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ABSTRACT

A new analytical solution for residual drawdown during the recovery period after a constant rate pumping test is described.
A comparison between the proposed solution, existing solutions and experimental data from field observation are presented.
The proposed analytical solution is in perfect agreement with the experimental data for o = 0.01, in contrast to the Cooper-
Jacob solution. A new analytical solution for the determination of the skin factor without any restriction on the variables
tand t’is derived. An analytical solution for the drawdown response in a confined aquifer that is pumped step-wise or
intermittently at a different discharge rate is suggested. On the basis of the suggested solution, a new analytical solution for
the analysis of residual drawdown data after a pumping test with step-wise or intermittently changing discharge rates is

provided.
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INTRODUCTION

As soon as the pump is closed up after a test, the water levels
in the well and the piezometers will start to rise. This rise in
water level is referred to as residual drawdown, s’. In ground-
water studies, this is expressed as the difference between the
initial water level prior to the start of pumping and the water
level measured at a time ¢’ after the termination of pumping.
In a hydraulic test, it is very important to measure the residual
drawdown during the recovery period. Recovery test measure-
ments allow the transmissivity of the aquifer under investiga-
tion to be determined more accurately. The residual drawdown
field data are more reliable than the pumping test data because
recovery occurs at a constant rate, whereas in practise, a con-
stant discharge during pumping is often difficult to achieve
(Kruseman and Ridder, 1994). For any well-flow equations, an
adequate recovery equation can be mathematically represented
(Kruseman and Ridder, 1994).

The concept of a skin effect is derived from petroleum engi-
neering, which uses the concept to account for the head losses
in the vicinity of the well (Ramey, 1982). If the effective radius
of the well 7 islarger than the real radius of the borehole , in
groundwater studies, this concept is referred to as a positive skin
effect. If it is smaller, the well is usually poorly developed or its
screen is clogged and this is referred to as a negative skin effect
(De Marsily, 1986). In groundwater studies, the theory behind
this concept is that the aquifer is assumed to be homogeneous up
to the wall of the borehole, while all the head losses are assumed
to be concentrated in a thin, resistant skin against the wall of the
borehole. In groundwater hydraulics, the skin effect is defined
as a difference between the total drawdown observed in a well
and loss component, assuming that the non-linear well losses
are negligible (Kruseman and Ridder, 1994; Atangana, 2014;
Atangana and Vermeulen, 2014; Cloot and Botha, 2006; Barker,
1986; Bear, 1972; Boonstra and Kselik, 2002).
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In this paper a new analytical solution to the Theis recov-
ery equation for the confined aquifer and the skin effect will
be provided. It is very important to point out that the flow
equation does not always give aquifer parameters accurately,
because the data collected during the pumping test are obtained
when the aquifer is under stress. However, the data collected
after the pump is shut down are natural. Therefore, rather than
estimating the aquifer parameters with the drawdown, which is
the solution of the flow equation, one will instead consider the
estimation with the recovery solution, which gives us the data
while the aquifer is not under stress.

Confined aquifers and Theis’s recovery method

In 1935, Theis (Theis, 1935) was the first to develop an equation
for unsteady state flow, which introduced the time factor and
the storativity as:

N 1
D5, 1) = DA (s(r,0) + 2D, (s, 0) 0

and provided a solution to this equation as:
_ Q r e_y _ ST'Z (2)
s(r,t) = yrer dy, u= o
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where:
T is the transmissivity
S the storativity
Q the constant discharge rate

On the basis of Eq. (2) Theis developed his recovery method for
confined aquifers. The Theis recovery method is widely used for
the analysis of recovery tests.

Analytical solutions

After a constant rate pumping test, the residual drawdown
during the recovery period according to Theis is given by:
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It is worth noting that the above solution was derived under

the following assumptions:

o The aquifer is confined

o The aquifer has a seemingly infinite area extent

o The aquifer is homogeneous, isotropic, and of uniform
thickness over the area influenced by the test

Prior to pumping, the piezometric surface is horizontal (or
nearly so) over the area that will be influenced by the test

o The aquifer is pumped at a constant rate

o The well penetrates the entire thickness of the aquifer and
thus receives water by horizontal flow

However, at the time in history that Theis’s equation was
derived, the presence of the exponential integral in this solu-
tion rendered the solution very difficult to handle. To have

an expression that could be used for this purpose, Cooper

and Jacob (Jacob, 1940; Jacob, 1944; Jacob, 1947) proposed an
approximated solution to the Theis equation recovery equation
as:

u?
{—0.5772 —In@) +u-— —}

, _Q
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+ {—0.5772 —In@') +u - ﬁ}] 4)
Cooper noticed that for the residual drawdown observations
made in the near vicinity of the well after a sufficiently long
pumping time, the terms beyond In(u) or In (#’) in Eq. (4)
become very small and can then be ignored. Then, for small
values of u, u’ < 0.01, the drawdown residual can be approxi-
mated by:

, _Q Sr? S'r?
s'(r,t) = 47'1.'_T [ln <4—_Tt> —In <W>] (5)

The above solution is that most often used in recovery tests
because it is very easy to handle. However the condition under
which the above solution is derived is not always true in prac-
tise, because it does not take into account the events taking
place at the near vicinity of the well for a short time period.

In this paper, an analytical solution is proposed to the Theis
drawdown equation based on the equation derived by Atangana

(2014):
]] ©)

On the basis of the above equation, an analytical solution to the
Theis recovery equation is derived as:

Sr? ATta
In [1 + >
T

Q
s(r,t) =7 1P |~ a7 R

T

Sr? 4Tta
A

s'(r,t) = L [exp

4nT 4Tt Sr2
S'r? ml+ ATt
exp 4Tt’ n S’TZ (7)

The new parameter introduced in this solution can be viewed
as the uncertainty that the above analytical solution will fit
the field data for a fixed storativity S, §”and transmissivity T.
Since there is always a possibility that the analytical solution
will fit the experimental data for a given set of transmissivity
and storativity, the new parameter introduced here will also
be greater than zero, on the one hand. On the other hand,
since it is not possible for the analytical solution to predict
the aquifer parameters exactly, because in practise even the
experimental data from field observation cannot exactly
reveal the actual aquifer parameters under investigation and
thus one would expect the new parameter to be less than one.
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Figure 1
Comparison for Q =200, T=299,5=0.001,a=0.3,t=20and r =200
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Figure 2
ComparisonforQ=0.2,5S=0.1,r=200,t=10and a =0.5

Therefore, from the definition of the new parameter, we have
O<ac<l.

Comparison of solutions

In order to check the validity of this proposed solution a com-
parison with existing solutions, including Theis and Cooper—
Jacob residual-drawdown equations, is presented in Figs 1

and 2. To do this, a set of theoretical aquifer parameters was
used. The following figures show the numerical solutions for
residual-drawdown using Theis-, proposed- and Cooper-Jacob
equations.

TABLE 1
Experimental data used for simulations
Time since the pump was Residual drawdown
shut t (1/min) observed s (m/min)
0 10.60
10 8.64
20 7.27
30 6.5
40 5.63
60 4.95
90 4.01
150 2.80
210 2.70
270 2.06
330 1.96
390 1.60
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Figure 3
Comparison for Q =200, r=30mand a = 0.01

The above numerical comparison shows that the proposed
solution predicts the same situation as Theis for any time and
distance.

Comparison with experimental data

In order to test the accuracy of the proposed solution, a com-
parison with experimental data from field observation is pre-
sented in Fig. 3. To do this, experimental data from the pump-
ing test performed by the Institute for Groundwater Studies,
on one of their boreholes situated on the campus test site of
the University of the Free State, were used. The test consisted
of the pumping of the borehole at a constant discharge rate Q
= 45.43 m*/h and monitoring the piezometric head at 7 = 50 m
for 500 min. The pump was shut after 500 min and the residual
drawdown was observed for 490 min. The aquifer test revealed
a transmissivity of T'=14. 6 and storativity of S = 0.0036. In
order to find §’, we fitted the analytical solution proposed in
this paper to the observed data and a storativity of recovery or
residual drawdown was determined. The experimental data are
recorded in the table below.

It is clear from Fig. 3 that the proposed solution is in good
agreement with the observed residual drawdown for o = 0.01.
It must be remembered, the Cooper-Jacob equation does not
accurately predict the aquifer parameters, as can be seen in
the figure below. The proposed solution is easier to handle and
predicts more accurately the aquifer parameters, equivalent
to the Theis equation. Here S’ was revealed to be 0.00075. The
red line in Fig. 3 corresponds to the solution as suggested by
the Cooper-Jacob equation. The green line corresponds to the
suggested solution, and the red dots correspond to the observed
data from the real-world situation.

Recovery tests: determination of the skin effect

The concept of a skin effect originates from the discipline of
petroleum engineering, which uses the skin effect to account
for the head losses in the vicinity of the well (De Marsily,
1986). In groundwater studies, the aquifer is assumed to be
homogeneous up to the wall of the borehole, while all the
head losses are assumed to be concentrated in a thin, resistant
skin against the wall of the borehole. In groundwater hydrau-
lics, the skin effect is defined as a difference between the total
drawdown observed in a well and loss component, assuming
that the non-linear well losses are negligible (Kruseman and
Ridder, 1994).
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Addition of the skin effect to the Cooper and Jacob solu-
tion, and supposing that the non-linear well losses are so small
that they can be neglected, a solution of the drawdown in a
well that fully penetrates a confined aquifer and is pumped at a
constant rate according to Cooper and Jacob is:

Sy = % [ln (2;53 t) + 2(skin)] ®)

where:
skin (ﬁ) is the skin effect in meters
skin is the skin factor with no units (dimensionless) and
r, is in meters.

After the pump has been shut down, the residual drawdown at

the well sy, accozrding to the Cooper-Jacob equation, in a well
25158

for time 4 — is given as:
. 2300Q t
Sw = gy 109 (t_) ©)

For time t =t = total pumping time, Eq. (8) according to
Cooper and Jacob becomes:

0 2.25Tt 0
sw(tp) =07 [ln < Sr2 p) + skin (ﬁ)] (10)

Here the difference s (¢ ) and the residual drawdownsy, at any
time ¢’ according to Cooper and Jacob is:

, _Q 2.25Tt, . ( Q )
sw(tp) Sw =T ln( 52 + skin T

2300 (t) 11
anr 09 \p
Then for:
tp+ti  2.25Tt,
t'y  Sr2

Thus Eq. (11) can be converted to the following:
, (@
sw(tp) — siy; = skin (ﬁ) 12)

The procedure for determining the skin factor has been investi-
gated by many authors (Jacob, 1947).

Determination of the skin effect from the proposed
solution

It is important to point out that the solution of Theis is an
exact solution to the Theis equation, implying that this solu-
tion predicts more accurately the aquifer parameters and also
the skin factor, than the Cooper-Jacob solution, although the
Cooper-Jacob solution is much easier to work with. Therefore,
adding the skin effect to the Theis equation and assuming
that the non-linear well losses are so small that they can be
ignored, and drawing on the work done by Atangana (2014)
the following equation is obtained for drawdown in a well that
fully penetrates a confined aquifer and is pumped at a con-
stant rate:

4Tt

Sr2 ATta i
xp [— ] In [1 + 57] + Z(Skln)] (13)

The parameters involved remain the same as defined earlier.
After the pump has been shut down, the residual drawdown in
the well is given as:
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Sw = 47TT{[ [ 4Tt] o
=42_T{[exp[ T ln[l ]] [ 4th ln[

It is very important to note that the above formula is derived
without any restriction on the value of ¢’ and also ¢, as occurs
in the case of that proposed by Cooper and Jacob (Eq. (5)).
However, when t = t , which is the total time during which the
water was taken out of the aquifer, then Eq. (13) can be con-
verted to:

sw(ty) = %[exp 52 ] [1 52 ] + 2(skln)] (15)

Nevertheless, by following the discussion presented earlier,
one can obtain the difference between s (t ) and Swat any given
time according to the proposed solution is given as:

i+

However for simplicity, one can put:

. _Q
SW(tp) — Sy = m [exp

Q 4Tt 4Tt a qQ
f(t)——exp[ > Sr’i ] ‘m{e"p[‘m ln
Such that:
Sulty) = Sty = o [F(") + 2skin] 17)

Therefore, with the above expression in hand, one can conclude
that the skin effect can be given for any given time as:
Q . Q
T [skin] = s,,(tp) — st — e [f )] (18)
The above formula is more practical since the skin effect can be

calculated for any given time. The next concern now is to exam-
ine with care the recovery formula for variable-discharge rate.

Recovery tests for variable discharge rate
Variable discharge rate

In 1980 Birsoy and Summers presented an analytical solu-
tion for the drawdown response in a confined aquifer that is
pumped step-wise or intermittently at different discharge rates
(see Fig. 4). They obtained the expression for the drawdown in
the aquifer at a time during the n-th pumping period of inter-
mittent pumping by applying the principle of superposition to
Jacob’s approximation of the Theis equation (Eq. (1)) as:

2.30Q, [ (2.25T
S(T, t) = 47_(5 [l ( )ﬁt(n) (t n)] (19)
where:
n—-1 Qi/
t—t; Qn
rn = [(5%)
i=1 t
where:

t, = time at which the i-th pumping period started
t—t, = time since the i-th pumping period started
t’,= time at which the i-th period ended

t—t’, = time since the i-th pumping period ended
Q, = constant well uninterrupted pumping

t'.) = t, and the adjusted time B, (- ) becomes:
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t'a
] + 2(skm)]}

ATt a

H [ 4Tt l"[” 57 2]] [ [ are [ o ”} (16)

4Tt’a
4Tt 1+

n-1

AQ;
tm = t—t] ’

i=1 t

is the discharge increment beginning at time ¢,.

Now, if the principle of superposition is applied to the proposed
solution of the Theis groundwater flow equation (Eq. (1)), one
obtains the following expression for the drawdown in the
aquifer at time ¢ during the n-th pumping period of intermit-

tent pumping:
0 51
) =—— - l
st =g [exzo [ Tthry (= 1) n (20)
Dividing both sides of Eq. (20) by Q, one obtains an expression
for the specific drawdown:
tn)a”

AT Bymy (t — t)a
Sr2

sp(rt) 1 Sr? 4T Bymy (t —
exp|————|In _—
Q,  4AnT ATt By (ny (t — tn) Sr?

The representative scheme underpinning the step-wise and
intermittently changing discharge rates and resulting draw-
down response is depicted in Fig. 4.

Recovery method for the test

To analyse the residual drawdown data after a pumping test
with step-wise or intermittently changing discharge rates, the
following expression based upon the proposed equation is

suggested:
_ Un r 4'Tﬁt(n) (t ta)a
=0T [exp [— 74”&(")“ — tn)] In [1 ————|| = s.(r, )

S'r? AT t'—t'
[_ T’ : ] n [1 n ﬁc(n)( . n)a]
AT Beny (' — t'5) r

_o,
4nT

@1

s’ is therefore referred to as residual drawdown at £ — £ > 0.
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drawdown —— | 9 discharge

Figure 4
Step-wise and intermittently changing discharge rates and the resulting
drawdown response (From: Matthews and Russell, 1967)

The assumptions used to derive the Birsoy and Summers
analytical solution for the drawdown response in a confined
aquifer that is pumped step-wise or intermittently at different
discharge rates apply. This method is applicable if the assump-
tions listed earlier are satisfied in addition to the following
which must be verified:

Sr? 1
AT Breny(t — tn)

This is not always the case in practise. However the solution
proposed in this paper for the same matter can be used under
the assumption presented earlier and for any values of

<0.01

Sr? 1
AT ey (t — t)

which, as a matter of fact, gives more room for the possibility of
prediction of aquifer parameters at any time and distance than
the existing solution.

CONCLUSION

The rate of recovery is converted to a rate of flow into the well.
The well is stressed by removing water (by pumping or bailing)
until the available head in the well is reduced by at least 80%.
Water levels are monitored as the well recovers and recorded,
along with the time since pumping/bailing ceased. Monitoring
of recovery can stop when water levels have recovered to 50% of
the original available head. The volume of water produced from
the well between the maximum drawdown and 50% drawdown
level is calculated, taking into account storage within the well
casing and within the filter-packed annulus. It is important to
note that the aquifer parameters can be obtained more accu-
rately during the recovery test, since the aquifer is not under
stress. It is therefore important to provide a more accurate solu-
tion for the so-called residual drawdown.

This paper provides an analytical solution for residual
drawdown during the recovery period after a constant rate
pumping test. To test the accuracy of the proposed solution,

the theoretical parameters were used and the proposed solution
compared to the Theis and Cooper-Jacob solutions. The com-
parison revealed that the proposed solution is in better agree-
ment with the Theis solution than the Cooper-Jacob solution.
In order to assess the accuracy of the proposed theory, the solu-
tion was compared with experimental data from a pumping test
performed by the Institute for Groundwater Studies. The test
consisted of the pumping of a borehole at constant discharge
rate Q = 45.43 m’/h and monitoring the piezometric head at r
=50 m for 500 min. The pump was shut down after 500 min.
The residual drawdown was observed for 490 min. The aquifer
test revealed a transmissivity of T'=14. 6 and storativity of S =
0.0036. In order to find S’, the proposed solution was fitted to
the observed data and a storativity of recovery or residual draw-
down was determined. A derivation of an analytical method in
finding the skin factor was proposed. Finally the derivation of a
solution for residual drawdown after a pumping test with step-
wise or intermittently changing discharge rates was proposed.
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