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ABSTRACT 

A Fortran program is written using matrix 
sparsity for the inversion of the coefficient 
matrix and two aspects of the convergence 
characteristic of the fast decoupled load flow 
technique are investigated. 

These are, effects of the starting values and 
effects of RIX ratio of transmission lines. 

The analysis is based on computational 
results and not on theoretical study. A 
threshold level of RIX ratio above which 
convergence is not reliable is determinBd. 

INTRODUCTION 

A load flow problem consists of the calcu­
lation of power flows and voltages of a network 
for specified terminal or busbar conditions. A 
solution of the system equations for a load flow 
problem can be carried out by any of the 
classical numerical methods, such as Newton­
Raphson, Direct Inversion, Relaxation and 
Gauss-Seidel. Difficulties arise from the fact 
that no one method possesses the desirable 
features of the others. The main desirable 
features of a particular method of load flow 
analysis are usually identified on the basis of: 

1. Storage requirements 

2. Speed of Convergence 

3. Complexity of programming. 

In general direct methods [I] converge in 
few iterations; however, since the methods 
involve the inversion of the system admittance 
matrix they make large demands on computer 
storage space and calculating time when the 
inversion is carried out. A system with N 
busbars results in an N X N admittance matrix. 

Thus the memory requirements and computing 
time of direct methods increase as the same 
power of problem size, thereby limiting their 
effectiveness to small problems. The iterative 
methods converge slowly but their memory 
requirements are minimal and directly pro­
portional to problem size, and the number of 
iterations for solution increases in proportion 
with problem size. For large problems only 
iterative methods have proved practical. This 
paper looks into the convergence characteristic 
of one of the iterative methods namely the fast 
decoupled load flow method. This method [ 2] 
has been described as a simple and extremely 
fast method with possible practical application 
in on-line and off-line computation. However, 
in the derivation of the method certain assump­
tions were involved. The authors of the original 
paper presented results to justify some of the 
assumptions but not all of them. This paper 
looks into two more aspects of the method, 
namely 

(a) the effects of the starting values on the 
speed of convergence, and 

(b) the effect of RIX ratio of transmission 
lines on the convergence characteristic. 

A Fortran program is written using matrix 
sparsity for the inversion of the coefficient 
matrix. The iteration scheme used is the 
(10, 1 V) type of approach which is used in most 
applications; i.e., no acceleration factor is used. 
The fundamental aim here is to determine a 
range of starting values for fast convergence and 
a threshold level of RIX ratio above which 
convergence becomes unreliable. 

THEORY 

The current flowing between two nodes, 
say from node k to nodej, Ikj is 
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- -
lkj = (Vk - Vi) yki (1) 

where Vi , V k are the node voltages and Y ki is 

the admittance between the nodeo. 

With all nodes connect.eel to each other, the 
injected cunent at node k minua the current in 
the shunt eJements of the node is 

n - -
:E (Vk-Vi)Ylrj•j:r/l<lr 

i=t 
(2) 

which can be writt.en as 

n n 
:t Vk Yki - _l: Y1r/Vi,j:l=k (3) 

i=t 1=1 

The cunertt in the lhunt E:lementa at node k is 

The injected cunent at node k is therefore 

n 
= l: Y1zj ~ 

j=t 

n 

where Ykk = l: Ykj + yksh' i * k 
j=t 

The complex power at a node is 

S = P + jQ = VI* 

where * denotes complex conjugation. 

(4) 

(5) 

In polar co-ordinates if V k L (} k and 

V m L (} m are the voltages at node k and node 

m respectively and if the. admittance between 
node k and node mis Ykm = Gkm + jBkm, 

then the complex power at node k is 
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:E CVm L {}m(Gkm + 
mc:k 

+ iBkm)] * 

-r iGkm sin 8km -

- jBkm cos 8km> 
(6) 

Note that m E k signifies that busbar m is con­
nected to busbar k including the case m = k. 
Alao Okm = Ok-Om. 

Taking the real part of the complex power 
to be the active power and the imaginary part to 
be the reactive power, the real power Pk and the 
reactive power Qk at node k are given by the 

following two expressions: 

pk = Vk :E Vm (Gkm cos8km + 
mc:k 

~ V m<Gkm sin (}km 
mc:k 

(7) 

At each busbar four variables, namely the 
real power, the reactive power, the voltage 
magnitude and the phase angle of the nodal 
voltage can be defined. In load flow calculation 
three types of busbars are represented. 

1. A slack busbar. 

2. Load busbars (PQ busbars). 

3. Voltage controlled buabars (PV 
busbars). 

At any busbar only two of the above four 
quantities are specified. The slack busbar 
provides the additional real and reactive power 
to supply the transmission losses, sinc.e they are 
unknown until the final solution is obtained. 
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NEWTON-RAPHSON METHOD 

Solving a load flow problem means obtain­
ing the solution t.o a set of non-linear equations. 
The Newton-Raphson technique [3], [ 4], 
which is one of the main methods available at 
present for solving load flow problems, uses the 
first two terms of a Taylor's series expansion. 
This approach transforms the non-linear load 
flow equations int.o a linear form and thus 
simplifies the problem. The Newton-Raphson 
method solves iteratively an equation of the 
type F(x) 0 which is first expanded about 
the point x, as follows: 

F(x) 
1 dF(x

0
) 

F(x
0

) + - (x - x ) + 
1! dx 0 

+ .. . . . . + higher order terms ..... . 
(9) 

If x 0 , the initial starting point, is near the 
solution point x, then x - x

0 
will be small and 

hence second and higher order terms of x - x 
0 

may be negligibe so that F(x) can be approxi­
mated as follows: 

F(x) = 0 ~ F(x
0

) + 

dF(x
0

) 

+ dx (x -xo) 

F(x
0

) 

solving for x, x = x 0 - F'(xo) 

(10) 

(11) 

After writing a Taylor's series expansion for 
an n variable function and neglecting second and 
higher order terms, the approximate solution at 
the (n + l)th iteration becomes 

n 
J 

-1 

F(xi) 

(12) 

where iJ I is a matrix of partial derivatives and 
is called the Jacobian matrix. Eq. 12 enables us 
to find new values of the variables xi iteratively 
until two successive values for each xi differ 
only by a specified t.olerance. The elements of 

the Jacobian matrix can be calculated at the 
beginning of each iteration or can be calculated 
after a certain number of iterations. It can also 
be calculated once and kept constant. When it is 
calculated at the beginning of each iteration it is 
equivalent t.o finding the tangent at each point 
and as result convergence is quadratic. But 
when it is calculated once and kept constant it 
is equivalent to using constant slope. 

Application to Load Flow 

The most popular and successful formu­
lation of the load flow problem is that in which 
F is the set of busbar active and reactive power 
mismatches (the difference between the 
specified and computed values) and the solution 
variables are the unknown angle and magnitude 
of the busbar voltage. The real and reactive 
power mismatches at busbar k are: 

sp 
t::.Pk = pk - Vk 1: V m (Gkm cos() km 

m t. k 

(13) 

1: V m (Gkm sin ()km 
m t.k 

- Bkm cos 0 km> 

(14) 

When Eqs. 13 and 14 are partially differen­
tiated with respect to () and V, a set of linear 
equations can be formed giving the relationship 
between small changes in the voltage magnitude 
and angle and small changes in real and reactive 
power. 

O = t::.P + ot::.P 6 () + o6.P 6 V (15) 
(){) 0 v 

0 D.Q 

where 6.P 

o6Q 
+-­

(){) 

sp 

+ 36Q v 
av (16) 

tlQ = Qk - Qk(Pk • Vk) 
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re-arranging, it can be WTitten in matrix form 

1: [: ~] 1:;1 (17) 

where H, N, J and L are submatrices of the 
Jacobian matrix and are given by 

H·[-a:].H =[-vaaa:] 

[ J J = r- a~QJ and r L J = r- V aaD..VQ] 

In the Newton-Raphson method Eq. 17 is solved 
D..V 

for D..O and --- , and hence D.. V to update e v 
and V at every iteration till the difference 

between 8 i + 1 and 8 i and Vi+ 1 and Vi are 

within an acceptable tolerance. 

It can be shown (refer to Appendix I) that 
for a small change in the magnitude of the 
busbar voltage the real power at the busbar does 
not change appreciably. Similarly for a small 
change in the phase angle of the busbar voltage 
the reactive power does not change significantly. 
Since their elements are very small the coupling 
submatrices [NJ and [J] can be neglected giving 
two decoupled equations. 

[AP] 

[D..Q] 

[H] [D..Q] 

[L) [D..V] 
v· 

(18) 

(19) 

Thus Eqs. 18 and 19 result in the method of 
decoupling between MW - 0 and MVAr - V. 
Since the actual difference in angle between two 
nodes in practical power systems is very small, 
the following assumptions can be made. 

As a result of these assumptions the de­
coupled equations reduce to 

(AP] = [V • B' • V] [D..O] (20) 

[D..Q] = [V· B" • V] [D..V] (21) v 
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1. Omitting from [B'] the representation of 
those network elements that predominantly 
affect MVAr flows, i.e., shunt reactances 
and off-nominal in phase-transformer taps. 

2. Omitting from [B"] the shifting effects of 
phase shifters. 

3. Taking the left-hand V terms in Eqs. 20 and 
21 on to the left-hand sides of the equations 
and in Eq. 20 removing the influence of 
MVAr flows on the calculation of [D..O] by 
setting all the right-hand V terms to lp.u. 

Thus the final form for the fast-decoupled 
load flow equations becomes 

[AP] = [B'] [D..0] 
v 

[B"] [D.. V] 

COMPlIT ATION 

(22) 

(23) 

Consider the power system shown in Fig. 1, 
whose data are tabulated below: 

Bus Code 
P - q 

1-2 
1-4 
1-5 
2-4 
2-5 
3-4 
3-5 
3-3 

Bus bar 

Impedance 
R + jx 

0.04 + j0.12 
. 0.02 + j0.06 

0.08 + j0.24 
0.02 + j0.06 
0.04 + j0.12 
0.06 + j0.18 
0.02 + j0.06 

Line Charging 
B 

j0.03 
j0.05 
j0.06 
j0.05 
j0.03 
j0.04 
j0.05 
j0.05 

Voltage Generation Load 
Code Magnitude MW MVAR MW MVAR 

1 0 0 25 10 
2 0 0 40 15 
3 0 0 50 20 
4 1.04 60 35 40 20 
5 1.05 0 0 0 0 
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The problem now is to calculate the 
magnitude and the angle of busbar voltages and 
the amount of active and reactive power which 
have to be generated by the slack busbar to meet 
the load demand and the power losses on the 
transmission lines. 

First the admittances of the lines are 
calculated. 

8. 75-j26.18 -2.5+f7.5 

-2.5 + j'7.5 10-j29.945 

0 

0 

Bus Code 

1-2 
1-4 
1-5 
2-4 
2-5 
3-4 
3-5 

Line Admittance 

2.5 - j7.5 
5 - j15 

1.25 - j3.75 
5 - jl5 

2.5 - j7.5 
1.67 - j5.0 

5 - jl5 

Line Charging 
B/2 

j0.015 
j0.025 
j0.03 
j0.025 
j0.015 
j0.02 
j0.025 

The admittance matrix is as follows: 

5+j5 -1.25 + j3. 75 

5+jl5 -2.5+ j7.5 

Ysus= 0 0 6.67-116.995 1.67 +j5 - 5+115 
-5 + jl5 -5+jl5 -1.67 +j5 

-1.25 + j3. 75 -2.5+j7.5 - 5 + j15 

In the power system shown in Fig. 1, nodes 1,2 
and 3 are PQ nodes and nodes 4 and 5 are PV 
nodes. Node 5 is taken as the slack bus bar. 

With a flat voltage start, i.e. with lp.u. at an 

angle 0° for all the PQ nodes, P1 , P2 , P3 and P4 
are calculated using Eq. 7. Similarly Q., Q2 
and Q 3 are calculated using Eq. 8. Then the 
active and reactive power mismatches at each 
node are determined. If the mismatches are 
within the acceptable range, it means that the 
magnitudes and angles of the busbar voltages 
are obtained and the total power loss and total 
generation of the slack busbar can be calculated. 
If the mismatches are not within the acceptable 
range, the magnitudes and angles of the voltages 
at the nodes are updated and the process is 
repeated till the mismatches are within the 
allowable tolerance. 

Starting Values 

A theoretical study of the convergence of 
the fast decoupled load flow has been published 
[ 5] . This theoretical study gave little numerical 
result. It is also impractical to perform the 
convergence test stated in the paper before each 
load flow study. The intent here is not to 

11.67-j34.93 0 

0 8. 75-j26.18 

analyse theoretically the convergence character­
istic but to look into the practical aspect, i.e., 
to investigate the convergence of the method 
for a defined range of starting values. Normally 
starting values for a load flow study are taken as 
(1 + jO)p.u. for all the PQ nodes (load nodes). 
In this paper the range investigated is from 
(0.85 + jO) p.u. to (1.5 + jO) p.u. with a step 
interval of (0.05 + jO)p.u. All the PQ nodes 

are assumed to have the same initial starting 
values. Individual starting values for individual 
PQ nodes are not investigated because this will 
create numerous combinations and also it is 
doubtful whether a meaningful conclusion can 
be drawn. Finally, a starting value equal to the 
slack busbar coltage is also investigated. The 
three systems used for testing the starting values 
are the I.E.E.E. 14, 30 and 118 busbars with 
21, 43 and 200 branches respectively. The 
results are tabulated in Table 1 and convergence 
is assumed if mismatch is of the order of 
0.1 MW/MAVr. 
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Table 1. Numerical Results 

Starting Number of iterations required 

voltage in for convergence 

per unit 14 30 118 
Bus bars Bus bars Bus bars 

0.85 15 12 7 
0.90 15 12 6 
0.95 14 12 6 
1.00 14 12 6 
1.05 13 12 6 
1.10 13 12 7 
1.15 13 12 7 
1.20 12 11 7 
1.25 12 11 7 
1.30 11 11 7 
1.35 11 12 7 
1.40 10 12 7 
1.45 10 12 7 
1.50 9 12 7 
V (slack)* 13 12 6 

*v (slack) is 1.06 for the 14 and 30 busbars and 
0.955 for the 118 busbars system. 

Table 1 shows that the fast decoupled load 
flow is relatively insensitive to the starting 
values, particularly for larger systems. The 
normal method of a flat voltage start, i.e., 
<1 + JO) p. u. appears to be the best. In the case 

of the 14 busbars, 9 iterations are recorded for a 
starting value of (1.5 + jO)p.u. However this 

appears to be exceptional rather than normal. 
For the 118 busbar system the number of 
iterations for convergence differs little over the 
considered range of starting value. 

R/X Ratio 

The convergence of the fast decoupled 
method has been criticised for being very 
sensitive to the RIX ratio of transmission lines. 
For large RIX ratio the method becomes un­
reliable. For large R ix ratio the method 
becomes unreliable. However, for system 
control it is necessary to determine a threshold 
value of the RIX ratio above which convergence 
may not be achieved. It is the intention here to 
determine this threshold value. 
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One of the proposals [ 6] to overcome 
transmission lines with large RIX ratio is to 
create a fictitious node in the middle of the 
branch and thus divide the branch into two 
sections. One branch will have a resistance equal 
to the resistance of the original branch and a 
reactance equal to the amount which gives the 
desired RIX ratio. The other branch will be 
with zero resistance and a reactance value which 
when added to the reactance of the other branch 
gives the reactance of the original branch. The 
result is such that one branch has zero RIX 
ratio and the other has a RIX ratio of the 
desired value. 

Table 2 shows the results of computation 
carried out on the three I.E.E.E. systems already 
indicated. For each system the heavily loaded 
(H) mediumly loaded (M) and lightly loaded 
(L) lines are considered. F represents failure 
to converge after 100 iterations and D represents 
divergence. 

The results of Table 2 shows that the con­
vergence characteristic is very sensitive to RIX 
ratio, particularly for larger systems. A further 
test is performed on the three I.E.E.E. systems 
with step increment of RIX ratio of 0.1 for the 
mediumly loaded line and the result is given in 
Table 3. 

Table 3. Convergence Characteristics 

R 
Number of iterations required 

for convergence 
x 

14 30 118 
ratio Bus bars Bus bars Bus bars 

0.5 14 12 6 
0.6 14 12 7 
0.7 14 12 8 
0.8 14 12 10 
0.9 14 12 13 
1.0 14 17 19 
1.1 18 28 32 
1.2 31 79 F 
1.3 F F 
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A careful study of Table 2 and Table 3 
indicates that the threshold level for the RIX 
ratio is unity. This is in fact smaller than what 
was originally expected. A random check of 
the convergence characteristic for RIX ratio 
less than 0.5 appears to produce no improve­
ment as far as the number of iterations is 
concerned. It now appears that for the method 
to produce a reliable and fast solution the RIX 
ratio should be approximately 0.6. Solution 
can still be obtained with RIX ratio upto 0.9 
but at the expense of computing time. For 
RIX ratio of unity or greater convergence can 
no longer be guaranteed. 

CONCLUSION 

The convergence characteristic of the fast 
decoupled load flow is unaffected by the start­
ing voltage. Thus the flat vol~~;e start, that is, 
1.0 p.u. volt for the load nodes and zero degree 

for all the angles is a good starting point in the 
fast decoupled load flow solution. However, 
the method is very sensitive to the RIX ratio of 
transmission lines. Irrespective of the size of 
the system an RIX ratio of unity may lead to a 
large number of iterations before convergency 

can be achieved, or sometimes results even in 
divergence. This is particularly pronounced in 
large systems. It is recommended that input 
data to the algorithm should be screened so as 
to avoid RIX ratio of 0.9 or greater. The 
creation of a fictitious node as described in th<.• 
previous section can be employed so as to 
restore the reliability of the method. 

Appendix I 

A simple transmission link and its phasor 
diagram are shown in Fig. 2 and Fig. 3 [7] 

From the phasor diagram 

E2 = (V+AV)2 + (8V)2 

= (V+IR cos¢ +IX sin¢) 

+(IX cos</> - IR sin ¢)2 

= (V +RP + XQ )2 + ( XP _ RQ )2 
v v v v 

AV = RP + XQ 
v 

and l>V 
XP-RQ 

v 

For most transmission lines X ~ Rand hence 

l>V = 
XP-RQ 

cxP v 
and 

AV 
RP+ XQ 

cxQ v 

but for small angles 8 V = Ocx P 

i.e. the flow of power between two nodes is 
determined largely by the transmission angle 
and the flow of reactive power is determined 
by the scalar voltage difference between two 
nodes. 

In transmission lines in-phase-transformer 
taps do not change the transmission angle and 
hence do not affect the flow of active power, 
and phase shifters do not change the magnitude 
of the voltage and as a result do not affect the 
flow of reactive power. 

Table 2. Convergence Characteristics 

R Number of iterations required 
x fQr ~onv~r(;!en~~ 

Ratio 14Buc;tms 3()Buc;tms 118 Buc;l:ms 
L M H L M H L M H 

0.5 14 14 14 12 12 12 6 6 7 

1.0 14 14 14 26 17 13 27 25 D 

1.5 F F F D F F D D 
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