).
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The operation @, is commutative and associa-
tive, with identity element 0.
Define the convolution

6329 (o0 00 = [ oo (1) 125

provided the integral converges absolutely.

Theorem 3.16. Let p, 0 be functions such that
all integrals converge absolutely. Then

ROGINGG)

(3:24)  Hx{px0}(r) = ()

Proof. Define the transforms

Dy(r) = HA{“D} / Kx(r,7)p(r) dr,
and
Ra(r) = H*ifj / K (0,r)0(0) do.

Using the pseudo-multiplication formula (3.22),
we compute

Br(r)Rx(r) = / - / K (r.r) K (0, r)p(r) elo)
dr do

:/ / Kx\(T ®xo,7)
o Jo

x p(1)o(o) dr do.

For fixed 7, make the change of variables ¢t =
T @0 =T+ 0+ Ao, which gives
_t—T _dt
T 14N T 14N

Substituting, we obtain

By (1) B //KUT -

T dt
X g<1+/\7_> T dr.

The domain of integration is {(7,t) : 0 < 7 <
t < co}. By Fubini’s theorem, we interchange the
order of integration:

_ /Ooo Kx(t,r)[/otw(ﬂ@ (1t;;r>

1+)\T]
_ / K (t,7)( % 0)(8) dt.

The final integral is
o0} (r)/u(r). Therefore,

t € (1,00).

precisely Hx{y #*x

Hx{o}(r)Hx{e}(r) _ Hx{p*x 0}(r)
u(r)? u(r) ’

which yields
Ex{e}(rEr{e}(r)

H)\{SD X Q}(T) = U(T)

This completes the proof.
Remark 3.17. In the limit A — 0, the A-deformed

sum reduces to ordinary addition:
t1 O t2 —> t1 + ta.

Consequently, the A-convolution (3.23) reduces to
the classical convolution

(p*0)t)= /O o(T)o(t — ) dr.

Theorem 3.18. (Convolution Theorem in the
Limiting Case) Let Hx{p}(r) = ®x(r) and
Hx{o}(r) = Rx(r). Then, in the limiting case
A — 0, the standard convolution theorem holds:

;iggm{wm = 27 Limes0)] [im mao]
where (p * 0)( fo (t —7)o(r) dr.

Proof. Using Definition (3.2), we have

Hy{pxo}(r) = u(r) /000(1“@*“9/A (/Ot o(t — 1)o(r) dT) dt.

Interchanging the order of integration and sub-
stituting n =t — 7, we get

/ / (LA+7) " P () o) dn dr.

Now, taking the limit A\ — 0:

Jim B {ioxe}(r) = Jimg, u(r) /Ooo /Ooo(1+A(77+T))7“9“<p(77)9(7) dipdr.

Hy{p*o}(r

Using the standard limit, lim,\_,0(1+)\m)*1/>\ _
e~ ", we obtain
lim(1+)\(,7+7))7w9/x R O R P
A—0

Therefore,

lim Hx{ * 0}(r) = u(r) /OOO /OOO e e o) o(7) dn dr

— u(r) UOOO e () dn] UOOO e o(r) dr] .

= ul) [T e

Since )1\13%) Hx{p}(r)

we have
SR 1
/o e o(t)dt = e ;ILI%)QA(T).
Similarly,
/O "o(t) dt = iy m R )
Therefore,

lim Hx{p * o} (r)

— u(r) [% lim @A(r)} {ﬁ lim R, (r)}

- L [lim <1>A(r)] [;erlo Rx (r)} :

u(r) Lx—o
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This completes the proof.
From Definition 3.1, we observe that:

Hy {p(at)}(r) = u(r) /000(1 ) P p(at) dt.

Upon setting ¢ = at — t = ¢/a, dt = ds/a,
we obtain:

By { ()} (r) = u(r) /Owu ae/a) " (o)L d.

a

Thus,

mipahn =0 [7 (14 Ag)/ o(s) ds.

Special Functions

Definition 3.19. (p-k-Mittag-Leffler Func-
tion): For p,k € Rt n,q € N, and v,8,a € C
with R(a) > 0, R(B) > 0, and R(y) > 0, the
generalized p-k-Mittag-Leffler function [27] is ex-
pressed as:

tm
T(m+1)’

, 5 2(Mmak
(3.25) pEL 5(t) = mZ:O pFZ(amq—i— B)

where ,(7)mq,x is the p-k Pochhammer symbol
[27].

Theorem 3.20. The degenerate generalized inte-
gral transform of Eq. (3.25) is given by:

{07 EL ()} ()
_ - p(’Y)mq,k/\am+BF(am +5)
= ’LL(T) Z |:ka(Oém + B)l“(m + 1)T79(am+ﬁ)

m=0

x Ty /0 (am+B)|.

provided the series converges absolutely.

Proof. Using Definition 3.19, we have

i {77 B (0t ()

_ 1 —r /)\ mq,k@
u(r)/o 1+ At) Z[Fkam+/3)
tam«l»ﬁfl
Tt |

Interchanging the summation and integration, we
get:

mak (r)

= i w(r
(3.26) ka am + BT (m+1)

o0

) [ (1 )T A gy
0

Using Theorem 3.12, we have:
(3.27)

m=0
p(Vma kAT (am + B)
pLi(am + B)T(m + 1)r?(em+5)

F>\/7'19 (aer /B)

This completes the proof.

Definition 3.21. (k-Gauss Hypergeometric
Function): The k-Gauss hypergeometric function
[28] is defined as

(3.28)

= (a)m,k(b)m,k t™
Z (©mr T(m+1)

Theorem 3.22. The degenerate generalized inte-
gral transform of the k-Gauss hypergeometric func-
tion is given by

2P k(a,byct) =

m=0

ALC(1+77/N)

ad @)m,k(0)m, 1
5 s 1

m=0 ?

Hy {oF1 k(a,b;c; )} (r) = u(r)

provided r° > (m + 1)\

Proof. The proof of Theorem 3.22 follows in a
similar manner to that of Theorem 3.20. Thus,
the details are omitted.

Definition 3.23. (The Fox-Wright Func-
tion): The Fox-Wright function [28] is given by
I'(a; + Aim)

(CL17 A1)7 (a’P7

tm

) =3 [

Theorem 3.24. The degenerate generalized inte-
gral transform of the Fox-Wright function is given

by
(a1, A1),..., (ap, Ap)
Hx {P‘I’q [ (b1, B1), ..., (bg, Bg) ’t] } )
o T( +r19/A)
=Ty

I'(a; + Aim 1
XZH )

L(b; + Bjm) T4 (7 — jX)
provided the series converges absolutely.

p\I’q{ (b1, B1), .. (bq,B ['(b; + Bjm)

Proof. The proof of Theorem 3.24 follows in a
similar manner to that of Theorem 3.20. Thus,
the details are omitted. All the transform pairs
derived in this section reduce to their classical
Laplace counterparts when we set u(r) =1, 9 =1,
and take the limit A — 0. This demonstrates the
unifying nature of the degenerate generalized inte-
gral transform, which seamlessly bridges classical
and degenerate transforms.

L(m+1)"
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4. APPLICATION

In order to solve initial value problems with
variable coefficients, this section presents methods
derived from the degenerate generalized integral
transform.

Example 4.1. Consider the following first-order
variable coefficient ordinary differential equation:

(41) (1+X)' (1) —2p() =0,  9(0) =1,

where A > 0 is a parameter.

Now we apply the degenerate generalized inte-
gral transform Hy to both sides of Equation (4.1):

(42)  EB{(+)¢' (1)} - 20 {p(t)} = 0.
In fact,
(4.3) Q+A)P'(t) = i[(l + At)p(t)] — Ap(2).

dt
Applying the transform to both sides of (4.3):

By (14 20 ()}
d
@t =m{ S0+ 2000] | - m(e).

From the derivative property of Hy, for any
function o(t):

Ha{o'(t)} = r"Ha{(1 + At) " 'o(t)} — u(r)o(0).
Let o(t) = (14 At)(t). Then:
0(0) = (1 + X 0)¢(0) = ¢(0) =1,
and
1+ X)) Mo(t) = (14 M) (1 + M)p(t) = o(t).

Thus,
(4.5)

m{$w+mwm@=ﬁmwmywm.

Substituting Equation (4.5)
(4.4):

into Equation

E{(1+ X' (1)}
= [r"H{e(t)} — u(r)] = Mx{e(t)}
46) =" = NE{p()} —ulr).

Substituting Equation (4.6) into Equation
(4.2):

[(r” — NHEx{p(t)} — u(r)] — 2Hx{(t)} = 0

(4.7) = (7" = X = 2)H\{p(t)} = u(r).
Therefore,
8 Efew) = 0

From the known transform pair for the degen-
erate exponential function:

(49) H{(14+ 1)} = rﬁ%

—a—A

Comparing (4.8) with (4.9), we identify a = 2:
(4.10)
u(r)

u(r
H{(1+ /\t)2/)\} =0 _(2)_ N 9 _a_2

Therefore, the solution after taking the inverse
transform is

() = (1+ 2%,
For A — 0, the differential equation becomes:

(4.11) @' (t) = 2¢(t) = 0,

and the solution is

o(t) = e* = lim (1 + At)*/?.
A—0

Example 4.2. Consider the following second-
order variable coefficient problem:

(4.12)

(142)%Q" (1) +2X(1+A) @’ () +(1+A%)p(t) = 0,

The solution is given by:

V4 + 3X2

o) =1+ /\t)7% |:cos ( ) In(1 + )\t))

/ 2
+ A sin < 4+ 3 In(1+ )\t))
VA+ 32 2X

For A — 0, we recover the classical solution ¢(t) =
cost.

Figure 1 displays the graphs of the classical ex-
ponential function f(t) = €*' and the degenerate
exponential function f(t) = (14+t)?/* for different
values of the parameter A\. As A — 0, the degen-
erate exponential function converges to the classi-
cal exponential function e?!, confirming the consis-
tency of the degenerate framework with classical
results. Figure 2 illustrates the 3D solution profiles
of the second-order variable coefficient problem.
Figure 3 shows the graphs of f(t) = (1+At)%/* for
various values of .
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FIGURE 1. Graphs of f(t) = % and f(t) = (1+At)** for Example

1 at different values of A

F1GURE 2. 3D solution profiles of the second-order variable coeffi-
cient problem for different values of A for Example 2

5. CONCLUSION

He, J.-H., et al. [17] introduced the generalized
integral transform of the form:

H{(t)}(r) = K(r) = u(r) / T e () d,

(5.1)  wherer € C, ¥ €N, u(r) #0.

Motivated by this study, in the present paper,
we have introduced the degenerate generalized in-
tegral transform by the improper integral found in

Equation (3.2):
s {o()}(r) = u(r) / T Py dt,

where A € (0,00), u(r) # 0, 9 € Z, and r €
C. This transform unifies classical transforms
(Laplace, Sumudu, Elzaki, etc.) with their degen-
erate forms, and reduces to the classical general-
ized integral transform [17] in the limit A — O.
We have established fundamental properties of
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FIGURE 3. Graphs of f(t) = (1 + At)¥* for various values of \ for

Example 2

the proposed transform, including: existence the-
orem, linearity, differentiation formulas, and con-
volution theorem We have derived degenerate gen-
eralized transforms of various functions, including:
power functions, degenerate exponential functions,
degenerate sine and cosine functions, degenerate
hyperbolic sine and cosine functions. We have
also obtained a relation between the degenerate
generalized integral transform and the degenerate
gamma function. In addition, we derived trans-
form pairs for some special functions, including the
p-k-Mittag-Leffler function, the k-Gauss hypergeo-
metric function, and the Fox-Wright function. Ap-
plications to variable coefficient ordinary differ-
ential equations were demonstrated through two
illustrative examples. Future research directions
include: Extension of the transform to higher-
dimensional problems and application to fractional
differential equations and fractional kinetic equa-
tions.
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