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ABSTRACT

Non-response occurs when selected individuals in a survey do not provide the required information, either partially or
entirely. It is a major source of error in survey research, affecting data quality and reliability. If non-respondents differ
systematically from respondents on key variables, survey estimates become biased and have higher variance. It also leads to
cost inefficiency and difficulty in generalizing results. Many authors have attempted to address the problem of non-response
in sample surveys using different methods. The major emphasis of this work is the application of inverse exponentiation
calibration weightings to non-response adjustments in sample surveys. Clement and his colleagues in 2021 introduced the
concept of inverse exponentiation to statistical estimation theory, while Clement and Enang in 2024 extended the concept to
calibration estimation in sample surveys. Inverse exponentiation remains unexplored in any non-response calibration context,
and no unified framework integrates inverse exponentiation calibration weightings with non-response adjustment across
designs. This study addresses these gaps by proposing a new calibration estimator that incorporates inverse exponentiation
for non-response adjustment in a stratified random sampling design based on Dykes and his colleagues’ 2015 calibration
estimator. Analytical and numerical studies were carried out to compare the performance of the proposed calibration
estimator with all existing estimators under the stratified random sampling design considered in the study. The results of the
analysis showed that the proposed calibration estimator is substantially superior in terms of efficiency to the classical
stratified random sampling estimator.

KEYWORDS: Calibration weightings, inverse exponentiation, non-response adjustment, percentage relative efficiency.

INTRODUCTION

Non-response is a pervasive source of systematic bias in
survey research that cannot be mitigated by increasing
sample size alone, as it distorts the representativeness of the
achieved sample. Calibration estimation, formalized by
Deville and Sérndal (1992), offers a robust framework for
correcting such bias by reweighting design weights to align
sample estimates with known population auxiliary totals.
While classical ratio and regression estimators (Cochran,
1942; Sarndal ef al., 1992) and their extensions in stratified
sampling (Kadilar & Cingi, 2004; Koyuncu & Kadilar,
2009), Triveni and Danish (2024), leverage auxiliary
information for efficiency, calibration provides a unified
optimization-based approach encompassing these as special
cases. The literature on calibration has progressively
expanded to address complex designs. In stratified random
sampling, Rao et al. (2012) and Koyuncu and Kadilar (2013,
2014) developed multi-auxiliary calibration estimators,
while Clement and Enang (2015a, 2015b) extended the
multi-auxiliary calibration estimation approach to domain
estimation for ratio and exponential-type estimators.
Clement et al. (2024), Clement and Etukudoh (2023) and
Rabee et al. (2021), demonstrate that calibration-weighted
ratio estimators using multiple auxiliary variables can
outperform traditional regression and ratio estimators in
stratified sampling, offering significant gains in efficiency
without relying on restrictive optimality conditions. For
double sampling, Tracy et al. (2003) pioneered multi-
parametric calibration, later refined by Nidhi et al. (2017)
and Clement (2018, 2021), using higher-order auxiliary
moments. Despite these advances, the integration of
calibration ~with non-response adjustment remains
underdeveloped. Hansen and Hurwitz (1946) introduced
sub-sampling for non-response, but the first systematic

calibration estimator for non-response in stratified sampling
was proposed much later by Dykes et al. (2015) using chi-
square distance minimization. Clement and Enang (2017),
Ikot and Iseh (2024) and Jabeen et al. (2024) applied
calibration to non-response and sensitive variables.

A promising methodological innovation is inverse
exponentiation, introduced by Clement er al. (2021) for
estimation in systematic sampling design, and extended by
Clement and Enang (2024), to calibration estimation in
stratified double sampling. However, several critical gaps
persist: for instance, the Dykes ef al. (2015) framework has
not been extended to stratified double sampling; inverse
exponentiation remains unexplored in any non-response
calibration context; and no unified framework integrates
inverse exponentiation calibration weightings with non-
response adjustment across designs. This study addresses
these gaps by proposing a new calibration estimator that
incorporates inverse exponentiation for non-response
adjustment in stratified random sampling design. It derives
the statistical properties and empirically evaluates the
efficiency against existing estimators. Some other
contributions relevant to survey sampling were the works of
Singh and Solanki (2013) and Singh et al. (2014). This work
holds significant practical relevance for national statistical
agencies and surveys where non-response and complex
designs are routine.

MATERIALS AND METHODS

Suppose the set P = {(y4, x1), V2, X2), ..., Yy, Xy)} denotes
a finite population with the first element of the coordinate
(,) as the study variable Y and the second element as the
auxiliary variable X. Assume this population is not
homogeneous and we divided it into L homogeneous groups
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using some prior knowledge about the population. Let A"
group be made up of N, units such that Y% _, N), is equal to
the N. Let’s assume that among N, units, Np; units
responded to the surveyor’s initial attempt, while Ny, units
did not provide a response. Using the simple random
sampling without replacement (SRSWOR) technique, select
n,, units randomly from the A" stratum in such a way that

ZIL1:1 N, =N.

We collected the response for each sampled unit selected
from the ht" stratum. In the A" stratum, it is assumed that
out of n, units, ny, units provide a response, while the
remaining np, units do not respond. Additionally, we
assume that the n;; and n;, sampled units are respectively
derived from the Nj; units that responded and the Ny, units
that did not respond. Adopting the methodology proposed by
Hansen and Hurwitz (1946), we select a sub-sample s; of

Nh2
my (: E
units by the SRSWOR scheme. To avoid any ambiguity in
notations, we adopt the following symbols for clarity:
Wnirxpi); {1 <i <N, & 1 <h < L}: Values of study and
the auxiliary variables for the i** unit within the h** stratum.

5 9n > 1) units from the np, non-responding

(yrhj,xrhj); {1<j< Ny, and 1<h<L} Values of
study and the auxiliary variables for the j** unit in the group
of Ny, responding units from the h;, stratum.

Onnior Xnni)s {1 <j<Npyand1<h <L}: Values of
study and the auxiliary variables for the k" unit in the group
of Ny non-responding units from the ht" stratum.

The expression for the combined population means are given

—_ L Y
as Y =W (1)

o _ Th_o NpX

and X = =h=1_h"h
N

The expressions for the population mean, mean-squares and

covariance as for the h" stratum are;

c _ 1 Np v _ 1 Np 2

Vo= LidiVn, K =5 Xizh Xni, $%hy =

vV \2

Y)

2 _ 1 Np T \2 _ 1 Np
$%nx = 5= Zima (- Xn)* and Spxy = 35— Xy (Vi =

) Ceni — V). (2)

(yhl

Nhl

The expressions for the population mean, mean-squares and
covariance for the non-response group of Ny, units from the
ht" stratum are

YNhZ = Nz 22'“1 Ynnk, X, = Z xnhk, Sth(Z) =
Nhl—l 5221 ni — )%,

Szhx(z) Zﬁ th (xnhk Xth)z and
Shxv)y=——— N Zk 2 (Vi — Yth)z (xnni — Xth)'

The expressions for the sample means based on np,
responding units are

_ 1 Np1 = 1 Mh1
=—>. cand Xpp — X Xppe
Yrh Nha Z] yrh] Th nmz, Thj
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The expressions for the sub-sample means, mean-squares

and covariance based on sy, units are
1 1 ymn = 1 ymp 2

= — Koy = — X S =
Ysn mn Zk Ynhk, Xsh o Zk nhk, © hy(2)

& ke — Fsn)? s

& X — %sn)? and

S e = - Shxr2) =

mh(ynhk = ¥sn) (cnnie — Xsp)-

Some Existing Estimator in Stratified Random Sampling
The usual estimator employed for estimating the mean ¥ of
a stratified population is

Vst = Xhe1 Wh Vn 3)

2
. . . _ A
with variance givenas:  V(¥5) = XH_, <;r21 n
HHoO

“)

where
An = (o= ) fER2
Np

—_ Np
== ;and wy, = —
h nth Yhi h N

Lh 1
Zhth. 0h2

Hansen and Hurwitz (1946) Estimator for the mean of a
stratified population with non-response.

Yun = Zh=1Wn Vi (5)
with variance given as; V (V) = XH_, W} (L _ L) s2 4
g 5 HH h=1"nh \oo = N, ) Shy
H 2 (9h=1) .2
Lh=1Wp (n_h) Shy(2) (6)

_ Nhi Vrhtnp2 ¥
Where y;kl — hi ‘rhn h2 Vsh
h

Dykes et al. (2015) Estimator for population mean when
some units do not response using calibration is given by:

Y, = Zﬁ:l g 217;1 (7
with the variance given as;
2
— Z — TI Bp
= _ H 2 Yuu 2 [ h= h XHH ) ]
V(%) = St (F21) An——gr e (8)
where
11
Ap = (n_h N_h) th nn thfthth
11 Lp—1
By = (n_h - N_n) fit fornRonR1n + Z—hzhthzR(Zththz

Co= (-

Np

Lp—1
)th1h+ B Zna fiR2y,

8P is the calibrated weight for the h*"* stratum

Proposed Estimator
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This section based on Dykes et al (2015) estimator
introduces the concept of inverse exponentiation in
formulating calibration constraints.

Y* =%, on logy, ©)
where logy, = @p1 logVnr + Pna l0gGPns

Thus, Equation 9 becomes

Y* = Yi_1 onloni 10gTn + @nz logyns] (10)

According to Chaudhary and Ray (2025) Equation 10 can be
rewritten as

7* = Zgzl Z:l=h1 (phirlog:)_}hir+ Zh:l Z;’l:hl (phjnlog }_’hjn (1 1)
Following from Equation 11, the proposed calibration
estimator is given as Equation 12.

V=20 Y on logyn + XH-y Z;-Tl:hl onjlogyn; (12)

Where the weights ¢@;,; and ¢, ; are the new weights given to
i" unit of the sample n;, responding units and j** unit of the
subsample of m; non-responding units respectively

Let define the chi-square type loss-function as Equation 13

n H Mh 2
R T (onimwr)? n Xh=12;-1(Pnj=wn))

€n
Whi qhi

(13)

Whj dnj

which is minimized subject to the following calibration
constraints as in Equation 14 and Equation 15.

T Y oni logky + Yoy 271:’11 onj logxy; =X (14)
TH T o + 2y Z;Zhl opj =1 (15)
The Langrage multiplier is given as
Gy _ Zhea D (@ni—wni)?
L(€y, V7) = 2i=22i= +
(€ ¥ Whi Qhi
Thot Z;—Z’;(whj—whj)z = H wnh =
Wy ) +24 [X - ( h=12i=1 PnilogXn; —
25:1 Z;'nzh1 ‘Phlegfhj)] + 24, [1 - (25:1 Z?:hl Pri —
SH_ BT ony )] (16)

Differentiating Equation 16 with respect to ¢j; and equating
to zero gives;
®ni = Whi + Wniqni(A1l0gXp;+45)

(17)

Differentiating Equation 16 with respect to ¢;,; and equating
to zero gives;

Pnj = Wy + Wijqn (4 logxn; + 3) (18)
Substituting the values of ¢p; and @,; from Equations 17
and 18 into Equations 14 and 15 gives;
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Ay [ Sy B Whidn log i +
h=1 ZT:hl WhjQnj lOg??hj2 ] +
Ao Sy B, Whins 10g % +
h=1 ZT:hl WhjQhj logfhj] = [X -
( B T Wy log %y + XHy Z;nzhl Whjlogfhj)] (19)
M| By B Whidns logFn, +
he1 Z;-r;hl WhiQhj lnghj] + 4, [Zﬁﬂ Y WhiGn +
oS whjany | =0 (20)

Simplifying Equations 19 and 20 forms the system of
equations in Equation 21

Q11 Q12 (M) — (X~%hm
(le sz) (/12) - ( 0 )
Solving the system of equations in Equation 21 gives the
values A, and 4, as in Equations 22 and 23 respectively.

2]

(X—%5y)Q22
= ——== 22
Al Q11022 —0%, ( )
A= — X—%pp)Qi2 (23)

Q11022 —0%;

where
Qi1 = Xh=1 Z?:’ll WhiGhi loyfhiz +
Yhet Z;n:}ﬁ Whjqhj logfhjz
Q2= ZH_ 2™ Whiqn logxy; +

he1 X1 Whidn; log
Qa2 = XM 2 Whiqn: + Zh_y Z;ihl WhjQnj
Xin = D=1 2?21 wpilogxy; +

h=1 Z;'nzh1 WhjlogXp;
Substituting Equations 17 and 18 into the Equation 12 gives;

Y=y, Z?:hl Whilogyn: + Xh=1 Z;n:hl wpjlogyn; +

A (ZZI=1 Y WhiGnilogZnilogyn; +
Th=1 ZT:hl Wthhjlogfhjlogl_’hj) +

H np = H mp _
AZ(Zh:l Yici WhiQnilogVni + Xn=1 Z]’:l Whthjlogyhj)(24)
Substituting Equations 22 and 23 in equation 24, and setting
qp; and qi; = 1 gives;

[F11+F12]([Fi3+F14]—[Fi5+F16]) (F17+F18)

V' =Yin + 1X = X} [Fio+Fz0l[F13+F14]~[F17+F18)]?

(25)
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= D=1 onlog Vi (1 + en,) + 8(X —
Y1 onlogXyy (1 + eny)) (26)
Fi; = Yhe Z;'rl:hl Wpjlogxy;logyn; V' =Yi_1 onlogVyy + Xi-1 pralog (1 + ep,) +
(= Zh=1pnlog(1 + en1))

Fyy =X, X0 whilog®nlogyn

_VH np
Fi3=Yh=1 Zizl Whi

. _
Fu =S 12 W where Y=),,_; pnlogYyy
So that we get Equation 27 and Equation 28,
Fyg=Y_ X wyilogin (Y" = Y) = Xi_, pnlog (1 + eno) — 8 Xi=y pplog (1 +
€n1) , s (27)
F16=Zg=1 Z;'r;hl WthOg)_’hj (7* - 7) = [erfﬂ Pn [(eho - ehTo + % - ) -6 (eh1 —
i i+i_)“ (28)
Fi7=Y5-1 X whilogXy z 3

Squaring both sides of the Equation 28 gives Equation 29:

_VH mp =
Fig=Yh=1 Zj:l wpjlogxy 2

— — 2 3
(¥ -7)* = ﬁ=1¢i[(eh0—e’17°+“”17°—---) -

2
Fio =XH_ Y™ wylogxy, 2
19 =Xh=1i=1 Whil0gXn; 62( _i+£_...) —26(6 _i_i_i_

, 2 3 ho = 3

Fao =Xh=1 2724 wijlogy, "‘)(em _Gh1y %1 _ ) (29)
2 3
and & = [FtFrel(Fia+Faal=[Fis+Fi6) (Fag +Fig) Expanding Equation 29 and retaining powers not greater
[F19+F20][F13+F14]-[F17+F1g)]? than two gives;
Variance Estimation (V" —Y)? = ¥l erl(ers) + 6%(eiir) — 28enpeni] (30)
Let Taking the expectation of both sides of Equation 30 with
eno = (%) so that ¥y = Vyu (1 + ep) respect to the relative error terms gives;
Xy—X _* >
en = (), 50 that Ty = Ky (1+ em) ERER PO
S n n
| | V(T = Bhe, o | ¥

Let define the expectation of the relative error terms as: HHo

Eleno] = Elens] =0
Bleb = B [( ) R+ g prng] (i (s
hol =gz~ Zih=1 [ ~ §, /) Jn ton . 2h2fnRonz 6 -

Xfna

1 vy 1 1Y 252 (Lp-1) 2p2
Eleq] = X2, L= 1[(h Nh)th1h+ - thth]

28 (:_h_Nh>fhf01hRohR1h+( )thfhfalthahZthZ] 31)
1 1 1 1% X
Elenoeni] = VhroXnm1 Yh-1 [(n_h - N_h) 2 foinRonR1n + HHOXHH1
(Lh 1) Optimality Condition
== Znafi'f 01h2R0h2R1h2] Taking the derivative of Equation 31 with respect to § and

equating to zero gives §,,, as demonstrated in Equation 32

Thus, expressing Equation 25 in the relative error terms and Equation 33 respectively.

gives Equation 26

av(F") (ﬁ—Nh)fh 1h+( >Zh2fh,R1h,2 (nlh Nh)fhfo1hRohR1h+( )thfhfathRuthth
=26 -2 =0 (32)
a8 XHHl VaHoXHH1
X ( )f FfoinRonR +n=1) 5 F2foihaRonz2R
P HH1\\ =N, )T fornRonRan+= 2= Zn2 fii fo1n2Ronz Rinz (33)
opt = Ly
VHHO((nh Nh)th1h+S thfh 1h2)

Substitute the minimum value of § as §,,, in Equation 31 to have the optimum Variance V(™)
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1 1\,2.2 ,(Lp-1) 25,2
)thoh' n, 2h2fiiRonz
— +
VAHo

V(") = Ther 0 <("h .

2

-1)

7 (L
X1-11-11<(nh Nh)fhf01hRohR1h+ Zna2f# fo1h2Rohz2R1nz

n—h—N—h>fh 1h+<
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Vol (s R () R <(

Xfina

h—
", )Zhth R1hz>

e (Lp-1) 1
2 XHH1<(nh Nh)fhf°1hR°hR1h+ ZhafiforhzRonzRinz (nh Nh>fhf01hRohR1h+( hh )thfl»%falthothth
Ln VHHoXHH1
VHHO((nh Nh)fh 1h+( )thfh 1h2)
(ta-1) ’
1 2
(((a—Nh)fhfmhRohRm*' hh thfhf01h2R0h2R1h2>>
V({y*) = Xio on
= Ln=1%Ph T
72 11 f2R2, +(=h=L1)z,, f2R2
HHO\\n, "N, J/h 1k np h2Jp®1h2
(tp=1) ’
1 1 2 _ 2
((E—W)fhfmhRathh"' ﬁhl thfhf01h2R0h2R1h2>
72 1_1\c2p2 ,(Lh-1 252
VHHo((@‘N_h)ther( " )ththmz)
(Ln-1) 2
Lp_
> (1 ¥ )ffngh’( n 1)Zh2fifR§hz ((n N )fhf01hRohR1h+ Zhthf01h2R0h2R1h2>
V(I opt = =1 07 || o o - (34)
opt = Lih=1Ph 72 -
HHO 72 2R h=1),  f2p2
HHO nh Nh h np h2J/p ®1h2

where

2 is the correlation coefficient in the h*" stratum.

R2, is the population mean square of the study variable Vy
in the h'" stratum.

R2,, is the mean square of non-response group for the study
variable Vi, in the A" stratum.

R?,, is the mean square of non-response group for the
auxiliary variable X in the ht" stratum.

Zy, is the non-response rate in the ht" stratum.

forn and f,1p, are the correlation between the study variable
Vyno and the auxiliary variable Xy, for the entire group and
non-response group respectively in the h"* stratum.

é is the regression coefficient.

gn > 1 s the inverse sampling rate.

Analytical study

This section compares the variance of the proposed
calibration estimator under stratified random sampling
design considered in the study.

Comparison with the classical stratified random

sampling estimator.

1

V(Fpr1) = Xh=1 9h <<“h Nh)fh 0h+(

Viino

)Zhth Rohz)

1 h—
<("h Nh)fhf01hRoh1R1h+( i )thfhfmthothmz)

VI-ZIHO((nlh Nh>fh 1h+( hh )thfh 1h2)

_ A1R2, +A;R?
V(Fpr1) = Xhi=1 90 [( —— th) -

2
VAno

(A1fo1hRon1R1n+A2f 01h2Ron2 R1n2)?
=2 2 2
Viino(A1RT, +A2RTp,)

_ 1 1
V(Fst) = Xhe10n (n—h - N—h) fr
For the proposed calibration estimator to be more efficient
than the classical stratified random sampling estimator then;

V(¥pr1) < V(st)

2 2
i 2 | (A1RontA2Ronz | _
h=1%h =

2
VAHo

A RohiR1ip+A RonzR1n2)?

( 1f01h_(2)h1 1h 2zf01hz2 oh2R1n2) ] < Z[g 1(p}21 A
Viino(A1REp +A2REp,)

1

where 4, = (—

Np

_Nih) fit and A, = (Lh 1) Znofis

Multiply through by V2,0 (A1 R%, + A,R%,,)
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Yh=10k [(A1RG, + A2RGn2)? — (ArfornRoniRun +

Az forn2Ron2Rin2)?] < =1 0k A1Viino(A1RT, + A2RSy,)
Yh=19h (A1RG), + AzR342)% — Xii1 @ A Vi (ALRS), +
AR%,) — Th=1 @f (ArfornRoni Run +

Az fornzRonzRinz2)? < 0

This is a quadratic equation in (4;R%, + A,R3,,) where
(A1 fornRoniRin + Az fo1nzRonzRinz) is the constant term.

2(A1RE, + AzRE2)

< \/(Alvﬁﬂo)z — 4(A1fornRon1Rin + Az fo1nzRonzR1n2)?

So that

_ 2 =2
J(Ale-Zmo) —4(A1fo1hRon1R1n+Az2f 01h2Ronrz R1n2)?—(A1ViHo)
A1R2,+A2RE,,

=2

(35)

If Equation (35) holds, then the proposed calibration
estimator would be better than the conventional stratified
random sampling estimator.

Comparison with Hansen and Hurwitz (1946)
Estimator.
v A1R2, +A,R?
V(Ipr1) = ZH_1 02 [(%) _
HHoO

(A1fo1hRor1R1n+A2f 01n2Ron2R1k2)*
=2 2 2
Viino(A1RSp +A2RTp,)

V(¥uu) = Lh=19h (_ - _) fii +

Lp—1
YHoo (h )thfh = V=1 Ph A1 + Xh—1 0h Ay

For the proposed calibration estimator to be more efficient
than the classical Hansen and Hurwitz (1946) estimator then;

V¥pr1) < Vun)

Z A1R0h+A2R0h2
h=19

72
ViHo

(A1fo1hRon1Rin+Azf RohzR1n2)?
1 01h_(2)h1 1h 22 01h.22 0h2f1h2 S ZI};I:l (p}zl (A1 + AZ)
Vfino(A1Rp+A2RE ;)

Multiply through by V3,0 (A1R%, + A,R%,,)

Yhe1 0n [(A1RG, + A2R312)* — (AsfornRoniRin +
Az fornzRonzRin2)?1 < Xi=1 @i (Ay + A)Vino(AiREy +
AyR%y5)

So that
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Th=1 @k (A1RG, + A2RGp2)? — Xhoy i (Ay +
A)Vio(A1RY, + AzR3n2) — =1 @ (ArfornRoniRun +
AzfornzRonz2R1n2)? < 0

This is a quadratic equation in (A, R, + A,R5p,)? terms.

So that

2(A,R5, + AyRGpy) <

_ 2 A RonRip +
((A1+A2)V13H0) 4( 1fo1nRon1Rin

2f01h2R0h2 R1h2

)2—(A1+

AZ)VP%HO

2
J((A1+A2)V13H0) —4(A1fo1nRon1R1n+A2f 01h2Ron2R1m2)%—
(A1+42)Viipo >2
(41RGp+A2RGp;) -

(36)

If Equation (36) holds, then the proposed estimator would be
better than Hansen and Hurwitz (1946) estimator.

Comparison with Dykes et al. (2015) Estimator.

V(p) = |Zh=1 o (yHH)Z ((i—Nih)fth(Z)h+

Nh
(42) 20 R -

oo Gl
(thl(ﬂh IVHHO T Np fZfo1nRon1R1n

2

)thfh foinzRon2 R1h2])

Yana iR

np
i 1<PhVHHo(<nh Nh)fh ( np

V(¥pr1) =
2 2 2
H ¢2 [(A1R1h+A2R1hz) ‘(A1f01hRoh1R1h+Azfo1h2Roth1h2)2]
h=1%h 72 2 2
Viino(A1RS+A2REy;)

V(3_’D) =

H 292 2 2 2 2 2-2
Th=1 9h0%(A1RTp+A2RTn,) —(02A1f01nRon1R1n+A2  01h2RonzR1n2) ViiHo
2 2
A1R1h+A2R1h2

For the proposed calibration estimator to be more efficient
than the Dykes et al. (2015) Estimator then;

V(¥pr1) < V(p)

H 2 2 2
Z o2 [(A 1R3, + A2R$45)* — (AsfornRoniRun + AzfornzRonzRinz)
Vino(A1Ry + AzR3,,)

h=1

Zh 197 02(ARYy, + A2R35)% — (02A1fornRon1Ran + Az fornzRonz Rin2)*Viino
A th + A thz
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Yh=1 0k (A1R%y + AR$12)? — (ArfornRoniRin +
A2f01h2R0h2R1h2)2 <0

Yhe10n (AR}, + AyR75)* < (AifornRoniRin +
Az fornzRonzRin2)?

So that

H 2
Yh=19h(A1f01nRon1R1n+A2f01h2Ron2R1n2)? >1
H_ 2 (A;R2, +A,R%, )" -
Xh=19h (A1RTp+A2RTp,

(37

If Equation (37) holds, then the proposed calibration
estimator would be better than Dykes ef al. (2015) estimator.

Empirical Study

In assessing the efficacy of the proposed calibration
estimator under non-response, it is critical to show the
theoretical truth through some numerical instances
Therefore, the R-programming language was used to
perform the simulation analysis.

An artificial data set that defines a population of five strata
with representative sizes 4500, 3000, 2500, 1500 and 3500
were created in order to gain some insight into effectiveness
of the proposed calibration regression estimator. The data
under the study variable Vyy, for each stratum are produced
using the normal distribution with mean (u) and variance
(0?) with 10%, 15%, 20%, 30% and 40% weights of the
non-respondent group. Also, using the procedures of Reddy
et al (2010) the data associated with the auxiliary variable
Xy for each stratum were created under the assumption
that the study variable Vyy and the auxiliary variable Xy,
are highly positive correlated. Therefore, we first generated
the data under dummy variable (Dy) for each stratum with
the same distribution as the study variable (V). The data
set for the auxiliary variable (Xy4) was generated for each
stratum using the transformation:

Xun1 = Vunofato + 1 = fizoDn
Where Dy, is the dummy variable for stratum h, f;1o is the
stratum correlation coefficient between the study variable

(Vynwo) and the auxiliary variable (Xppy,). The particulars
of the population are given in table 1.

Table 1: Generated Data Set for the Study and Auxiliary
Variables for Stratum 1-v

Stratum Np np  Distribution Distribution  fj49
of study of auxiliary
variable variable
VHHo Xun1

I 4500 820 N (60,4.5) N (404.5) 0.896

I 3000 492 N (50,5.5) N(@35,7.5) 0.920

11 2500 320 N (70,6.5) N(55,8.5) 0.880

Etukudoh, et al: Application of Calibration Weightings to Non-
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v 1500 220 N (80,7.5) N (25,6.5) 0.850
\% 3500 542 N(95,8.5) N(60,5.5) 0.862

The sample size n was fixed at 2,394 (approximately 2,400)
and using the proportional allocation, the stratum sample
size was determined. Further, the estimates of Vyuo was
computed through the estimators Yy, , ¥, and Y*. Using
the sample information. There have been 1000 replications
of the steps involved in selecting the sample from each
stratum and computing the estimates.

Also, the Approximate Variance (AVAR) for the estimators
Yuu > Yp and Y* have been calculated using the following
mathematical expression.

_ 1 = — .
AVAR(YHH) == EZ}SEO(YHH - VHHO)Z L= 1,2, . ,1000

1000

_ 1 o
AVAR(T,) = MZ- (o = Vuo)® i =12,...1000
i=

= 1 S =
AVAR(Y*) = —X2129(Y* — Vypo)?

1000

i=12,..,1000

The results are given in Table 2. The Percentage Relative
Efficiency (PRE) of the estimator (8 ) [ Y, and¥Y*] with
respect to the Estimator Yy, is defined as:

Var(Yyy)

PRE( 8, Yyy) = Tar(®)

X 100

and the results of the PREs are given in Table 3 with the
Percentage Efficiency gains of the proposed logarithmic
calibration estimator.

Table 2: Approximate Variance of Estimators.

n | Zney(%) | AVAR(Yyy) | AVAR(Y)) | AVAR(YY)

10 10.24 8.06 6.32

2 15 10.86 8.72 7.04
20 11.42 9.32 7.96
30 12.32 10.62 9.02
40 13.42 12.02 10.32
10 10.32 8.58 6.34
15 11.15 9.32 6.98

3 20 11.62 9.78 7.48
30 12.68 10.82 8.46
40 13.72 12.08 9.58
10 10.68 9.02 6.62
15 10.82 9.62 7.02

4 20 11.06 9.96 7.72
30 11.42 10.52 8.22
40 12.64 11.82 9.24

where gy, is the inverse sampling rate and Zj ) is the non-
response rate. Also, it is assumed that g, > 1
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Table 3: PREs of Estimators.

In Zp(2)| Percentage relative efficiency | Efficiency
(%) gains over
Dykes et al
(2015)
Estimator
Dykes et al | Proposed
(2015) Estimator
Estimator
10 127.05 162.03 34.98
15 124.54 154.26 29.72
2 20 122.53 143.47 20.94
30 116.01 136.59 20.58
40 111.65 130.04 18.39
3 10 120.28 162.78 42.13
15 119.64 159.74 40.10
20 118.81 155.34 36.53
30 117.19 149.88 32.69
40 113.58 143.22 29.64
4 10 118.40 161.33 42.93
15 112.47 154.13 41.66
20 111.04 143.26 32.22
30 108.56 138.93 30.37
40 106.94 136.80 29.86
Table 4: Performance of estimators.
Estimators RRMSE  PRE [Vy;, Yirgg] ALCI  CP
Yiree 82.86 100.00 166.72  0.86
Y3 68.72 120.58 144.68 0.72
v* 52.54 157.71 104.42  0.53

This section compares the performance of the Dykes et al
(2015) calibration estimator (¥3) and the proposed
calibration estimator (Y5z ) with a classical estimator [The
Generalized Regression (GREG) estimator (Yizgs)]

For a given estimator (say) 17,;-, let ?;i(m) be the estimate of

Yy, in the h" stratum in the m-th simulation run; m =1, 2...
M (=4,500). Four performance criteria namely;

(1) Relative Root Mean Square Error (RRMSE),

(i) Percent Relative Efficiency (PRE),

(ii1) Average Length of Confidence Interval (AL) and
(iv) Coverage Probability (CP)

were used to compare the performance of the Dykes et al
(2015) calibration estimator (¥3) and the proposed
calibration estimator (Vg5 ) with the GREG-
estimator (Yzgs) under the stratified random sampling
design with each measuring criterion calculated using the
following mathematical expressions:

-~ ﬁ*_(m)_:*_ 2
i ReMsE(¥)= |2 1(u)

M Vi

M_ ¥ ™ and 7, is the estimated total

based on sample m and M is the total number of samples
drawn for the simulation.
(i) The percent relative efficiency (PRE) of an

5 1
where Y,; = i

estimator 17,; with respect to the Generalized Regression
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(GREG) estimator (Y zgg) is

Ss Tx RRMSE (YirEG)
PRE [Yhi' YGREG] = WE(G}%E)G x 100

defined by:

S« 1 * S S

iy cP(¥y) = -3M o (7, < 7™ < 7,0
where ¥, ™is the lower confidence limit and ¥;;™ is the
upper confidence limit.

For each estimator of 17,;}, a 95% Confidence

Interval (?L*(m), ?J(m)) is constructed, where

7 = e _ .96 / V(7).
7 =7 4196 / v(7™) and

V(?;i(m)) - ﬁ Z%=1(17,ffm) _m)z.
(iv)

aLci(y) = -y, (7,00 - 7,0),

DISCUSSION

The results of the empirical study showed that the proposed
calibration estimator under some prescribed optimality
conditions are more efficient than all existing estimators
under the stratified random sampling design considered in
the study. These results also showed that the proposed
calibration estimator is better in terms of efficiency to the
conventional Hansen and Hurwitz (1946) and the Dykes et
al. (2015) estimators. Table 1 describes the artificial
population structures used for the simulation study. The
study variable (Vypo) and auxiliary variable (Xypy,) were
generated from normal distributions with high positive
correlations across all strata. These strong correlations
indicate that the auxiliary information is highly useful for
improving estimation efficiency through calibration
techniques. This creates a suitable framework for evaluating
the effectiveness of the proposed estimator.

The result in Table 2 revealed that the proposed calibration
estimator consistently produces the smallest approximate
variance compared to the conventional estimator (¥yy) and
the Dykes et al. (2015) estimator (¥,). Although the
variances of all estimators increase as the non-response rate
increases from 10% to 40%, the proposed estimator
maintains the lowest variance throughout. This indicates that
the estimator is more stable, precise, and robust under
increasing non-response conditions. Table 3 further
confirmed that the proposed estimator performs better
through the Percentage Relative Efficiency (PRE) analysis.
The PRE values of the proposed estimator are substantially
higher than those of both the conventional estimator and the
Dykes et al. (2015) estimator under prescribed condition.
The efficiency gains remain significantly high even at high
non-response rates, demonstrating that the inverse
exponentiation calibration weightings approach to non-
response adjustment utilizes auxiliary information more
effectively and achieves considerable reductions in
estimation error.
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The result in table 4 shows that Dykes ef al. (2015) estimator
(Yp) has 21 percent efficiency over the GREG estimator
while the proposed calibration estimator (¥*) has 58 percent
efficiency gains over the GREG estimator. Therefore, in
using the new estimator one would have 37 percent
efficiency gain over the Dykes et al. (2015) estimator.

The simulation results generally showed that the proposed
calibration estimator performs better than the existing
estimators, under non-response.

CONCLUSION

This work applies the principle of calibration weightings to
non-response adjustment in stratified random sampling
design. The concept of inverse exponentiation was used in
formulating the calibration constraints. The study
successfully developed a calibration estimator that improves
the estimation of population means under stratified sampling
design in the presence of non-response. The simulation
results confirmed that the proposed estimator performs
better than existing estimators with higher efficiency gains.

The findings therefore established that the proposed
estimator is a reliable and efficient alternative for handling
non-response problems in survey sampling. Consequently,
the estimator can contribute meaningfully to improving
statistical inference and survey estimation accuracy in
practical applications.

Also, the results demonstrate that the proposed calibration
estimator is highly efficient, stable, and robust under varying
levels of non-response.

REFERENCES

Clement, E. P. (2018). A Note on Calibration Weightings in
Stratified Double Sampling with Equal Probability.
Communication in Statistics: Theory and Methods,
47(12): 2835-2847.

Clement, E. P. (2021). Ratio-Product Estimator in Stratified
Double Sampling based on the coefficient of skewness
of the Auxiliary Variable. International Journal of
Statistics and Applied Mathematics, 6(1): 24-28.

Clement, E. P. and Enang, E. 1. (2015a). Calibration
approach alternative ratio estimator for population mean
in stratified sampling. International Journal of Statistics
and Economics, 16(1): 83-93.

Clement, E. P. and Enang, E. I. (2015b). Multivariate
calibration estimation for domain in stratified sampling.
International  Journal of Modern Mathematical
Sciences, 13 (2): 187-197.

Clement, E. P., Ekpoese, E. D. and Inyang, E.J. (2021)
‘Improving the Efficiency of Estimators of Population
Mean in Systematic Sampling Using Inverse
Exponentiation’ International journal of Statistics and
Applied Mathematical; .6 (3):87-97.

Clement, E. P. and Enang, E. I. (2017). On the Efficiency of
Ratio Estimator over the Regression Estimator.
Communication in Statistics: Theory and Methods,
46(11): 5357-5367.

Clement, E. P. and Enang, E. I. (2024). On the use of inverse
exponentiation to improve the Efficiency of Calibration

Etukudoh, et al: Application of Calibration Weightings to Non-
Response Adjustment in Stratified Random Sampling Design.
https.//dx.doi.orq/10.4314/wojast.v18i1.48

Estimators in Stratified Double Sampling. International
Journal of Statistical Sciences, 24(1): 91-102.

Clement, E. P, Etukudoh, I. O., Rather, K. U. 1., & Akpan,
V. M. (2024). On efficient ratio estimation of population
mean by multivariate calibration weightings in double
sampling for stratification. Journal of Modern Applied
Statistical Methods, 23(1), Article 8.

Clement, E. P. and Etukudoh, 1. O. (2023). Calibration Ratio
Estimator for Estimating Population Mena in Stratified
Random Sampling Design using Properties of Two
Supplementary Variables. International Journal of
Scientific Research in Mathematical and Statistical
Sciences, 10(5): 14-21.

Cochran, W.G. (1942). Sampling Theory When the
Sampling Units Are of Unequal sizes. Journal of the
American Statistical Association, 37: 199-212

Deville, J. C. and Sédrndal, C. E. (1992). Calibration
estimators in survey sampling. Journal of the American
Statistical Association, 87: 376-382.

Dykes, L. S., Singh, Sedory, S. A. and Louis, V. (2015).
Calibrated estimators of population mean for a mail
survey design. Communications in Statistics — Theory
and Methods, 44(16): 3403-27.

Hansen, M. H. and Hurwitz, W. N. (1946). The problem of
non-response in sample surveys. Journal of the
American Statistical Association, 41:517-529.

Ikot, E. E. and Iseh, M. J. (2024). Calibration for Efficiency
of Ratio Estimator in Domains of Study with Sub-
sampling the non-respondents. Biom Biostat Int. J.
13(2): 42-50.

Jabeen, R., Aslam, M. K., Sanaullah, A., and Zaka, A.
(2024). Calibrated estimator for sensitive variables
under stratified random sampling. Thailand Statistician,
22(2): 363-373.

Kadilar, C. and Cingi, H. (2004) “Ratio estimators in simple
random sampling”, Applied Mathematics and
Computation, Vol.151, pp.893-902.

Koyuncu, N. and Kadilar, C. (2009a). Ratio and product
estimators in stratified random sampling. Journal of
Statistical Planning and Inference, 139(8): 2552-2558.

Koyuncu, N. and Kadilar, C. (2009b). Family of Estimators
of Population Mean Using Two Auxiliary Variables in
Stratified Random Sampling. Communications in
Statistics - Theory and Methods, 38(14): 2398-2417.

Koyuncu, N. and Kadilar, C. (2013). Calibration estimators
using different distance measures in stratified random
sampling. International Journal of Modern Engineering
Research, 3(1): 415-419.

Koyuncu, N. and Kadilar, C. (2014). A new calibration
estimator in stratified double sampling. Hacettepe
Journal of Mathematics and Statistics, 43(2): 337-346.

Nidhi, Sisodia, B. V. S., Singh, S., and Singh, S. K. (2017).
Calibration approach estimation of the mean in stratified
sampling and stratified double
sampling. Communications in Statistics - Theory and
Methods, 46(10): 4932-4942.

Rabee, S., Hamed, R., Kassem, R., and Rashwaan, M.
(2021). A goal programming approach for multivariate
calibration weights estimation in stratified random
sampling. Mathematics and Statistics, 9(3): 326-334.

World Journal of Applied Science and Technology, Vol. 18 No. (1) (2026) 48 - 57 56



Open Access article published under the terms of a
Creative Commons license (CC BY).
http://wojast.org

Rao, D., Khan, M. G. M. and Khan, S. (2012). Mathematical
programming on multivariate calibration estimation in
stratified sampling. World Academy of Science,
Engineering and Technology, 72: 12-217.

Reddy, M.K.; Rao, K R. and Boiroju, N. K. (2010)
Comparison of Ratio Estimators Using Monte Carlo
Simulation International Journal of Agricultural and
Statistical Science, 6 :517-527

Singh, G. K., Rao, D. K., and Khan, M. G. (2014).
Calibration estimator of population mean in stratified
random sampling. Asia-Pacific World Congress on
Computer Science and Engineering, 1-5.

Etukudoh, et al: Application of Calibration Weightings to Non-
Response Adjustment in Stratified Random Sampling Design.
https.//dx.doi.orq/10.4314/wojast.v18i1.48

Singh, H. P. and Solanki, R. S. (2013). Efficient Ratio and
Product  Estimators in  Stratified = Random
Sampling. Communications in Statistics - Theory and
Methods, 42(6): 1008-1023.

Tracy, D. S., Singh, S. and Arnab, R. (2003). Note on
calibration in stratified and double sampling. Survey
Methodology, 29: 99-104.

Triveni, G. R. V. and Danish, F. (2024). Development of
novel separate ratio estimator in stratified random
sampling with applications on real data. /nternational
Journal of Applied Nonlinear Science, 4(2): 122-142.

World Journal of Applied Science and Technology, Vol. 18 No. (1) (2026) 48 - 57 57




  P =  {  (   y 1 ,   x 1 ) ,    (   y 2 ,   x 2 ) , … ,  (   y  N ,   x  N ) }  


   (   , )


    N h


    ∑  h = 1  L    N h


    N h


    N  h 1


    N  h 2


    n h


   h  t h


    ∑  h = 1  L    N h = N .


   h  t h


   h  t h


    n h


    n  h 1


    n  h 2


    n  h 1


    n  h 2


    N  h 1


    N  h 2


    s h


    m h


   ( =     n  h 2    g h ;     g h > 1 )


    n  h 2


   (   y  h i ,   x  h i ) ;    { 1 ≤ i ≤   N h     &     1 ≤ h ≤ L }


    i  t h


   h  t h


   (   y  r h j ,   x  r h j ) ;    { 1 ≤ j ≤   N  h 1     a n d     1 ≤ h ≤ L }


    j  t h


    N  h 1


   h  t h


   (   y  n h k ,   x  n h k ) ;    { 1 ≤ j ≤   N  h 2   a n d   1 ≤ h ≤ L }


    k  t h


    N  h 2


   h  t h


    Y   - =     ∑  h = 1  L    N  h         Y - h  N     a n d     X - =     ∑  h = 1  L    N h     X - h  N


   h  t h


      Y - h =  1    N h     ∑  i = 1    N h    y  h i ,       X - h =  1    N h


    ∑  i = 1    N h    x  h i ,         S 2  h Y =  1    N h − 1     (   y  h i −     Y - h ) 2


      S 2  h X =  1    N h − 1   ∑  i = 1    N h    (   x  h i −     X - h ) 2   a n d     S  h X Y =  1    N h − 1     ∑  i = 1    N h (   y  h i −     Y - h )    (   x  h i −     Y - h ) .


    N  h 2


   h  t h


      Y -    N h 2 =  1    N  h 2     ∑  k = 1    N  h 2    y  n h k ,         X -    N  h 2 =  1    N  h 2     ∑  k = 1    N  h 2    x  n h k ,           S 2  h Y  ( 2 ) =  1    N h − 1     ∑  k = 1    N  h 2      (   y  h i −     Y - h ) 2   ,


      S 2  h X  ( 2 ) =  1    N  h 2 − 1   ∑  k = 1    N  h 2         (   x  n h k −     X -    N  h 2 ) 2


    


   1    N  h 2 − 1     ∑  k = 1    N  h 2       (   y  n h k −     Y -    N  h 2 ) 2    (   x  n h k −     X -    N  h 2 ) .  


    n  h 1


      y -  r h =  1    n  h 1   ∑  j    n  h 1    y  r h j   a n d       x -  r h  1    n  h 1   ∑  j    n  h 1    x  r h j .


    s h


      y -  s h =  1    m h     ∑  k    m h    y  n h k ,         x -  s h =  1    m h     ∑  k    m h    x  n h k ,           S 2  h Y  ( 2 ) =    1    m  h − 1   ∑  k    m h     (   y  n h k   −     y -  s h ) 2  


      S 2  h x  ( 2 ) =  1    m  h − 1   ∑  k    m h     (   x  n h k   −     x -  s h ) 2  


    S  h X Y ( 2 ) =  1    m  h − 1   ∑  k    m h (   y  n h k   −     y -  s h )    (   x  n h k   −     x -  s h ) .


    Y -


      y -  s t =   ∑  h = 1  H    w h       y - h


  V  (     y -  s t ) =   ∑  h = 1  H      𝜑 h 2   A h      V -  H H 0 2


    A h =  (  1    n h −  1    N h )   f h 2   R  o h 2 +     L h − 1    n h   Z  h 2   f h 2   R  o h 2 2


      y - h =  1    n h   ∑  i    n h    y  h i


    w h =     N h  N


      Y -  H H =   ∑  h = 1  H    w h       y - h ∗


  V  (     Y -  H H ) =   ∑  h = 1  H    W h 2  (  1    n h −  1    N h )   s  h y 2 +   ∑  h = 1  H    W h 2  (     g h − 1    n h )   s  h y ( 2 ) 2


      y - h ∗ =     n  h i       y -  r h +   n  h 2       y -  s h      n h


      Y -  D =   ∑  h = 1  L  𝛿     Y   - h ∗  h  D


  V  (     Y -  D ) =   ∑  h = 1  H    𝜋 h 2    (       Y -  H H      X -  H H 1 ) 2   A h −      [   ∑  h = 1  H    𝜋 h 2    (       Y -  H H      X -  H H 1 ) 2   B h ] 2    ∑  h = 1  H    𝜋 h 2   C h


    A h =  (  1    n h −  1    N h )   f h 2   R  o h 2 +     L h − 1    n h   Z  h 2   f h 2   R  o h 2 2


    B h =  (  1    n h −  1    N h )   f h 2   f  01 h   R  0 h   R  1 h +     L h − 1    n h   Z  h 2   f h 2   R  o h 2 2   R  1 h 2


    C h =  (  1    n h −  1    N h )   f h 2   R  1 h 2 +     L h − 1    n h   Z  h 2   f h 2   R  1 h 2 2


    𝛿 h  D  


   h  t h


      Y - ∗ =   ∑  h = 1  H    𝜑 h     l o g   y - h ∗


      y - h ∗  


    𝜑  h 1   l o g     y -  h r +   𝜑  h 2   l o g     y -  h s


      Y - ∗ =   ∑  h = 1  H    𝜑 h  [   𝜑  h 1   l o g     y -  h r +   𝜑  h 2   l o g     y -  h s ]


      Y - ∗ =


    ∑  h = 1  H    ∑  i = 1    n h    𝜑  h i r l o g     y -  h i r


    ∑  h = 1    ∑  j = 1    m h    𝜑  h j n l o g       y -  h j n


      Y - ∗ =


    ∑  h = 1  H    ∑  i = 1    n h    𝜑  h i   l o g     y -  h i +     ∑  h = 1  H    ∑  j = 1    m h    𝜑  h j l o g     y -  h j


    𝜑  h i


    𝜑  h j


    i  t h


    n h


    j  t h


    m h


   ∈ h =     ∑  h = 1  H    ∑  i = 1    n h     (   𝜑  h i −   w  h i ) 2    w  h i     q  h i   +     ∑  h = 1  H    ∑  j = 1    m h     (   𝜑  h j −   w  h j ) 2    w  h j     q  h j  


    ∑  h = 1  H    ∑  i = 1    n h    𝜑  h i   l o g     x -  h i   +   ∑  h = 1  H    ∑  j = 1    m h    𝜑  h j   l o g     x -  h j =   X -


    ∑  h = 1  H    ∑  i = 1    n h    𝜑  h i     +   ∑  h = 1  H    ∑  j = 1    m h    𝜑  h j = 1


  L  (  ∈ h ,     Y - ∗ ) =     ∑  h = 1  H    ∑  i = 1    n h     (   𝜑  h i −   w  h i ) 2    w  h i     q  h i   +     ∑  h = 1  H    ∑  j = 1    m h     (   𝜑  h j −   w  h j ) 2    w  h j     q  h j   +


    𝜆 1  [     X - −  (   ∑  h = 1  H    ∑  i = 1    n h    𝜑  h i l o g     x -  h i −   ∑  h = 1  H    ∑  j = 1    m h    𝜑  h j l o g     x -  h j ) ] + 2   𝜆 2  [ 1 −  (   ∑  h = 1  H    ∑  i = 1    n h    𝜑  h i −   ∑  h = 1  H    ∑  j = 1    m h    𝜑  h j ) ]


    𝜑  h i


    𝜑  h i =   w  h i +   w  h i   q  h i


    𝜆 1 l o g     x -  h i


    𝜆 2 )


    𝜑  h j


    𝜑  h j =   w  h j +   w  h j   q  h j  (   𝜆 1 l o g     x -  h j +   𝜆 2 )


    𝜑  h i  


    𝜑  h j


    𝜆 1  [   ∑  h = 1  H    ∑  i = 1    n h    w  h i   q  h i l o g       x -  h i  2   +     ∑  h = 1  H    ∑  j = 1    m h    w  h j   q  h j l o g     x -  h j  2   ] +   𝜆 2  [   ∑  h = 1  H    ∑  i = 1    n h    w  h i   q  h i l o g     x -  h i +   ∑  h = 1  H    ∑  j = 1    m h    w  h j   q  h j l o g     x -  h j ] =  [   X - −  (   ∑  h = 1  H    ∑  i = 1    n h    w  h i l o g     x -  h i +   ∑  h = 1  H    ∑  j = 1    m h    w  h j l o g     x -  h j ) ]


    𝜆 1  [   ∑  h = 1  H    ∑  i = 1    n h    w  h i   q  h i   l o g     x -  h i   +   ∑  h = 1  H    ∑  j = 1    m h    w  h j   q  h j   l o g     x -  h j ] +   𝜆 2  [   ∑  h = 1  H    ∑  i = 1    n h    w  h i   q  h i   +   ∑  h = 1  H    ∑  j = 1    m h    w  h j   q  h j   ]


   (     Q 11    Q 12             Q 12    Q 22 )    (     𝜆 1    𝜆 2 ) =  (     X - −     x -  H H ∗   0 )                                                  


    𝜆 1


    𝜆 2


    𝜆 1 =    (   X - −     x -  H H ∗ )   Q 22    Q 11   Q 22   −   Q 12 2


    𝜆 2 = −    (   X - −     x -  H H ∗ )   Q 12    Q 11   Q 22   −   Q 12 2


    Q 11 =     ∑  h = 1  H    ∑  i = 1    n h    w  h i   q  h i   l o g     x -  h i  2   +     ∑  h = 1  H    ∑  j = 1    m h    w  h j   q  h j   l o g     x -  h j  2  


    Q 12 =


    ∑  h = 1  H    ∑  i = 1    n h    w  h i   q  h i   l o g     x -  h i +   ∑  h = 1  H    ∑  j = 1    m h    w  h j   q  h j   l o g     x -  h j


    Q 22 =   ∑  h = 1  H    ∑  i = 1    n h    w  h i   q  h i   +   ∑  h = 1  H    ∑  j = 1    m h    w  h j   q  h j  


      x -  H H ∗ =   ∑  h = 1  H    ∑  i = 1    n h    w  h i l o g     x -  h j   +   ∑  h = 1  H    ∑  j = 1    m h    w  h j l o g     x -  h j                                                                                                                                                            


      Y - ∗ =   ∑  h = 1  H    ∑  i = 1    n h    w  h i   l o g   y -  h i +   ∑  h = 1  H    ∑  j = 1    m h    w  h j l o g     y -  h j +


    𝜆 1  (   ∑  h = 1  H    ∑  i = 1    n h    w  h i   q  h i l o g     x -  h i l o g     y -  h i +   ∑  h = 1  H    ∑  j = 1    m h    w  h j   q  h j l o g     x -  h j l o g     y -  h j ) +   𝜆 2  (   ∑  h = 1  H    ∑  i = 1    n h    w  h i   q  h i l o g     y -  h i +   ∑  h = 1  H    ∑  j = 1    m h    w  h j   q  h j l o g     y -  h j )


    q  h i  


    q  h j   = 1  


      Y - ∗


      y -  H H ∗ +  ⌊   X - −     x -  H H ∗ ⌋   [   F 11 +   F 12 ]  (  [   F 13 +   F 14 ] −  [   F 15 +   F 16 ] ) (   F 17 +   F 18 )   [   F 19 +   F 20 ]  [   F 13 +   F 14 ] −   [   F 17 +   F 18 ) ] 2


    F 11 =


    ∑  h = 1  H    ∑  i = 1    n h    w  h i   l o g   x -  h i l o g     y -  h i


    F 12   =     ∑  h = 1  H    ∑  j = 1    m h    w  h j l o g     x -  h j l o g     y -  h j


    F 13


    ∑  h = 1  H    ∑  i = 1    n h    w  h i


    F 14


    ∑  h = 1  H    ∑  j = 1    m h    w  h j


    F 15


    ∑  h = 1  H    ∑  i = 1    n h    w  h i


      y -  h i


    F 16


    ∑  h = 1  H    ∑  j = 1    m h    w  h j


      y -  h j


    F 17


    ∑  h = 1  H    ∑  i = 1    n h    w  h i


      x -  h i


    F 18


    ∑  h = 1  H    ∑  j = 1    m h    w  h j


      x -  h j


    F 19


      ∑  h = 1  H    ∑  i = 1    n h    w  h i l o g     x -  h i 2


    F 20


      ∑  h = 1  H    ∑  j = 1    m h    w  h j l o g     x -  h j 2


  𝛿 =   [   F 11 +   F 12 ]  (  [   F 13 +   F 14 ] −  [   F 15 +   F 16 ] ) (   F 17 +   F 18 )   [   F 19 +   F 20 ]  [   F 13 +   F 14 ] −   [   F 17 +   F 18 ) ] 2


    e  h 0 =  (       y -  H H ∗ −     Y -  H H      Y -  H H )


      y -  H H ∗ =     Y -  H H  ( 1 +   e  h 0 )


    e  h 1 =  (       x -  H H ∗ −     X -  H H      X -  H H )


        x -  H H ∗


  =     X -  H H  ( 1 +   e  h 1 )


  E  [   e  h 0 ] = E  [   e  h 1 ] = 0


  E  [   e  h 0 2 ] =  1      V -  H H 0 2   ∑  h = 1  H   [  (  1    n h −  1    N h )     f h 2 R  0 h 2 +    (   L h − 1 )    n h       Z  h 2 f h 2 R  0 h 2 2 ]


  E  [   e  h 1 2 ] =  1      X -  H H 1 2   ∑  h = 1  H   [  (  1    n h −  1    N h )     f h 2 R  1 h 2 +    (   L h − 1 )    n h   Z  h 2     f h 2 R 2 ]


  E  [   e  h 0   e  h 1 ] =  1      V -  H H 0     X -  H H 1   ∑  h = 1  H   [  (  1    n h −  1    N h )   f h 2   f  01 h   R  0 h   R  1 h +    (   L h − 1 )    n h   Z  h 2   f h 2   f  01 h 2   R  0 h 2   R  1 h 2 ]


      Y - ∗ =   ∑  h = 1  H      𝜑 h log ⁡      Y -  H H  ( 1 +   e  h o ) + 𝛿  (   X - −   ∑  h = 1  H    𝜑 h log     X -  H H  ( 1 +   e  h 1 ) )


      Y - ∗ =   ∑  h = 1  H    𝜑 h  log ⁡      Y -  H H +   ∑  h = 1  H    𝜑 h l o g  ( 1 +   e  h o ) + 𝛿  ( −   ∑  h = 1  H    𝜑 h l o g  ( 1 +   e  h 1 ) )


    Y -


    ∑  h = 1  H    𝜑 h l o g     Y -  H H


   (     Y - ∗ −   Y - ) =   ∑  h = 1  H    𝜑 h l o g  ( 1 +   e  h o ) − 𝛿   ∑  h = 1  H    𝜑 h l o g  ( 1 +   e  h 1 )


   (     Y - ∗ −   Y - ) =  [   ∑  h = 1  H    𝜑 h  [  (   e  h o −     e  h o 2 2 +     e  h o 3 3 − … ) − 𝛿  (   e  h 1 −     e  h 1 2 2 +     e  h 1 3 3 − … ) ] ]


     (     Y - ∗ −   Y - ) 2 =   ∑  h = 1  H    𝜑 h 2  [    (   e  h o −     e  h o 2 2 +     e  h o 3 3 − … ) 2 −   𝛿 2    (   e  h 1 −     e  h 1 2 2 +     e  h 1 3 3 − … ) 2 − 2 𝛿  (   e  h o −     e  h o 2 2 +     e  h o 3 3 − … )  (   e  h 1 −     e  h 1 2 2 +     e  h 1 3 3 − … ) ]


     (     Y - ∗ −   Y - ) 2 =   ∑  h = 1  H      𝜑 h 2  [ (   e  h o 2 ) +     𝛿 2 ( e  h 1 2 ) − 2 𝛿   e  h o   e  h 1 ]  


  V  (     Y - ∗ ) =   ∑  h = 1  L    𝜑 h 2  [  (    (  1    n h −  1    N h )   f h 2   R  0 h 2 +    (   L  h − 1 )    n h   Z  h 2   f h 2   R  0 h 2 2      V -  H H 0 2 ) +   𝛿 2  (    (  1    n h −  1    N h )   f h 2   R  1 h 2 +  (     L  h − 1      n h )   Z  h 2   f h 2   R  1 h 2 2        X -  H H 1 2 ) − 2 𝛿    (  1    n h −  1    N h )   f h 2   f  01 h   R  o h   R  1 h +    (   L  h − 1 )    n h     Z  h 2   f h 2   f  o 1 h 2   R  o h 2   R  1 h 2      V -  H H 0     X -  H H 1 ]


  𝛿


    𝛿  o p t


    𝜕 V  (     Y - ∗ )  𝜕 𝛿 = 2 𝛿  (    (  1    n h −  1    N h )   f h 2   R  1 h 2 +  (     L  h − 1      n h )   Z  h 2   f h 2   R  1 h 2 2        X -  H H 1 2 ) − 2  (    (  1    n h −  1    N h )   f h 2   f  01 h   R  o h   R  1 h +    (   L  h − 1 )    n h     Z  h 2   f h 2   f  o 1 h 2   R  o h 2   R  1 h 2      V -  H H 0     X -  H H 1 ) = 0


    𝛿  o p t =       X -  H H 1  (  (  1    n h −  1    N h )   f h 2   f  01 h   R  o h   R  1 h +    (   L  h − 1 )    n h     Z  h 2   f h 2   f  o 1 h 2   R  o h 2   R  1 h 2 )      V -  H H 0  (  (  1    n h −  1    N h )   f h 2   R  1 h 2 + S   (   L h − 1 )    n h   Z  h 2   f h 2   R  1 h 2 2 )


  𝛿


    𝛿  o p t


  V  (     Y - ∗ )


  V  (     Y - ∗ ) =   ∑  h = 1  L    𝜑 h 2  [  (    (  1    n h −  1    N h )   f h 2   R  o h 2 +    (   L  h − 1 )    n h   Z  h 2   f h 2   R  o h 2 2      V -  H H 0 2 ) +    (       X -  H H 1  (  (  1    n h −  1    N h )   f h 2   f  01 h   R  o h   R  1 h +    (   L  h − 1 )    n h     Z  h 2   f h 2   f  o 1 h 2   R  o h 2   R  1 h 2 )      V -  H H 0  (  (  1    n h −  1    N h )   f h 2   R  1 h 2 +  (     L h − 1    n h )   Z  h 2   f h 2   R  1 h 2 2   )   ) 2  (    (  1    n h −  1    N h )   f h 2   R  1 h 2 +  (     L  h − 1      n h )   Z  h 2   f h 2   R  1 h 2 2        X -  H H 1 2 ) − 2  (       X -  H H 1  (  (  1    n h −  1    N h )   f h 2   f  01 h   R  o h   R  1 h +    (   L  h − 1 )    n h     Z  h 2   f h 2   f  o 1 h 2   R  o h 2   R  1 h 2 )      V -  H H 0  (  (  1    n h −  1    N h )   f h 2   R  1 h 2 +  (     L  h − 1      n h )   Z  h 2   f h 2   R  1 h 2 2 )   )    (  1    n h −  1    N h )   f h 2   f  01 h   R  o h   R  1 h +    (   L  h − 1 )    n h     Z  h 2   f h 2   f  o 1 h 2   R  o h 2   R  1 h 2      V -  H H 0     X -  H H 1 ]


  V  (     Y - ∗ ) =   ∑  h = 1  L    𝜑 h 2  [      (  (  (  1    n h −  1    N h )   f h 2   f  01 h   R  o h   R  1 h +    (   L  h − 1 )    n h     Z  h 2   f h 2   f  o 1 h 2   R  o h 2   R  1 h 2 ) ) 2      V -  H H 0 2  (  (  1    n h −  1    N h )   f h 2   R  1 h 2 +  (     L  h − 1      n h )   Z  h 2   f h 2   R  1 h 2 2   ) − 2  (      (  (  1    n h −  1    N h )   f h 2   f  01 h   R  o h   R  1 h +    (   L  h − 1 )    n h     Z  h 2   f h 2   f  o 1 h 2   R  o h 2   R  1 h 2 ) 2      V -  H H 0 2  (  (  1    n h −  1    N h )   f h 2   R  1 h 2 +  (     L  h − 1      n h )   Z  h 2   f h 2   R  1 h 2 2 )   ) ]


     (     Y - ∗ )  o p t =   ∑  h = 1  L    𝜑 h 2  [  (    (  1    n h −  1    N h )   f h 2   R  o h 2 +    (   L  h − 1 )    n h   Z  h 2   f h 2   R  o h 2 2      V -  H H 0 2 ) −  (      (  (  1    n h −  1    N h )   f h 2   f  01 h   R  o h   R  1 h +    (   L  h − 1 )    n h     Z  h 2   f h 2   f  o 1 h 2   R  o h 2   R  1 h 2 ) 2      V -  H H 0 2  (  (  1    n h −  1    N h )   f h 2   R  1 h 2 +  (     L  h − 1      n h )   Z  h 2   f h 2   R  1 h 2 2 )   ) ]


    f h 2  


   h  t h  


    R  o h 2


    V  H H 0


   h  t h


    R  o h 2 2


    V  H H 0


   h  t h


    R  1 h 2 2


    X  H H 1


   h  t h


    Z  h 2


   h  t h


    f  o 1 h


    f  o 1 h 2


    V  H H 0


    X  H H 1


   h  t h


  𝛿  


    g h > 1


  V  (     y -  P R 1 ) =   ∑   


  V  (     y -  P R 1 ) =   ∑  h = 1  H    𝜑 h 2  [  (     A 1   R  0 h 2 +   A 2   R  0 h 2 2      V -  H H 0 2 ) −      (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2      V -  H H 0 2  (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) ]


  V  (     y -  s t ) =   ∑  h = 1  H    𝜑 h 2  (  1    n h −  1    N h )   f h 2


  V  (     y -  P R 1 ) ≤ V  (     y -  s t )


    ∑  h = 1  H    𝜑 h 2  [  (     A 1   R  0 h 2 +   A 2   R  0 h 2 2      V -  H H 0 2 ) −      (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2      V -  H H 0 2  (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) ] ≤   ∑  h = 1  H    𝜑 h 2   A 1


    A 1 =  (  1    n h −  1    N h )   f h 2


    A 2 =  (     L h − 1    n h )   Z  h 2   f h 2


      V -  H H 0 2  (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 )


    ∑  h = 1  H    𝜑 h 2  [    (   A 1   R  0 h 2 +   A 2   R  0 h 2 2 ) 2 −    (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2 ] ≤   ∑  h = 1  H    𝜑 h 2   A 1     V -  H H 0 2  (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 )


    ∑  h = 1  H    𝜑 h 2    (   A 1   R  0 h 2 +   A 2   R  0 h 2 2 ) 2 −   ∑  h = 1  H    𝜑 h 2   A 1     V -  H H 0 2  (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) −   ∑  h = 1  H    𝜑 h 2    (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2 ≤ 0


   (   A 1   R  0 h 2 +   A 2   R  0 h 2 2 )


   (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 )


  2  (   A 1   R  0 h 2 +   A 2   R  0 h 2 2 ) ≤     (   A 1     V -  H H 0 2 ) 2 − 4    (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2


        (   A 1     V -  H H 0 2 ) 2 − 4    (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2 −  (   A 1     V -  H H 0 2 )    A 1   R  0 h 2 +   A 2   R  0 h 2 2 ≥ 2


  V  (     y -  P R 1 ) =   ∑  h = 1  H    𝜑 h 2  [  (     A 1   R  0 h 2 +   A 2   R  0 h 2 2      V -  H H 0 2 ) −      (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2      V -  H H 0 2  (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) ]


  V  (     y -  H H ) =   ∑  h = 1  H    𝜑 h 2  (  1    n h −  1    N h )   f h 2 +   ∑  h = 1  H    𝜑 h 2  (     L h − 1    n h )   Z  h 2   f h 2 =   ∑  h = 1  H    𝜑 h 2   A 1 +   ∑  h = 1  H    𝜑 h 2   A 2


  V  (     y -  P R 1 ) ≤ V  (     y -  H H )


    ∑  h = 1  H    𝜑 h 2  [  (     A 1   R  0 h 2 +   A 2   R  0 h 2 2      V -  H H 0 2 ) −      (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2      V -  H H 0 2  (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) ] ≤   ∑  h = 1  H    𝜑 h 2  (   A 1 +   A 2 )


      V -  H H 0 2  (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 )


    ∑  h = 1  H    𝜑 h 2  [    (   A 1   R  0 h 2 +   A 2   R  0 h 2 2 ) 2 −    (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2 ] ≤   ∑  h = 1  H    𝜑 h 2  (   A 1 +   A 2 )     V -  H H 0 2  (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 )


    ∑  h = 1  H    𝜑 h 2    (   A 1   R  0 h 2 +   A 2   R  0 h 2 2 ) 2 −   ∑  h = 1  H    𝜑 h 2  (   A 1 +   A 2 )     V -  H H 0 2  (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) −   ∑  h = 1  H    𝜑 h 2    (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2 ≤ 0


     (   A 1   R  0 h 2 +   A 2   R  0 h 2 2 ) 2


  2  (   A 1   R  0 h 2 +   A 2   R  0 h 2 2 ) ≤     (  (   A 1 +   A 2 )     V -  H H 0 2 ) 2 − 4    (      A 1   f  01 h   R  0 h 1   R  1 h +     A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2 −  (   A 1 +   A 2 )     V -  H H 0 2


           (  (   A 1 +   A 2 )     V -  H H 0 2 ) 2 −   4    (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2 −    (   A 1 +   A 2 )     V -  H H 0 2   (   A 1   R  0 h 2 +   A 2   R  0 h 2 2 ) ≥ 2


   


  V  (     y -  D ) =  [   ∑  h = 1  H    𝜑 h 2    (       y -  H H      V -  H H 0 2 ) 2  (  (  1    n h −  1    N h )   f h 2   R  0 h 2 +  (     L h − 1    n h )   Z  h 2   f h 2   R  0 h 2 2 ) −      (     ∑  h = 1  H    𝜑 h 2    ⌊       Y -  H H      V -  H H 0 ⌋  [  (  1    n h −  1    N h )   f h 2   f  01 h   R  0 h 1   R  1 h +  (     L h − 1    n h )   Z  h 2   f h 2   f  01 h 2   R  0 h 2   R  1 h 2 ] ) 2    ∑  h = 1  H    𝜑 h 2     V -  H H 0 2  (  (  1    n h −  1    N h )   f h 2   R  1 h 2 +  (     L h − 1    n h )   Z  h 2   f h 2   R  1 h 2 2 ) ]


  V  (     y -  P R 1 ) =


    ∑  h = 1  H    𝜑 h 2  [      (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) 2 −    (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2      V -  H H 0 2  (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) ]


  V  (     y -  D )   =


      ∑  h = 1  H    𝜑 h 2   𝜃 2    (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) 2 −    (     𝜃 2   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2     V -  H H 0 2    A 1   R  1 h 2 +   A 2   R  1 h 2 2


  V  (     y -  P R 1 ) ≤ V  (     y -  D )


    ∑  h = 1  H    𝜑 h 2  [      (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) 2 −    (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2      V -  H H 0 2  (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) ] ≤     ∑  h = 1  H    𝜑 h 2   𝜃 2    (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) 2 −    (     𝜃 2   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2     V -  H H 0 2    A 1   R  1 h 2 +   A 2   R  1 h 2 2


    ∑  h = 1  H    𝜑 h 2      (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) 2 −    (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2 ≤ 0


    ∑  h = 1  H    𝜑 h 2      (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) 2 ≤    (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2


            ∑  h = 1  H    𝜑 h 2    (   A 1   f  01 h   R  0 h 1   R  1 h +   A 2   f  01 h 2   R  0 h 2   R  1 h 2 ) 2    ∑  h = 1  H    𝜑 h 2      (   A 1   R  1 h 2 +   A 2   R  1 h 2 2 ) 2 ≥ 1
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