
Rev. Sci. Technol., Synthèse Vol 28 numéro 1: 1-7 (2022)   B. I. Bukar
 
et al. 

©UBMA – 2022 
1 

Characterization of idempotent elements in a variant of the finite 

full transformation semigroup 
  

Babagana Ibrahim Bukar
1*

,
 
Babagana Alhaji Madu

2 
&

 
Shuaibu Garba Ngulde

3 

1Deptartment of Mathematics and Statistics, Yobe State University, Damaturu-Nigeria 

2Department of Mathematical Sciences, University of Maiduguri, Borno-Nigeria 

3Department of Mathematical Sciences, University of Maiduguri, Borno-Nigeria 
 

Article Info  ABSTRACT (10 PT) 

Article history: 

Received 23/01/2022 

Revised   21/07/2022 

Accepted 25/07/2022 

 
  In this research work, we consider a finite set X with n elements and introduce 

a systematic discussion of the transformation semigroup on the finite set                  

(namely the full transformation semigroup Tn ) with the aim of studying the 

variants of this semigroup. There have been many approaches in studying the 

variant semigroup (i.e  Tn
α

 for 𝛼 ∈  Tn  ), especially characterizing of 

Green’s relation and classification of certain Subsemigroups. In this particular 

work we study and characterize the idempotent elements in a variant of the 

finite full transformation semigroupTn  , and present the findings in the form of 

results. 

Keywords: 

Semigroup, Full transformation, 

Idempotent elements, Variant 

Semigroup. 

Corresponding Author: Yobe State University, Gujba Road, Damaturu, Yobe State, Nigeria. 

Email: bgkrs030@gmail.com  (B, Babagana Ibrahim) 

1.  INTRODUCTION: 

Semigroup theory is a relatively young part of mathematics as a separate direction of algebra with its 

own objects, formulations of problems and methods of investigations. A semigroup is simply a set S which is 

closed under an associative binary operation. Obvious examples of semigroups are the natural numbers N under 

either addition or multiplication. If the semigroup  satisfies the property that for all 𝑥,𝑦 ∈ S  we 

have 𝑥𝑦 = 𝑦𝑥, then we say that the semigroup  is a commutative semigroup. A semigroup  𝑆 is called a 

monoid if it contains an identity; otherwise we can easily adjoin an extra identity 1 in order to make it monoid. 

Thus, we write S1 and   S0
 respectively to denote a semigroup 𝑆 to which each 1 or 0 is adjoined. 

That is:                       S1  =  
    S                  𝑖𝑓 𝑆 ℎ𝑎𝑠 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡,

 
 S ∪  1       𝑜𝑡ℎ𝑒𝑤𝑖𝑠𝑒 

                                                  

         where 1𝑥 =  𝑥1 = 𝑥,   ∀ 𝑥 ∈ 𝑆.    

And                             S0  =  
    S                  𝑖𝑓 𝑆 ℎ𝑎𝑠 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡,

 
 S ∪  0       𝑜𝑡ℎ𝑒𝑤𝑖𝑠𝑒 

                                    

         where 0𝑥 =  𝑥0 = 0,   ∀ 𝑥 ∈ 𝑆. 

Many semigroups originally came to the interest of researchers as natural generalizations of groups, and 

the origin of group theory are in the study of permutations and the symmetric group 𝑆𝑛 . The principal objects of 

interest in this work are finite sets and transformation of the finite sets. For instance:  Let  be a finite set,      

say   =   {m1    m2   .   .   .    mn}. A transformation of M is an array of the form 

 α =   m1     m2   .    .    .    mn
k1      k2    .    .    .    kn

    where all ki ∈ M.  

 

There have been many approaches in studying classes of transformation semigroups. For instance, 

Dolinka and East (2015) investigated the full transformation semigroup Tn  under an alternative binary operation 

and studied what is called the variant of  Tn .  The concept and the notion of variants of semigroup was first 

considered in the monograph of Lyapin 1960, and a 1967 paper of Magill that considered semigroups of 

functions 𝑋→ 𝑌 under an operation defined by  f ⋅ g = f    g,  where  is some fixed function Y → X; 
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Variants of finite full transformation semigroups have been studied in a variety of contexts. For example, 

Tsyaputa (2003, 2004a) classified the non-isomorphic variants, (2004b), he also characterized Green’s relations 

in the variant of finite full transformations and symmetric inverse semigroup, and he also together with 

Mazorchuk (2008), classified the isolated subsemigroup in the variants of Tn , where similar problems were 

considered in the context of partial transformations.  

Variants of arbitrary semigroups were first studied in 1983 by Hickey where (among other things) they 

were used to provide a novel characterization of Nambooripad’s celebrated partial order on a regular semigroup. 

More generally, as noted by Khan and Lawson (2001), variants arise naturally in relation to Rees matrix 

semigroups, and also provide a useful alternative to the group of units in some classes of non-monoidal regular 

semigroups. Tsyaputa G. Y (2004/5) Classify a non-isomorphic variant of finite full transformation semigroups 

Tn  , characterized the idempotents, Green’s relations and analogous questions for PTn .   
                      

2.  PRELIMINARIES: 

Here, we list some well-known definitions, lemmas and results, that will be used throughout this work 

and build on them to prove our assertion: 

 

(i) A transformation is a map from { 1,2,…,n } to { 1,2,…,n }  which can be written as 

        α =     1         2         3        .   .   .     n
1α       2α        3α      .   .   .     n

    .    

 For instance, if 𝑀 =   1, 2,   then the elements of the full transformation denoted by T2  is as 

 follows:    1   2
1   1

 ,  1   2
1   2

 ,  1   2
2   1

 ,  1   2
2   2

  . 

 

(ii) An element 𝑒 ∈ 𝑆  where  𝑆  is a semigroup, is called an idempotent if 𝑒2 = 𝑒 and we denote the set 

of all idempotents in  𝑆  by 𝐸 𝑆 .  

   For instance: Let e1 =  1   2
1   2

    &  e2 =  1   2
2   2

   be elements in  T2 ,  

 

 Then by our definition, we have        1   2
1   2

  1   2
1   2

 =  1   2
1   2

        &       1   2
2   2

  1   2
2   2

 =  1   2
2   2

  

 

Lemma 2.1: (The E TX   Lemma). An element ε ∈ Tn  is an idempotent if and only if    ε/imε = 1imε . 

 

Lemma 2.2:  (Olexandr Ganyushkin) :  Let  α =    A1    A2    .   .   .     Ak
a1    a2     .   .   .     ak

    be a sandwich element with rank   

 

  k  0, and if  β =  B1     B2     .   .   .     Bm
   b1     b2      .   .   .     bm    

 ∈ S be an element of rank m.  Then β is an idempotent of  Sα
     

 

if and only if there exists an injection  f : {1 , . . . , m } →  {1 ,  .  .  . , k} such that 𝑏𝑖  ∈ Af(i)   and  af(i) ∈ Bi   

for all  i = 1 ,  . . .  , m.  

 

Theorem 2.3: (M. Tainiter): A mapping 𝑓 in any symmetric groupoid is idempotent if and only if the restriction 

of 𝑓 to its range set is the identity map. 

 

3.  VARIANT OF THE FINITE FULL TRANSFORMATION SEMIGROUP (𝐓𝒏
𝜶): 

The semigroup which will occur in this our discussion is the full transformation semigroup Tn  on the 

set {1, . . . , n}, whose elements are all the maps from {1, . . . , n} to itself, and whose operation is a composition. 

The set Tn  contains nn
 elements and the set Pn  contains  (n + 1)n

 elements. 

 

For instance, if X =  1, 2, 3,4  then the structure of the full transformation denoted by T4  is as follows: 
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 We now focus on the main objects of our study which is the variant of the finite full transformation 

semigroup, that is ( Tn
α  )   for  𝛼 ∈ 𝑇𝑛 . 

 

3.1. Definition Let S be a semigroup, for a fixed element α ∈ S, we define a new operation ⋆α   on   S  by 

 𝑥 ⋆α   𝑦 = 𝑥 𝛼 𝑦,    ∀  𝑥 ,𝑦 ∈ S.  Then   S, ⋆α    is a semigroup called the variant of S with respect 
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to α,  and is denoted by Sα .  This S together with the new binary operation  ⋆α   is a semigroup called the 

variant of  S with respect to α. Analogously, if we take  ( 𝑁, ∙) of all positive integers under multiplication 

which denoted by 𝑆, and pick the element 3 ∈ 𝑁, then  ( 𝑁,  ⋆3 ) is the variant of  𝑆 with respect to the fixed 

element 3, where  𝑥 ⋆3  𝑦 = 𝑥 ∙ 3 ∙ 𝑦   for all  𝑥 ,𝑦 ∈ 𝑆, and is denoted by S3.   This N together with the 

new binary operation  ⋆3   is a semigroup called the variant of S with respect to the fixed element 3, and this 

will be denoted by S3.  That is, suppose we take 5  &  8 ∈ (𝑁, ∙) then by the above example, we can 

vividly see that  5 ⋆3 8 =  5 ∙ 3 ∙ 8 = 120 

 Further, we study the variant of a finite full transformation semigroup which denote by Tn
α

, and then 

explore the structure of it using the above definition.  

 

3.2 Example:  Let 

𝑥 =  1   2   3
1   1   1

 , 𝑦 =  1   2   3
2   2   1

  and  α =  1   2   3
2   3   1

  be an element in T3 , then by the definition 3.5 we have  

 1   2   3
1   1   1

 ⋆α  1   2   3
2   2   1

 ⟹  1   2   3
1   1   1

  1   2   3
2   3   1

  1   2   3
2   2   1

 =  1   2   3
2   2   2

 
 

 

3.3 Example:  Let  𝑥 =   1   2   3
2   2   2

  ,   𝑦 =  1   2   3
3   3   3

    and  α =   1   2   3
2   3   1

   then by the above definition 

we have   1   2   3
2   2   2

 ⋆α  1   2   3
3   3   3

  ⟹  1   2   3
2   2   2

  1   2   3
2   3   1

  1   2   3
3   3   3

 =  1   2   3
3   3   3

  

So we can now give the structure for the variant of a finite full transformation semigroup of the set X =
 1, 2, 3,4  which denoted by T4

α
  for a fix element α =  1   2   3   4

3   1   4   2
 ,  and in order to explore the structure of 

the variant of a finite full transformation semigroup which denoted by T4
α

, we can summarize its details in a 

simple remark given below. 

 

3.4 Remark: The elements of a variant of the finite full transformation semigroup (T𝑛
𝛼)  contain the same 

elements as that of the original finite full transformation semigroup (Tn ). Now we proceed further by 

introducing the main objects of this work (which are idempotents of a variant of the finite full                            

transformation semigroup), listening some relevant results upon them, and then consider the following results 

below:  

 

3.5 Definition:  Let S be a semigroup, for any sandwich element α ∈ S, we define a new operation ⋆α   on  S  

by  𝑥 ⋆α   𝑦 = 𝑥 𝛼 𝑦,    ∀  𝑥 ,𝑦 ∈ S. Then   S, ⋆α   ⟹ Sα =  𝑥 ∶ 𝑥 𝛼 𝑦 = 𝑥  . Below are 

examples to shed more light on the above definition  

(i) Let x =  1   2   3   4
3   4   1   3

 , y =  1   2   3   4
2   4   1   3

  and  α =  1   2   3   4
3   1   4   2

  be a sandwich elememt, then by 

definition 3.5 we have  1   2   3   4
3   4   1   3

 ⋆α  1   2   3   4
1   4   1   3

 ⟹  1   2   3   4
3   4   1   3

  1   2   3   4
3   1   4   2

  1   2   3   4
2   4   1   3

 =  1   2   3   4
3   4   1   3

 
 

 

(ii) Let  x =  1   2   3
1   1   3

 , y =  1   2   3
1   3   1

    and  α =   1   2   3
3   1   2

   , then by by definition 4.0.3 we have  

 1   2   3
1   1   3

 ⋆α  1   2   3
1   3   1

 ⟹   1   2   3
1   1   3

   1   2   3
3   1   2

   1   2   3
1   3   1

 =  1   2   3
1   1   3

  

 

 In order to explore the structure of the variant of  a finite full transformation semigroup which denoted 

by Tn
α

, we shall recall our remark in the preceding page that said “ The elements of a variant of the finite full 

transformation semigroup are same as the elements of the original finite full transformation semigroup’’              

( Remark 3.4. ) 
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4. CHARACTERISATION OF IDEMPOTENT ELEMENTS IN A VARIANT OF THE FINITE FULL 

TRANSFORMATION SEMIGROUP 𝑬( 𝐓𝐧
𝛂)  

The idea on idempotent elements in the semigroups of full transformations was developed long time 

ago, and many researchers have worked in that direction, but less emphasis is shown on the idempotent of the 

variant semigroup. Therefore it is interesting to characterize the idempotent elements of a variant of the finite 

full transformation semigroup. 

The method of research adopted in this work is to consult the necessary and relevant papers in the 

literature on variants of finite full transformations semigroups, and some analogous results related to idempotent 

generation, in order to obtain a background information for developing further the theory of how idempotent 

elements in the variant of a finite full transformations semigroups can be characterized.  

 In this section we first begin with a theoretic characterization of idempotent elements in Tn
α  , using a 

theorem to enable us present the result of the finding.  

 

4.1. RESULTS:  

Theorem:  Suppose  ∈ T𝑛   is a sandwich element, and let  β ∈ T𝑛
𝛼

 . Then the element  β  is an idempotent 

of Tn
α   if and only if the range of  is equal to fix (αβ) ( that is  𝑖𝑚 β = fix αβ  )   

 

Proof:  Suppose 𝑖𝑚(β) = fix αβ  where α  is a sandwich element, we wish to show that a mapping  

β ∈ T𝑛
𝛼

  is an idempotent   Now pick y ∈ 𝑖𝑚(β),  then y αβ = y  for any  𝑥 ∈ 𝑋,   

if αβ = y,  we have 𝑥 βαβ = 𝑥β αβ =  y αβ = y,   

Therefore, 𝑥 βαβ = 𝑥β   or  βαβ = β,  which implies that   is an idempotent. 

 

 Conversely, suppose that   is an idempotent in T𝑛
𝛼 ,  then βαβ = β  ⟹  𝑖𝑚 βαβ = 𝑖𝑚 β . 

Let  y ∈ 𝑖𝑚 β ,  we shall show that y is a fixed element of  αβ.   
Now if  y ∈ 𝑖𝑚 β ,   then  ∃  𝑥 𝑥,𝑦  ∈ β.  

 

Suppose that 𝑢, 𝑣 ∈ 𝑋  are such that  𝑥,𝑦  ∈ β,  𝑦,𝑢  ∈ α  and   𝑢, 𝑣  ∈ β,  

  𝑥, 𝑣  ∈  βαβ =  β,      

  𝑥, 𝑣  ∈  β, 

 

So   𝑥, 𝑣  ∈  β  and  𝑥,𝑦  ∈ β  ⟹  𝑦 = 𝑣,  Hence   𝑦,𝑢  ∈  α   and  𝑢, 𝑣  ∈ β                   
  𝑣, 𝑣  ∈  αβ 

  𝑦, 𝑦  ∈  αβ   for all  y ∈ 𝑖𝑚 β . 

 𝑦 ∈  fix(αβ),  therefore 𝑖𝑚 β ⊆  fix(αβ). 

On the other hand, if  𝑦 ∈  fix(αβ),  then fix(αβ) ⊆  𝑖𝑚 β .  Therefore, this suffices to show that 

𝑖𝑚 β =  fix(αβ), and this proves the assertion.   

  

4.2 Example: Let α =  1    2    3    4    5 
5    2    4    3    2 

  be a sandwich element and β =  1    2    3    4    5 
2    2    4    3    1 

  ∈ T5
α

. Then the 

element  in T5
α

  is an idempotent in the variant of  T5
α

,  since the range of  β = ( 1, 2 ,3, 4 ) is fixed in the  

 

product αβ. That is αβ =  1    2    3    4    5 

5    2    4    3    2 
  1    2    3    4    5 

2    2    4    3    1 
 =  1    2    3    4    5 

1    2    3    4    2 
   

 

Thus the element β =  1    2    3    4    5 
2    2    4    3    1 

   is an idempotent for the sandwich element α =  1    2    3    4    5 
5    2    4    3    2 

 ,  

and it satisfied  βαβ = β.   

 

i.e  1    2    3    4    5 
2    2    4    3    1 

  1    2    3    4    5 
5    2    4    3    2 

  1    2    3    4    5 
2    2    4    3    1 

 =  1    2    3    4    5 
2    2    4    3    1 

 
 

 

4.3 Example: Let α =  1    2    3    4    5    6   7
1    2    5    1    5    2   7

  be a sandwich element  
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and β =  1    2    3    4    5    6   7
1    3    5    6    2    5   7

  ∈ T7
α

. Then the element β =  1    2    3    4    5    6   7
1    3    5    6    2    5   4

   in T7
α

  is not an 

idempotent in the variant of  T7
α

,  since the range of β = ( 1, 2 ,3, 4 ) is doesn’t fixed itself in the 

product αβ.  
 

i.e  αβ =  1    2    3    4    5    6   7

1    2    5    1    5    2   7
  1    2    3    4    5    6   7

1    3    5    6    2    5   4
 =  1    2    3    4    5    6   7

1    3    2    1    2    3   4
  

 

Thus the element β =  1    2    3    4    5    6   7
1    3    5    6    2    5   4

   is not an idempotent for the sandwich element 

 

 α =  1    2    3    4    5    6   7
1    2    5    1    5    2   7

 ,  because it doesn’t satisfy the condition  βαβ = β.  

 

That is : 
 

 
1    2    3    4    5    6   7

1    3    5    6    2    5   4
  

1    2    3    4    5    6   7

1    2    5    1    5    2   7
  

1    2    3    4    5    6   7

1    3    5    6    2    5   4
  ≠  

1    2    3    4    5    6   7

1    3    5    6    2    5   4
 
 

  

Generally, using the above theorem with the two attached examples 4.2 and 4.3, we can then provide the result 

of characterizing the idempotent elements for the variant of the finite full transformation semigroup, which 

denoted by E(Tn
α) in Table 1 below: 

 
 

Table 1: Result of characterizing the idempotent elements for the variant of the finite full transformation 

semigroup 

 

5. CONCLUSION 

 

In conclusion, idempotents have played an important role in semigroup theory. One reason for this is 

that they always exist in a finite semigroup. Thus, this led us to find the idea of investigating the kind of 

problems in generalizing the technique for determining the method of characterizing an idempotent element in 

the variant of the finite full transformation semigruoup.  The results of this work suggest splitting the study into 

two different cases: (i) the case of studying the variant of a finite full transformation semigroup and (ii) the case 

of characterizing the idempotent elements in the variant of the finite full transformation semigroup. 

 

The main structure and the result of this study presented a comprehensive description of the variant of a 

finite full transformation semigroup which is similar to the work of Dolinka  & East on a finite set, where they 

explored the Green’s relation on Tn
α

. And in this study it was found that all the elements in the variant of a finite 

full transformation semigroup, i.e Tn
α  are same as the original elements in the  Tn  and  Tn

α    is also isomorphic 

to the finite full transformation semigroup Tn . Finally, the study has revealed the method on how idempotent 

elements in the variant of a finite full transformation semigroup can be characterized (Theorem). 

𝑆𝛼  
Fixed 

element 
List of idempotents 𝐸(𝑇𝑛

𝛼) 

T3
α  

 

 
 

1   2   3

2   3   1
  

 

 
1  2  3

1  1  1
  

1  2  3

2  2  2
  

1  2  3

3  3  3
  

1  2  3

1  1  2
  

1  2  3

2  1  2
  

1  2  3

2  2  2
  

1  2  3

3  1  1
  

1  2  3

3  1  2
  

1  2  3

3  2  2
  

1  2  3

3  3  2
  

 

10 

 
1   2   3

3   1   2
   

1  2  3

1  1  1
  

1  2  3

2  2  2
  

1  2  3

3  3  3
  

1  2  3

1  3  1
  

1  2  3

2  1  1
  

1  2  3

2  2  1
  

1  2  3

2  3  1
  

1  2  3

2  3  2
  

1  2  3

2  3  3
  

1  2  3

3  3  1
  

 

10 

T4
α  

 

 

 
1  2  3  4

1  1  3  2
  

 
1  2  3  4

1  1  1  1
 ,  

1  2  3  4

2  2  2  2
 ,  

1  2  3  4

3  3  3  3
 ,  

1  2  3  4

4  4  4  4
  

1  2  3  4

2  3  3  2
 ,  

1  2  3  4

2  4  2  4
 ,  

1  2  3  4

1  1  1  1
 ,…    , 

 

 

. . . 

 
1  2  3  4

1  4  3  4
   

1  2  3  4

1  1  1  1
 ,  

1  2  3  4

2  2  2  2
 ,  

1  2  3  4

3  3  3  3
 ,  

1  2  3  4

4  4  4  4
  

1  2  3  4

1  3  3  2
 ,  

1  2  3  4

3  2  3  4
 ,  

1  2  3  4

1  1  1  1
 ,… , 

 

. . . 

∙ 
∙ 
∙ 

 

∙ 
∙ 
∙ 

 
∙       ∙       ∙     ∙       ∙       ∙     ∙       ∙       ∙     ∙       ∙       ∙     ∙       ∙       ∙ 
∙       ∙       ∙     ∙       ∙       ∙     ∙       ∙       ∙     ∙       ∙       ∙     ∙       ∙       ∙ 
∙       ∙       ∙     ∙       ∙       ∙     ∙       ∙       ∙     ∙       ∙       ∙     ∙       ∙       ∙ 

∙ 
∙ 
∙ 

 

Tn
α     

1  2  3  ∙  ∙  ∙   n

1  1  1  ∙  ∙  ∙   1
  ,   

1  2  3  ∙  ∙  ∙   n

2  2  2  ∙  ∙  ∙   2
  ,     ∙       ∙       ∙     ,   

1  2  3  ∙  ∙  ∙   n

n  n  n  ∙  ∙  ∙   n
   N 
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