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Assuming & constant acceleration [2], [1], {7], the
exciation frequency {I(r)changes linearly with time

Q= Q, + Qr (3

The phase, representing the transition process, changes
with lime as

8, - fQ(t)dr = %Q:z +Q+ 8, ()

Further, the change in natural frequency that occurs in
rotating machinery following the system stiffness
change k(t) during this transition process is in mosi
practical cases a function both of the standstill natural
frequency and the changing excilation frequency.
However, assuming the natural frequency changes
slowly, ils change with time is approximated through a
linear function

o) = 0, + Wf (5)

Figure 1 shows the changes of the excitation and the
natural frequencies with time.
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Figure 1 Changes of the excilation and natural
frequencies with time

Normalizing the time in non-dimensional form with
reference to the resonance frequency @, {mtersection of*
the excitation and the natural frequencies )

T=w ! (6)
the motion and ithe excitation with reference 1w a
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the equation of motion becomes

Q" + 20,07 + pPQ - Q) 8)

The coeflicients thus become

_ W™ _ ¢
po) - o, b = 2mw *

¥ r

The time dependent excitation and natural frequencies
are

N = at + 1, p() =p, + Pt (10)

respectively where the parameters are 1), @, g, and
are given by,

[$] {1 W :
0 0 ©
= a=— = — =
rlo T ":rz po r B 'rz (11)

The normalized transient excitation function 1s thus

Q(x) = O, cos [éﬂfz Mt + 9l (12)

GENERAL SOLUTION

The equation of motion given in equation (12} is a
differential equation with vanable coefficients which are
linear functions of time T. Because of the vanable
coeflicients, 1t is evident that the anaiyical solution for
the normalized equation can only be approximate.

The approximate homogeneous solution using
WBKJ-method 1s obtained by eliminating the first
denvative term m the equation of motion through
transformation with

0 - }.e-fcodr (13)

With the transformation the denivatives of the oniginal
coordinates will be
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('=-Y e T,y o T a4
Q"=02y eIy Ty 2{, e_j_-w‘

Substituting equation (13 & 14) reduces the normalized
equation (8) (o

Y+ GYY = @, ' (15)

where,

G¥x) = [(p, *+ BrY* () (16)

Here, since {,«{p,+Pr)and also {«l, the foliowing
approximation

G(x) = y1-0 [p, + Bl (17)

15 mreduced. Provided Lhe condition

2, 6% 1[ G'(x)
4

|2G(ﬂ G(r)

(18)

15 fulfilled, which is proved in [9]. The wwo
homogeneous solutions back transformed are

0,,(® %e Tt im0, (1)

S (19,

Q1) - — c0s8,(1)

G(v)
whereby the phase using the above approximation for
G(tis

8,- L *Glr)dt=y —CS“(%T*%B‘Z) (20)

The complete solution of the inhomogeneous
nomslized equation of motion employing the method of
Variation of the Constants gives

(1) = C,Q,(1) + CQ (1) +

L f foos
ol R

8inf6,(t)-6,(s)]

Since 7 is a function of time, it causes difficulty

integrating the solution given above. Therefore, an
approximation for the term /G is further introduced by

{9}.

1
VG = (f1-p)* . @22)

replacing the time function p(t)=p,+Bt by the mean
constant value of one which is the value at resonance.

Wilh the above two approximations, the solution of the
normalized equation of motion simplifies in a form

0m = 0, + [T 00 ds (a3

where
0,58) = e,

Iz

sm{ﬂ -3 [po('r -5) +%B(tz—sz)ﬂ

(24)

For the case where the excitation () (s)is a
quasi-harmome function with & constant amplitude

Q‘(s)-Qh.lv::oslécm:+T]0_«,-+9€J 25)

where Lhe phase of the cosine function represents Lhe
run-up or shut-down process, the integral in the above
sofution cannot be given in elosed form through simple
fimctions. Thus, the times T and s are further replaced
by complex time functions (1), (1) and v *(s), u(s)
respeclively, which have linear relationship with T. The
new time vanables are

(1+)
W) =———Ka P )r+m,+iA,

(1+) ) .
u(t)= a+BT)Tem, i
e e

where

A= Lorif1-Copg b= Looif1-Gopy (28)
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B-y1-C3p (29

The substitutions for ©, s with v, ¥ and v*, »° and
also their differentials ds by

d‘= (l _D F -; d‘= (1 _l) L, * (30)
a-p* ya-p°
respeciively, yield the bomogeneous solution to be

Q:. [C v, A Ce {.*-.‘;] B8l (31

amd the particular mtegral
é’= (1+9) 1 ?-u’j' oty o
1-CLarps 7

] (32)
=

ya-p*
Finally, replacing the integrals with the kmown complex
emror funclions wiv), wiu) 5]

Iy _y? ‘:ﬁ 1
e e dv =¥ br-e~  33)
and oblaining the values of the conslants El and 52

(34)

from the u'ul.lal conditions of the displacement Q0 and
velocity Qo, the general solulion becomes

Q(t)=;{Blw(v) B wiu)+
2J1~c§

(3%)
E;e v:-v1 E;e I:'Il "] e [L-E44]

whereby the constants are
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R’
yu—p
z (1+) =
* 2 a+p.
_ 36)

oy 18R

3 po =

- =

5; = _glw(li‘n)_ —QO :'1Q0 P 6
o

This solution describes the transient vibration response
of the system that occurs during run-up and shut-down
processes when the natural frequency of thé system
changes simultaneously with time. Thus, the amplitude
during the transition is given by

O(r)=

- (Elw(v) —Elw(u) +
1-( 37
Cl- vu*v _C Iio'ld')

which is & complex time dependent function.
NUMERICAL RESULTS

In the previous section an approximate analytical
solution (o compute the non-stationary vibration that
takes place dunng run-up or shut-down processes in
mechanical systems, modeled as a linear SDOF with a
linearly changing excilation frequency and
simujlaneously linearly changing natural frequency, is
presented. The venfication of the above solution was
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Figure 2 Companson of the approxumate analytical
and numerical solutions









